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Foreword

THAT | WOULD BE writing a Foreword for a book on teaching math seems at
once both ironic and absolutely appropriate.

The irony stems from my long and generally unhappy life as a math student.
In elementary school, math was neither easy nor hard for me. It was simply some-
thing I did. It evoked neither pleasure nor pain. I suppose it was a bit like household
chores—something necessary to get through the day, but certainly nothing to be
coveted. Through those years, math was as rote as household chores. I memorized
the required number sets, counting, and multiplication, absorbed algorithms I
watched my teacher scribe on the blackboard in the front of the room, and repeated
what I saw. There was no joy in it, but it was doable.

Once I entered the world of algebra, however, math became a sinister thing.
Letters invaded the numbers. Equal signs took on a super power. While I could
occasionally duplicate what my teacher chalked in front of us, I could no longer
commit the strings to memory. There was no reason to them, and worse, I didn’t
even really grasp the notion that they were all about reasoning. I simply knew that
I could no longer succeed with math. The conclusion I drew, of course, was that I
was no good at math.

I received a one-year reprieve from my self-imposed verdict when geometry
intervened between Algebra I and Algebra II—and before trigonometry had its way
with me. In that one year, math was glory. In that one year, math was about reason-
ing. There was order to it, like the order in the universe. There were words that
marched along with the figures and problems. I loved it in the way that I loved good
writing. It revealed beauty and it dignified my possibilities as a learner rather than
eroding them.

But the interlude didn’t last long enough to erase the damage done earlier or
to reconfigure my sense of myself as outpriced by math. It took many years for me
to realize that the dismay I felt in the presence of math was neither a fault in me
nor an indictment of math as a content area. Rather, I came to see myself as one
among a legion of students who had abandoned a content area—or even school—
because the way a subject was taught drained all the life from it, even as it drained
life from the learners.

The appropriateness of my writing this Foreword is, of course, not completely
separate from the irony. I have spent my career as a teacher (an English teacher, to
be clear) and then as a professor with an evolving belief, then a conviction, and
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finally a passion for teaching that opens up possibilities and a life for every student
in a classroom. In time, I applied a name to the system of ideas that pointed the way
to achieving that sort of success in academically diverse classrooms. That name, of
course, is differentiation.

I have read and continue to read many books related to differentiation. I learn
from many of them, and I turn away from a good share of them as well, when they
appear to trivialize differentiation or minimize the complexity of teaching a broad
range of students in a meaningful way.

In Marian’s work, I find an educational soulmate.

The two strategies she presents in this book are streamlined—they even seem
spare. And yet in her writing about them, I see all of the components I have come to
value in classrooms that serve academically diverse learners in a powerful way. The
five elements I write about as core to effective differentiation are: an invitational learn-
ing environment, a meaning-rich curriculum, assessment that informs both teaching
and learning, consistent attention to learner differences through responsive instruc-
tion, and creating classroom routines that balance predictability and flexibility.

The focus of this book is on meaning-rich curriculum and responsive instruc-
tion through open questions and parallel tasks. In both areas, I not only see reflected
the best of what our field knows about curriculum and teaching in response to
students’ varied entry points, but I see what math should always be—should always
have been—to students: a language of reason, a catalyst for developing every learn-
er’s capacity to think, a way forward in the world. This book lays out those elements
through explanation and example.

Woven more subtly, but no less powerfully, throughout the book are the other
elements I've come to champion as well. When a teacher asks questions that every
student can contribute to answering, and presents work that provides options for
student exploration, the learning environment becomes more invitational for every
learner. The atmosphere of winners and losers is diminished. Community develops.

The book speaks, too, to the reality that the teacher who consistently observes
and listens to students as they work derives insights that contribute to more informed
and effective teaching. And in a very interesting way, the use of open questions and
parallel tasks (rather than adherence to fixed and coverage-focused routines) requires
teachers to become more focused on supporting success for a range of students.

Freeman Hrabowski, a noted mathematician and president of the University
of Maryland Baltimore County, says that math gives him goose bumps, and always
has. If T almost never understood that reaction as a student of math, I do now when
I read Marian Small’s work. Not only do I see the power of math revealed, but I also
see her work opening that power to so many students who might never otherwise
experience it—and to teachers whose own math experiences, like mine, were one-
dimensional at the very best.

I am a disciple of Marian Small’s approach to differentiating math!

—Carol Ann Tomlinson, Ed.D.
William Clay Parrish, Jr. Professor ¢ Chair
Educational Leadership, Foundations, & Policy
Curry School of Education, University of Virginia
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Preface

FOR THE PAST 10 or more years, I have had the opportunity to develop a num-
ber of resources that support teachers who seek to differentiate instruction in math-
ematics. Much of the work I do focuses on differentiation in terms of student
readiness and highlights two strategies: open questions and parallel tasks.

These strategies have been employed effectively by thousands of teachers
throughout Canada and the United States, as well as overseas. What we have
learned is that to differentiate instruction in math, it is important for teachers to
think about “bigger ideas,” as they do when teaching other subjects, rather than
focus intensely on the usual very tight content pieces in mathematics that capture
their attention.

ORGANIZATION OF THE BOOK

An introductory chapter of this resource describes the rationale for differentiating
math instruction and explains the two principal strategies that are employed
throughout the book: open questions and parallel tasks. Nine content chapters,
built around the organization of the content standards in the Common Core State
Standards for Mathematics (Common Core Standards Initiative, 2010) then illus-
trate applications of these strategies, followed by a final concluding chapter, an
appendix listing the Common Core content domains and mathematical practices,
an appendix containing a template for teachers wishing to develop their own mate-
rials, a glossary, a bibliography, and an index.

Chapters 1-9 focus on the following content topics described in the Common
Core Standards for Mathematics.

« Counting & Cardinality / Number & Operations in Base Ten
e Number & Operations—Fractions

 Ratios & Proportional Relationships

o The Number System

o Operations & Algebraic Thinking

» Expressions & Equations / Functions

e Measurement & Data

o Geometry

« Statistics & Probability

xi
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Preface

The content strands are not developed sequentially, so Chapters 1-9 can be
approached in any order. Within each of the content chapters, a set of big ideas is
described that underlies the increasingly sophisticated teaching of that content
throughout the grades. In this edition, each question or task is tagged to one or
more of those big ideas, as well as to applicable Common Core Standards for
Mathematical Practice.

The suggested differentiating questions and tasks are organized according to
the primary, elementary, and middle-level grade bands set out in the Common
Core Standards. The object of differentiation is to teach the same broad concepts
to students at different developmental levels. The multilayered organization of
material within Chapters 1-9 is intended to help make this possible.

Appendix A provides a listing of the Common Core content domains keyed
to chapter and grade band coverage in this resource, as well as a listing of the Com-
mon Core Mathematical Practice Standards.

Appendix B features a template worksheet that will assist teachers in develop-
ing their own materials in support of differentiated instruction through use of
open questions and parallel tasks. An example of application of the worksheet
appears in the Introduction.

The Glossary defines technical terms used throughout. Each word that appears
in the Glossary is shown in boldface type at its first occurrence in the text, and each
Glossary entry is annotated with the chapter and page number of the term’s first
occurrence.

The Bibliography highlights three types of resources: those that are referenced
in other parts of the text, those that speak to the issues of teaching to big ideas and
differentiating instruction, as well as a number of excellent sources for activities
that can be used as-is or used as a starting point for creating open questions and
parallel tasks.

The Index focuses on educational concepts—standards, student development,
teaching methods and principles, and such—as opposed to mathematical concepts.
To facilitate user access to the mathematical topics covered, an Index of Big Ideas
is provided, listing all big ideas covered in the content chapters.

CHANGES IN THE THIRD EDITION

Readers familiar with the second edition of this book will note that there are many
new questions (approximately 30%) and some rewording of the big ideas that are
described in each chapter. The biggest change, though, is the use of the Common
Core organization for the content in order to make it easier for teachers following
the Common Core or similar standards to locate questions more easily.

The eight Common Core Standards for Mathematical Practice that were
addressed in the second edition are also addressed in this edition. These practice
standards (which are listed in Appendix A) work hand-in-hand with the CCSS
content domain standards. They reflect “processes” that should be elicited from
students and goals for orienting and developing students as mathematical thinkers
as content is learned.
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xiii

Some of these practices may or may not be brought out, depending on how a
teacher handles the presented questions or tasks, but others are implicit no matter
what direction the discussion of the question or task takes.

For example, almost all of the questions and tasks posed in this book require
students to make sense of them and persevere in solving them. This is true with
open questions, which are often deliberately vague and require students to make
sense of the question before they can choose the direction in which to go. This is
also true with parallel tasks, where students must make sense of both options to
decide with which one to proceed.

Students are frequently asked to explain their rationale, requiring them to
construct viable arguments. Ideally, teachers would encourage students to critique
each other’s reasoning, although that would not be implicit in the question itself.

A great many of the questions provided require students to reason, either
abstractly or, in the case of number or measurement questions, quantitatively.

Some questions bring out the other practices: modeling, using appropriate
tools strategically, attending to precision, looking for and making use of structure,
and/or looking for and expressing regularity in repeated reasoning. There are fewer
questions attending to precision in this particular resource than in others precisely
because differentiation must allow for varying levels of precision.

A focus on expressing regularity in repeated reasoning is also less prominent
in this particular resource because the questions are frequently intended to gener-
ate initial discussion rather than to tie down rules. There are a few examples, how-
ever, that do have that focus.

Listed with each question and task are those Common Core Mathematical
Practices that are clearly evoked in the question or task. This does not mean that
teachers might not also evoke others, depending on their approach to student
responses or the student responses themselves.

IT IS MY HOPE that teachers will embrace the two core strategies—open ques-
tions and parallel tasks—that are explained and demonstrated in this book, and
find them, as I have, to be helpful to the many children who come into classrooms
with highly differentiated mathematical preparation, skill, and confidence. Seeing
a child who has been struggling in mathematics start to feel successful is an impor-
tant goal in my teaching. I have seen the use of the strategies described in this
volume make that happen over and over again.
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Introduction

Why and How to Differentiate
Math Instruction

STUDENTS IN ANY CLASSROOM differ in many ways, only some of which
the teacher can reasonably attend to in developing instructional plans. Some dif-
ferences will be cognitive—for example, what previous concepts and skills students
can call upon. Some will be more about learning style and preferences, including
behaviors such as persistence or inquisitiveness or the lack thereof; whether the
student learns better through auditory, visual, or kinesthetic approaches; and per-
sonal interests.

THE CHALLENGE IN MATH CLASSROOMS

Although many teachers of language arts recognize that different students need
different reading material, depending on their reading level, it is often more chal-
lenging for teachers to vary the material they ask their students to work with in
mathematics. The math teacher will more frequently teach all students based on a
fairly narrow curriculum goal presented in a textbook, even though teachers have
been asked to encourage a variety of strategies in the solution of problems. The
teacher will recognize that some students need additional help and will provide as
much support as possible to those students while the other students are working
independently. Differentiating instruction in mathematics is still a relatively new
idea. It is not easy in mathematics to simply provide an alternate book to read (as
can be done in language arts). And a majority of teachers have never been trained
to really understand how students differ mathematically. However, students in the
same grade level clearly do differ mathematically in significant ways. Teachers want
to be successful in their instruction of all students, and feel even more pressure to
do so in the current social climate. Understanding differences and differentiating
instruction are important processes for achievement of that goal.

The National Council of Teachers of Mathematics (NCTM), the professional
organization whose mission it is to promote, articulate, and support the best pos-
sible teaching and learning in mathematics, recognizes the need for differentiation.
The first principle of the NCTM Principles and Standards for School Mathematics
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reads, “Excellence in mathematics education requires equity—high expectations
and strong support for all students” (NCTM, 2000, p. 12).

In particular, NCTM recognizes the need for accommodating differences
among students, taking into account prior knowledge and intellectual strengths, to
ensure that each student can learn important mathematics. “Equity does not mean
that every student should receive identical instruction; instead, it demands that
reasonable and appropriate accommodations be made as needed to promote access
and attainment for all students” (NCTM, 2000, p. 12). This has been addressed
more recently, after the widespread adoption of the Common Core Standards, in
Principles to Action (NCTM, 2014), where a contrast is made between unproduc-
tive beliefs about access and equity in mathematics and more productive beliefs.

How Students Might Differ

One way that we see the differences in students is through their responses to the
mathematical questions and problems that are put to them. For example, consider
the task below, which might be asked of 3rd-grade students:

In one cupboard, you have three shelves with five boxes on each
shelf. There are three of those cupboards in the room. How many
boxes are stored in all three cupboards?

Students might approach the task in very different ways. Here are some
examples:

o Liam immediately raises his hand and simply waits for the teacher to help
him.

 Angelita draws a picture of the cupboards, the shelves, and the boxes and
counts each box.

o Tara uses addition and writes5+5+5+5+5+5+5+5+5.

« Dejohn uses addition and writes 5 + 5 + 5 = 15, then adds again, writing 15
+ 15+ 15 =45.

e Rebecca uses a combination of multiplication and addition and writes
3 x5=15, then 15 + 15 + 15 = 45.

The Teacher’s Response

What do all these different student approaches mean for the teacher? They dem-
onstrate that quite different forms of feedback from the teacher are needed to
support the individual students. For example, the teacher might wish to:

o Follow up with Tara and Dejohn by introducing the benefits of using a
multiplication expression to record their thinking.
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« Help Rebecca extend what she already knows about multiplication to more
situations.

» Encourage Liam to be more independent, or set out a problem that is
more suitable to his developmental level.

e Open Angelita up to the value of using more sophisticated strategies
by setting out a problem in which counting becomes even more
cumbersome.

These differences in student approaches and appropriate feedback underscore
the need for a teacher to know where his or her students are developmentally to be
able to meet each one’s educational needs. The goal is to remove barriers to learning
while still challenging each student to take risks and responsibility for learning
(Karp & Howell, 2004).

WHAT IT MEANS TO MEET STUDENT NEEDS

One approach to meeting each student’s needs is to provide tasks within each stu-
dent’s zone of proximal development and at the same time to ensure that each
student in the class has the opportunity to make a meaningful contribution to the
class community of learners. Zone of proximal development is a term used to
describe the “distance between the actual development level as determined by inde-
pendent problem solving and the level of potential development as determined
through problem solving under adult guidance or in collaboration with more
capable peers” (Vygotsky, 1978, p. 86).

Instruction within the zone of proximal development allows students, whether
through guidance from the teacher or through working with other students, to
access new ideas that are close enough to what they already know to make the
access feasible. Teachers are not using educational time optimally if they either are
teaching beyond a student’s zone of proximal development or are providing instruc-
tion on material the student already can handle independently. Although other
students in the classroom may be progressing, the student operating outside his or
her zone of proximal development is often not benefiting from the instruction.

For example, a teacher might be planning a lesson on multiplying a decimal
by a whole number. Although the skill that is the goal of the lesson is to perform
a computation such as 3 x 1.5, there are three underlying mathematical concepts
that a teacher would want to ensure that students understand. Students working
on this question should know:

o What multiplication means (whether repeated addition, the counting of
equal groups, the calculation of the area of a rectangle, or the description
of a rate [three times as many])

 That multiplication has those same meanings regardless of what number
3 is multiplying

« That multiplication can be accomplished in parts (the distributive prin-
ciple), for example, 3 x 1.5=3 x 1 + 3 x 0.5
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Although the planned lesson is likely to depend on the fact that students
understand that 1.5 is 15 tenths or 1 and 5 tenths, a teacher could effectively teach
the same lesson even to students who do not have that understanding or who
simply are not ready to deal with decimals. The teacher could allow the less devel-
oped students to explore the concepts using whole numbers while the more
advanced students are using decimals. Only when the teacher felt that the use of
decimals was in an individual student’s zone of proximal development would the
teacher ask that student to work with decimals. Thus, by making this adjustment,
the teacher differentiates the task to locate it within each student’s zone of proximal
development.

ASSESSING STUDENTS’ NEEDS

For a teacher to teach to a student’s zone of proximal development, first the teacher
must determine what that zone is by gathering diagnostic information to assess the
student’s mathematical developmental level. For example, to determine a 3rd- or
4th-grade student’s developmental level in multiplication, a teacher might use a set
of questions to find out whether the student knows various meanings of multiplica-
tion, knows to which situations multiplication applies, can solve simple problems
involving multiplication, and can multiply single-digit numbers, using either mem-
orized facts or strategies that relate known facts to unknown facts (e.g., knowing
that 6 x 7 must be 7 more than 5 x 7).

Some tools to accomplish this sort of evaluation are tied to developmental con-
tinua that have been established to describe students’ mathematical growth (Small,
2005a, 2005b, 2006, 2007, 2010b; Small et al., 2011a, 2011b). Teachers might also
use locally or personally developed diagnostic tools. Only after a teacher has deter-
mined a student’s level of mathematical sophistication, can he or she even begin to
attempt to address that student’s needs.

PRINCIPLES AND APPROACHES TO
DIFFERENTIATING INSTRUCTION

Differentiating instruction is not a new idea, but the issue has been gaining an ever
higher profile for mathematics teachers in recent years. More and more, educa-
tional systems and parents are expecting the teacher to be aware of what each
individual student needs and to plan instruction to focus on those needs. In the
past, this was less the case in mathematics than in other subject areas, but now the
expectation is common in mathematics as well.

There is general agreement that to effectively differentiate instruction, the fol-
lowing elements are needed:

« Big Ideas. The focus of instruction must be on the big ideas being taught
to ensure that they all are addressed, no matter at what level.

« Choice. There must be some aspect of choice for the student, whether in
content, process, or product.
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¢ Preassessment. Prior assessment is essential to determine what needs
different students have (Gregory & Chapman, 2006; Murray & Jorgensen,
2007).

Teaching to Big Ideas

The Curriculum Principle of the NCTM Principles and Standards for School Math-
ematics states that “A curriculum is more than a collection of activities: it must be
coherent, focused on important mathematics, and well articulated across the grades”
(NCTM, 2000, p. 14). The introduction to the Common Core State Standards indi-
cates that the Standards not only stress conceptual understanding of key ideas but
also continually return to organizing principles, such as properties of operations,
to structure those ideas (Common Core State Standards Initiative, 2010).

Curriculum coherence requires a focus on interconnections, or big ideas. Big
ideas represent fundamental principles; they are the ideas that link the specifics.
For example, the notion that benchmark numbers are a way to make sense of other
numbers is equally useful for the 1st-grader who relates the number 8 to the more
familiar 10, the 4rd-grader who relates % to the more familiar %, or the 7th-grader
who relates m to the number 3. If students in a classroom differ in their readiness,
it is usually in terms of the specifics and not the big ideas. Although some students
in a classroom where rounding of decimal thousandths to appropriate benchmarks
is being taught might not be ready for that precise topic, they could still deal with
the concept of estimating, when it is appropriate, and why it is useful.

Big ideas can form a framework for thinking about “important mathematics”
and supporting standards-driven instruction. Big ideas find application across all
grade bands. There may be differences in the complexity of their application, but
the big ideas remain constant. Many teachers believe that curriculum requirements
limit them to fairly narrow learning goals and feel that they must focus instruction
on meeting those specific student outcomes. Differentiation requires a different
approach, one that is facilitated by teaching to the big ideas.

Choice

Many math teachers are still not comfortable with the notion of student choice
except in the rarest of circumstances. They worry that students will not make
“appropriate” choices.

However, some teachers who are uncomfortable differentiating instruction in
terms of the main lesson goal are willing to provide some choice in follow-up
activities students use to practice the ideas they have been taught. Some of the
strategies that have been suggested for differentiating practice include use of menus
from which students choose, tiered lessons in which teachers teach to the whole
group and vary the follow-up for different students, learning stations where differ-
ent students attempt different tasks, or other approaches that allow for student
choice, usually in pursuit of the same basic overall lesson goal (Tomlinson, 1999;
Westphal, 2007).
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For example, a teacher might present a lesson on creating equivalent fractions
to all students, and then vary the follow-up. Some students might work only with
simple fractions and at a very concrete level; these tasks are likely to start with
simple fractions where the numerator and denominator have been multiplied (but
not divided) to create equivalent fractions. Other students might be asked to work
at a pictorial or even symbolic level with a broader range of fractions, where
numerators and denominators might be multiplied or divided to create equivalent
fractions and more challenging questions are asked (e.g., Is there an equivalent frac-
tion for %) where the denominator is 48?).

Preassessment

To provide good choices, a teacher must first know how students in the classroom
vary in their knowledge of facts and in their mathematical developmental level.
This requires collecting data either formally or informally to determine what
abilities and what deficiencies students have. Although many teachers feel they lack
the time or the tools to preassess on a regular basis, the data derived from preas-
sessment are essential in driving differentiated instruction.

Despite the importance of preassessment, employing a highly structured
approach or a standardized tool for conducting the assessment is not mandatory.
Depending on the topic, a teacher might use a combination of written and oral
questions and tasks to determine an appropriate starting point for each student.
Sometimes this can be done informally by giving students just a few or even one
revealing task or problem. Students can also be asked to rate the difficulty that they
had with the problem based on a scale of 1-5, with the teacher making clear to
them that the information is only to inform the teacher’s instruction, not to evalu-
ate the student’s work.

TWO CORE STRATEGIES FOR
DIFFERENTIATING MATHEMATICS INSTRUCTION:
OPEN QUESTIONS AND PARALLEL TASKS

It is not realistic for a teacher to try to create 30 different instructional paths for 30
students, or even 6 different paths for 6 groups of students. Because this is the
perceived alternative to one-size-fits-all teaching, instruction in mathematics is often
not differentiated. To differentiate instruction efficiently, teachers need manageable
strategies that meet the needs of most of their students at the same time. Through
use of just two core strategies, teachers can effectively differentiate instruction to
suit most students. These two core strategies underlie all of the questions and tasks
in this book:

¢ Open questions
« Parallel tasks
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Open Questions

The ultimate goal of differentiation is to meet the needs of the varied students in a
classroom during instruction. This becomes manageable if the teacher can create
a single question or task that is inclusive not only in allowing for different students
to approach it by using different processes or strategies but also in allowing for
students at different stages of mathematical development to benefit and grow from
attention to the task. In other words, the task is in the appropriate zone of proximal
development for the entire class. In this way, each student becomes part of the
larger learning conversation, an important and valued member of the learning
community. Struggling students are less likely to be the passive learners they so
often are (Lovin, Kyger, & Allsopp, 2004).

A question is open when it is framed in such a way that a variety of responses
or approaches are possible. Consider, for example, these two questions, each of
which might be asked of a whole class, and think about how the results for each
question would differ:

Question 1: To which fact family does the fact 3 x 4 = 12 belong?

Question 2: Describe the picture X X X X
at the right by using a X X
mathematical equation. X X X X

If the student does not know what a fact family is, there is no chance he or
she will answer Question 1 correctly. In the case of Question 2, even if the student
is not comfortable with multiplication, the question can be answered by using
addition statements (e.g., 4 + 4 + 4 = 12 or 4 + 8 = 12). Other students might use
multiplication statements (e.g., 3 x 4 = 12 or 4 x 3 = 12), division statements (e.g.,
12 + 3 =4 or 12 + 4 = 3), or even statements that combine operations (e.g., 3 X
2+3x2=12).

A Different Kind of Classroom Conversation. Not only will the mathematical
conversation be richer in the case of Question 2—the open question—but almost
any student can find something appropriate to contribute.

The important point to notice is that the teacher can put the same question to
the entire class, but the question is designed to allow for differentiation of response
based on each student’s understanding. All students can participate fully and gain
from the discussion in the classroom learning community.

This approach differs, in an important way, from asking a question, observing
students who do not understand, and then asking a simpler question to which they
can respond. By using the open question, students gain confidence; they can answer
the teacher’s question right from the start. Psychologically, this is a much more
positive situation.
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Multiple Benefits. There is another benefit to open questions. Many students and
many adults view mathematics as a difficult, unwelcoming subject because they see
it as black and white. Unlike, for instance, social studies or English, where people
might be encouraged to express different points of view, math is viewed as a subject
where either you get it or you don't. This view of mathematics inhibits many stu-
dents from even trying. Once they falter, they assume they will continue to falter
and may simply shut down.

It is the job of teachers to help students see that mathematics is multifaceted.
Any mathematical concept can be considered from a variety of perspectives, and
those multiple perspectives actually enrich its study. Open questions provide the
opportunity to demonstrate this.

Strategies for Creating Open Questions. This book illustrates a variety of styles
of open questions. Some common strategies that can be used to convert conven-
tional questions to open questions are described below:

 Turning around a question

o Asking for similarities and differences
» Replacing a number with a blank

« Creating a sentence

« Using “soft” words

o Changing the question

Turning Around a Question. For the turn-around strategy, instead of giving the
question, the teacher gives the answer and asks for the question. For example:

10 is a fraction of a number.
What is half of 20? — What could the fraction
and number be?

What is the hypotenuse of a One side of a right triangle
right triangle if the legs are ———# is 5 units long. What could
3 units and 4 units long? the other side lengths be?

Asking for Similarities and Differences. The teacher chooses two items—two num-
bers, two shapes, two graphs, two probabilities, two measurements, and so forth—
and asks students how they are alike and how they are different. Inevitably, there
will be many good answers. For example, the teacher could ask how the number
85 is like the number 100 and how it is different. A student might realize that both
numbers are said when skip counting by 5s, both are less than 200, and both are
greater than 50, but only one is a three-digit number, only one ends with a 5, and
only one is greater than 90.

Replacing a Number with a Blank. Open questions can be created by replacing a
number with a blank and allowing the students to choose the number to use. For
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example, instead of asking how many students there are altogether if there are 25
in one class and 31 in another, students could be asked to choose two numbers for
the two class sizes and determine the total number in both classes.

Creating a Sentence. Students can be asked to create a sentence that includes cer-
tain words and numbers. For example, a teacher could ask students to create a
sentence that includes the numbers 3 and 4 along with the words “and” and “more,”
or a sentence that includes the numbers 8 and 7 as well as the words “product” and
“equal” The variety of sentences students come up will often surprise teachers. In
the first case, students might produce any of the sentences below and many more:

e 3 and 4 are more than 2.

e 4 is more than 3 and more than 1.
e 3 and 4 together are more than 6.

e 34 and 26 are more than 34 and 20.

Using “Soft” Words. Using words that are somewhat vague can allow for less pre-
cision. Rather than being negative, this can lead to a richer, more interesting con-
versation. For example, instead of asking for two numbers that add to 100, a teacher
could ask for two numbers that add to something close fo 100. Instead of asking
students to create a triangle with an area of 20 square inches, a teacher could ask
for two triangles with areas that are different but close.

Changing the Question. A teacher can sometimes create an open question by begin-
ning with a question already available, such as a question from a text resource. Here
are a few examples:

Rodney has some packages
of pencils. There are 2 more
pencils in each package than
the number of packages.
How many pencils might
Rodney have in all?

Rodney has 4 packages
of pencils. There are
6 pencils in each package. =~——»
How many pencils does
Rodney have in all?

What number has You can model a number
3 hundreds, 2 tens, —_— with 11 base ten blocks.
2 thousands, and 4 ones? What could the number be?
A cookie has a diameter The diameter of a cookie
of 1.75 inches. is between 1 and 2 inches.
Express the diameter . Express the diameter
as a fraction in as a fraction in

simplest form. two different ways.
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What to Avoid in an Open Question. An open question should be mathemati-
cally meaningful. There is nothing wrong with an occasional question such as What
does the number 6 make you think of? but questions that are focused more directly
on big ideas or on curricular goals are likely to accomplish more in terms of helping
students progress satisfactorily in math.

Open questions need just the right amount of ambiguity. They may seem
vague, and that may initially bother students, but the vagueness is critical to ensur-
ing that the question is broad enough to meet the needs of all students.

On the other hand, one must be careful about making questions so vague
that they deter thinking. Compare, for example, a question like What's a giant
step? with a question like How many baby steps are in a giant step? In the first case,
a student does not know whether what is desired is a definition for the term, a
distance, or something else. The student will most likely be uncomfortable pro-
ceeding without further direction. In the second case, there is still ambiguity.
Some students may wonder what is meant by “baby step” and “giant step,” but
many will be comfortable proceeding; they realize they are being asked about a
measurement situation.

The reason for a little ambiguity is to allow for the differentiation that is the
goal in the use of open questions. Any question that is too specific may target a
narrow level of understanding and not allow students who are not at that level to
engage with the question and experience success.

Fostering Effective Follow-Up Discussion. Follow-up discussions play a signifi-
cant role in cementing learning and building confidence in students. Thus, it is
important for teachers to employ strategies that will optimize the effectiveness of
follow-up discussions to benefit students at all developmental levels.

To build success for all students, it is important to make sure that those who
are more likely to have simple answers are called on first. By doing so, the teacher
will increase the chances that these students’ answers have not been “used up” by
the time they are called on.

The teacher must convey the message that a variety of answers are appreci-
ated. It is obvious to students when a teacher is “looking for” a particular answer.
An open question is designed to ensure that many answers are good answers
and will be equally valued.

The teacher should try to build connections between answers that students
provide. For example, when asked how 10 and 12 are alike, one student might say
that both numbers are even and another might say that they are both between 10
and 20. The teacher could follow up with:

e What other even numbers are there between 10 and 20?2
e Which digits tell you the numbers are even?
o Which digits tell you the numbers are between 10 and 20?

Such questions challenge all students and scaffold students who need help.
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Parallel Tasks

Parallel tasks are sets of tasks, usually two or three, that are designed to meet the
needs of students at different developmental levels, but that get at the same big
idea and are close enough in context that they can be discussed simultaneously.
In other words, if a teacher asks the class a question, it is pertinent to each student,
no matter which task that student completed. The use of parallel tasks is an exten-
sion of Forman’s (2003) point that task modification can lead to valuable discus-
sions about the underlying mathematics of a situation. Parallel tasks also contrib-
ute to the creation of the classroom as a learning community in which all students
are able to contribute to discussion of the topic being studied (Murray & Jorgen-
sen, 2007).

For example, suppose a teacher wishes to elicit the big idea within the NCTM
Numbers and Operations strand that it is important to recognize when each math-
ematical operation is appropriate to use. The teacher can set out two parallel tasks:

Choice 1: Create a word problem that could be solved by
multiplying two one-digit numbers.

Choice 2: Create a word problem that could be solved by
multiplying two numbers between 10 and 100.

Both choices focus on the concept of recognizing when multiplication is appro-
priate, but Choice 1 is suitable for students only able to work with smaller factors.
Further, the tasks fit well together because questions such as the ones listed below
suit a discussion of both tasks and thus can be asked of all students in the class:

e What numbers did you choose to multiply?

e How did you know how many digits the product would have?
e What about your problem made it a multiplying problem?

e What was your problem?

e How could you solve it?

Strategies for Creating Parallel Tasks. To create parallel tasks to address a par-
ticular big idea, it is important to first think about how students might differ
developmentally in approaching that idea. Differences might relate to what opera-
tions the students can use or what size numbers they can handle, or they might
involve, for example, what meanings of an operation make sense to the students.

Once the developmental differences have been identified, the object is to
develop similar enough contexts for the various choices that common questions
can be asked of the students as they reflect on their work. For example, for the big
idea that standard measures simplify communication, the major developmental
difference might be the type of measurement with which students are comfortable.
One task could focus on linear measurements and another on area measurements.
One set of parallel tasks might be:
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Choice 1: An object has a length of 30 cm. What might it be?

Choice 2: An object has an area of 30 cm2. What might it be?

In this case, common follow-up questions could be:

e Is your object really big or not so big? How did you know?

e Could you hold it in your hand?

e How do you know that your object has a measure of about 30?
e How would you measure to see how close to 30 it might be?

e How do you know that there are a lot of possible objects?

Often, to create a set of parallel tasks, a teacher can select a task from a handy
resource (e.g., a student text) and then figure out how to alter it to make it suitable
for a different developmental level. Then both tasks are offered simultaneously as
choices for students:

Original task (e.g., from a text):
There were 483 students in the school in the morning. 99 students
left for a field trip. How many students are left in the school?

Parallel task:
There are 71 students in 3rd grade in the school. 29 of them are
in the library. How many are left in their classrooms?

Common follow-up questions could be:

e How do you know that most of the students were left?

e How did you decide how many were left?

e Why might someone subtract to answer the question?

e Why might someone add to answer the question?

e How would your answer have changed if one more student was not in a
classroom?

e How would your answer have changed if there had been one extra student
to start with?

Fostering Effective Follow-Up Discussion. The role of follow-up discussions of
parallel tasks and the techniques for encouraging them mirror those for open ques-
tions. Once again, it is critical that the teacher demonstrate to students that he or
she values the tasks equally by setting them up so that common questions suit each
of them. It is important to make sure students realize that the teacher is equally
interested in responses from the groups of students pursuing each of the choices.
The teacher should try not to call first on students who have completed one of the
tasks and then on students who have completed the other(s). Each question should
be addressed to the whole group. If students choose to identify the task they
selected, they may, but it is better if the teacher does not ask which task was per-
formed as the students begin to talk.
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Management Issues in Choice Situations. Some teachers are concerned that if
tasks are provided at two levels, students might select the “wrong” task. It may
indeed be appropriate at times to suggest which task a student might complete.
This could be done by simply assigning a particular task to each student. However,
it is important sometimes—even most of the time—to allow the students to choose.
Choice is very empowering.

If students who struggle with a concept happen to select a task beyond their
ability, they will soon realize it and try the other choice. Knowing that they have
the choice of task should alleviate any frustration students might feel if they strug-
gle initially. However, students may sometimes be able to complete a task more
challenging than they first thought they could handle. This would be a very positive
experience.

If students repeatedly select an easier task than they are capable of, they should
simply be allowed to complete the selected task. Then, when they are done, the
teacher can encourage them privately to try the other choice as well.

Putting Theory into Practice

A form such as the one that appears on the next page can serve as a convenient
template for creation of customized materials to support differentiation of instruc-
tion in math. In this example, a teacher has developed a plan for differentiated
instruction on the topic of measurement. A blank form is provided in Appendix B.

The following fundamental principles should be kept in mind when developing
new questions and tasks:

« All open questions must allow for correct responses at a variety of levels.

o Parallel tasks need to be created with variations that allow struggling stu-
dents to be successful and proficient students to be challenged.

 Questions and tasks should be constructed in such a way that all students
can participate together in follow-up discussions.

Teachers may find it challenging at first to incorporate the core strategies of
open questions and parallel tasks into their teaching routines. However, after try-
ing examples found in the chapters that follow, and creating their own questions
and tasks, teachers will soon find that these strategies become second nature. And
the payoff for the effort will be the very positive effects of differentiation that
emerge: fuller participation by all students and greater advancement in learning
for all.

CREATING A MATH TALK COMMUNITY

Throughout this book, many suggestions will be offered for ways to differentiate
instruction. These are all predicated on a classroom climate where mathematical
conversation is the norm, a variety of student approaches are encouraged and val-
ued, and students feel free to take risks. Unless a student engages in mathematical
conversation, it is not possible for a teacher to know what that individual does or
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MY OWN QUESTIONS AND TASKS

Lesson Goal: Area measurement Grade Level: _ 3

Standard(s) Addressed:
Geometric measurement: understand concepts of area and relate area to
multiplication and to addition; recognize perimeter as an attribute of
plane figures and distinguish between linear and area measures

Underlying Big Idea(s):
The same object can be described by using different measurements.

Open Question(s):
Which shape is bigger? How do you know?

Parallel Tasks:

Choice 1:
Which shape has a greater perimeter? How much greater is it?

Choice 2:
Which shape has a greater area? How much greater is it?

Principles to Keep in Mind:

« All open questions must allow for correct responses at a variety of levels.

« Parallel tasks need to be created with variations that allow struggling students
to be successful and proficient students to be challenged.

¢ Questions and tasks should be constructed in such a way that will allow all
students to participate together in follow-up discussions.
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does not understand. Consequently, it is not possible for a teacher to know what
steps must be taken to ensure the student’s needs are being met.

Some teachers may be nervous about offering choices or asking open ques-
tions—worried that students might get off track, worried that students might be
uncomfortable with not being absolutely certain about what is expected, or worried
that students might offer an idea with which the teacher is unfamiliar, leaving the
teacher unsure about how to proceed. These are natural concerns.

Initially, students who are accustomed to highly structured learning environ-
ments may find open questions or choice unsettling. But once the students see the
teacher’s willingness to allow them to go in different directions, they grow com-
fortable with the change and appreciate the opportunity for greater input. Teachers
also find it both surprising and rewarding to see how students rise to the challenge
of engaging in mathematical conversation and how students often help the
teacher sort out an unclear comment from another student or suggest ways to
pick up on another student’s suggestion.






Counting & Cardinality and
Number & Operations in Base Ten

DIFFERENTIATED LEARNING activities in counting and cardinality and in
number and operations in base ten are derived from applying the Common Core
Standards for Mathematical Practice to the content goals that appear in the Count-
ing & Cardinality domain for Kindergarten and in the Number & Operations in
Base Ten domain for Kindergarten-Grade 5.

TOPICS

Before differentiating instruction in this aspect of the number strand, it is useful
for a teacher to have a sense of how these topics develop over the grades.

Prekindergarten-Grade 2

Within this grade band, students move from counting and comparing very small
numbers, usually 10 or less, to counting, comparing, modeling, and interpreting
numbers up to 1000 using concepts that underlie the place value system. They move
from counting to determine sums in simple joining situations and differences in
simple subtraction situations to thinking more formally about adding and subtract-
ing. Increasingly, as they move through this grade band, students use a variety of
principles, strategies, and procedures with increasing efficiency to add and subtract
and to solve problems requiring addition and subtraction.

Grades 3-5

Within this grade band, students begin to focus increasingly on multiplying and
dividing whole numbers using a variety of strategies to calculate and estimate
products and then quotients. They commit multiplication and related division
facts to memory, become more fluent with algorithms for multiplying and dividing
multidigit whole numbers, and solve problems that represent a variety of meanings
of multiplication and division. In Grade 5, they think of decimals as part of the
place value system and use place value concepts to round and compare both whole
numbers and decimals.

17
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THE BIG IDEAS FOR COUNTING & CARDINALITY AND
FOR NUMBER & OPERATIONS IN BASE TEN

In order to differentiate instruction in the content area of number, it is important
to have a sense of the bigger ideas that students need to learn. A focus on these big
ideas, rather than on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

1.1. Counting is fundamental for describing magnitude as well as for
calculating.

1.2. Numbers often tell how many or how much.

1.3. Representing a whole number in different ways tells different things
about that number and might make numbers easier to compare.

1.4. The place value system standardizes how whole numbers are
decomposed. The system makes it easier to describe, compare, count
by, and calculate with numbers.

1.5. Benchmark numbers are useful for relating numbers and estimating
amounts.

1.6. It is useful to take advantage of the relationships between the
operations in computational situations.

1.7. Decomposing whole numbers and recomposing them are critical skills
for representing, comparing, and operating with whole numbers.

The tasks set out and the questions asked about them while teaching topics in
counting and cardinality and in number and operations in base ten should be
developed to reinforce the big ideas listed above. The following sections present
numerous examples of application of open questions and parallel tasks in develop-
ment of differentiated instruction in these big ideas across the Prekindergarten—
Grade 2 and Grades 3-5 grade bands.

CHAPTER CONTENTS

Open Questions: Pre-K-Grade 2 19 | Parallel Tasks: Pre-K-Grade 2 38
Open Questions: Grades 3-5 31 | Parallel Tasks: Grades 3-5 45
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OPEN QUESTIONS FOR PREKINDERGARTEN-GRADE 2

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

Choose a number. Start counting. Make sure to say lots of numbers.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Number & Operations in Base Ten: 1.NBT
Mathematical Practice: 6

Students who need to can start low, at 1 or 2, for example. But other students
might want to show their counting prowess and begin with a higher number, such
as 41 or even 48. All students are still practicing counting, but each is counting at
his or her appropriate level.

Students who are “strong” might be encouraged to start counting at a place
where transitions over decades are required, for example, counting 48, 49, and then
realizing that 50 comes next.

Using the term “lots of numbers” allows for even more differentiation, with
some students counting relatively few numbers and others doing more.

Start at 0 and count by a number of your choice. What patterns do
you see or hear?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 6, 7

The reason we can count numbers we don't yet know is because of the patterns
in our number sequence. Students will hear the patterns of 9 numbers ending with
the words “one, two, three, . .., nine,” and will hear the transitions between decades
and between centuries when counting by ones. Allowing students to skip count by
numbers like 2, 5, 10, 25, 100, and so forth, alerts them to even more patterns that
are possible both in the look and in the sound of the numbers they encounter.

Samantha said it’s just as easy to count by 5s as by 10s. Do you agree
or disagree?

CCSS: Number & Operations in Base Ten: 2.NBT BIG IDEA: 1.1
Mathematical Practice: 3

There is, of course, no correct answer to this question. But it does give stu-
dents an opportunity to put forth an argument as to why a person might think

¢ 3peIn-y-31d 10§ suonssny usdo
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that counting by 5s is as easy as or easier than counting by 10s. A student might
argue that it is just as easy to count by 5s, since you use the same numbers as you
would if you were counting by 10s, but you add extra numbers that end with 5s.
Or students might suggest they are more accustomed to counting by 5s than 10s
since they learned that earlier. The teacher might decide to have a 100 chart or a
large rekenrek available for students to use.

TEACHING TIP. Mathematical Practice Standard 3 (constructing viable
arguments and critiquing the reasoning of others) can be accessed frequently
by putting out an “opinion” statement and asking students to agree or
disagree.

Put out some forks and some spoons. Make sure there are just a FEW
more forks than spoons.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Mathematical Practice: 6

At this level, most students are working with only very small numbers. The
idea in this problem is to give students an opportunity to count, but also to get
them thinking about how numbers relate to one another. The question is open in
that students can put out a lot of spoons and forks if they wish, or not many. In
addition, students have some latitude in deciding what “just a few” means.

It is important with this question that teachers not define the word “few” as
a particular number (e.g., three), which is sometimes done. Students should be
allowed to see that there is some variation in what different people consider “a few.”

Arrange a group of stickers into a shape you know. Tell how many
stickers you used. Tell what the shape is.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Mathematical Practice: 4

The objective in having students arrange the stickers to form a shape is partly
to bring in some geometric considerations, but also to force students to use more
than one or two stickers. This provides an opportunity for students to count as well
as to think about shape creation.

Teachers might even make some suggestions to different students about how
many stickers to use, for example, Why don’t you use more than 5 stickers? or Why
don’t you use more stickers than there are buttons on your shirt?

> Variations. The use of stickers is clearly optional; students might arrange any

items into a shape.
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Choose a number and start counting from there. Will you have to say
a lot of numbers to get to 50 or not very many? How do you know?

CCSS: Counting & Cardinality: K.CC BIG IDEAS: 1.1,1.2
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 2, 7

This question is made open by allowing students to choose the number they will
use as a starting point. If the student chooses a low number (e.g., 2 or 3), he or she
should realize it will take a while to get to 50. If the student happens to choose a
number greater than 50, it will be interesting to see if she or he is comfortable count-
ing backward as a way to reach 50. Some students will think of skip counting and,
even though the numbers could be technically far apart, it might not take long to get
to 50. This question should give the teacher insight into the flexibility students have
with counting, while giving the students an opportunity to think about number size.

> Variations. The question can be varied by specifically asking students to skip
count or to count backward, and the goal number 50 can be changed.

TEACHING TIP. One of the simplest strategies for differentiating
instruction is allowing students to choose the numbers with which they
will work.

A number describes how many students are in a school. What might
the number be?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.2
Mathematical Practices: 2,3, 4

An important part of mathematics instruction is to allow students to make
sense of the numbers around them. People need to be able to recognize when a
number makes sense and when it does not. For example, students should know
that a price of $500 for a pencil makes no sense.

The question above illustrates a real-life context. In this case, the situation is
close to students’ everyday experience; they can think about how many students
are in their own school. However, the question can also lead them to consider other
possibilities, for example, how many students there might be in a big high school,
a small country school, or a medium-sized school.

Some students will use calculations, adding the number of students in each
class. If students simply guess, they should be expected to justify their values.

¢ 3peIn-y-31d 10§ suonssny usdo



Open Questions for Pre-K-Grade 2

22 Good Questions, Third Edition

Choose a number between 1 and 100. Tell why someone might call it
a big number, but someone else might call it a small one.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.2
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practice: 3

An important mathematical concept for students to learn is that no number is
inherently big or little; it always depends on context. The number 10 could be big
if it describes the number of children in a family, but it would be small if it tells
how many customers are in a large store.

> Variations. This kind of question is one that could be repeated over and over
using numbers of the students’ choice or the teacher’s choice.

What makes 5 a special number?

CCSS: Counting & Cardinality: K.CC BIG IDEAS: 1.2,1.3
Mathematical Practices: 2, 3

Posing this question to young students provides them an opportunity to par-
ticipate in a mathematical conversation. Some students might think of the fact that
there are 5 fingers on a hand, others that they are 5 years old, others that there are
5 people in their family, whereas others might think of something else, for example,
that there is a special coin for 5 cents. The question helps students recognize that
numbers are used to describe amounts in a wide variety of contexts.

> Variations. This question can be varied by using other numbers that students
might view as special, for example, 0, 1, or 10.

Choose two of these numerals. How do they look the same? How do
they look different?

1T 2 3 45 6 7 8 90

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.3
Mathematical Practice: 3

An important part of mathematical development is the recognition that num-
bers can be used to represent quantities, but it helps if students recognize the
numerals. By focusing on the form of the numerals, this question helps students learn
to reproduce and read them.

By allowing students to choose whatever two numerals they wish, the question
allows for virtually every student to succeed. For example, a very basic comparison
might be that 1 and 4 both use only straight lines, but fewer lines are needed to
form a 1 than to form a 4.
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Show the number 7 in as many different ways as you can.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.3
Mathematical Practice: 5

To respond to this question, some students will draw seven similar items, oth-
ers will draw seven random items, others will use stylized numerals, others will
write the word seven, and still others will show mathematical operations that pro-
duce an answer of 7, such as 6 + 1 or 4 + 3.

Because the question asks students to show as many representations as they can,
even a student who comes up with only one or two representations will experience
success. No matter what their developmental levels, all students will focus on the
fact that any number can be represented in many ways. It is important to pose ques-
tions that focus students on how their own representations are alike and different.

For example, a teacher could ask:

« Which of your representations are most alike?

e Which of your representations make it easy to see that 7 is less than 102
e Which make it easy to see that 7 is an odd number?

o Which make it easy to see that 7 is 5 and 22

The answer is 5. What is the question?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.3
Number & Operations in Base Ten: 1.NBT
Mathematical Practices: 3,5

This question has innumerable possible answers, and it supports the important
concept that numbers can be represented in many ways. Some students will use
addition and ask the question: What is 4 + 1?2 Other students will use subtraction
and ask: What is 6 — 12 Yet other students will ask very different types of questions,
for example: What number comes after 42 or even How many toes are there on one
foot? Because of the wide range of acceptable responses, students at all levels are

addressed.

> Variations. This task can be reassigned after changing the number required for
the answer.

You can represent a number between 100 and 1,000 with just a few
base ten blocks. What could the number be? How do you know?

CCSS: Number & Operations in Base Ten: 2.NBT BIG IDEAS: 1.3,1.4,1.7
Mathematical Practices: 2, 7

Using base ten blocks focuses students on the nature of the place value system.
Students consider what “columns” there are in a place value chart, because each
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block type represents a different column, and they also consider relative size, for
example, that the 100 is ten times as great as the 10.

There will be students who will realize that a relatively large number (e.g., 200)
can sometimes be represented by many fewer blocks than a much smaller number
(e.g., 17). Others will simply randomly select one, two, or three blocks from a set
of blocks; their focus will then be on naming the number.

It would be interesting to observe whether students first choose blocks and
then name their numbers or whether they realize that they want a number with
zeroes in it with the other digits fairly small.

How are the numbers 200 and 350 alike? How are they different?

CCSS: Number & Operations in Base Ten: 2.NBT BIG IDEAS: 1.3, 1.4, 1.5
Mathematical Practices: 3,7

A question like this one provides the opportunity to see what students know
about numbers in the hundreds. They might observe similarities such as these:

e They are both more than 100.

e They are both less than 400.

e You say both of them when you skip count by 10.

e They both have three digits.

e If they were an amount of cents, you could model both of them with quarters.

350:

The students might observe differences such as these:

e 350 is more than 300, but 200 is not.

e 200 is an exact number of hundreds, but 350 is not.

 You can count from 0 to 200 by 20s, but you can’t count by 20s to 350 if you
start at 0.

The question is suitable for a broad range of students because some students
can choose simple similarities and differences, such as indicating that both num-
bers end in 0, whereas others can focus on more complex similarities, such as
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indicating that both numbers are part of the sequence when skip counting by 25.
All students benefit from the larger discussion about number representations and
meanings.

> Variations. The question can easily be varied by using other pairs of numbers.

Two numbers each have 7 as one of their digits. But one 7 is worth a
LOT more than the other. What could the numbers be?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.4
Mathematical Practices: 1,2,3,7

To really understand the place value system, a student needs to realize that the
placement of a digit matters a lot. If, for example, a 7 is in the ones place, it is clearly
worth less than if it is in the tens or hundreds place. But the other digits are irrele-
vant. So students might choose, for example, 7 and 700, or 17 and 79, or 27 and 712.

Some students might benefit from access to a place value chart or base ten
blocks.

A two-digit number has more tens than ones. What could the
number be? How do you know your number is correct?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.4, 1.5
Mathematical Practices: 2, 3, 7

Much of the work with numbers is built on the fact that numbers are written
in such a way that the value of a numeral is dependent on its placement in the
number. For example, the 2 in 23 is worth 20, but the 2 in 32 is worth only 2.

To help students work with the place value system, instruction often begins
with models that show the difference. For example, base ten blocks show 20 as two
rods, but 2 as two small cubes.

1

2tens =20 2ones =2

Students may or may not be provided with base ten blocks when the question
above is posed. For most students, provision of the blocks would be helpful, but if
students are more advanced, the blocks may not be essential. Some students may
discover only one or two possible responses, whereas others might determine many
possible responses (e.g., 31, 32, 43, 42, 41, etc.) or even all possible responses. By
asking for only one number, the task seems less onerous to struggling students. In
discussing responses, students will see that there were many possible values among
which they could have chosen.
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In showing how they know their number is correct, some students can use
concrete models to support their answers, whereas others might use more symbolic
arguments.

> Variations. Students who are ready to work with three-digit numbers can be
given the option to do that if they wish.

One number is a lot more than another one. What could the two
numbers be?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.4, 1.5
Mathematical Practices: 2, 7

This question provides a great deal of latitude both in the choice of numbers
and in the interpretation of the phrase a lot more.

For example, one student might choose 200 and 300, suggesting that being
100 apart means that 300 is a lot more. Another student might choose 10 and
90. Others might argue that those numbers are not far enough apart and might
choose, for example, 1,000,000 and 101. None of these students are incorrect, but
the door has been opened for a discussion about how some mathematical terms
are more precise than other terms and how both types of terms can be useful in
different situations.

In addition, there is an opportunity within the larger class community to
repeatedly practice the concept of comparison.

Think of a number made up of tens and ones. Switch the number of
tens and the number of ones. What happens to the value of your
number? Why?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.4, 1.5
Mathematical Practices: 2, 3, 7

Much like an earlier question, this question, in a slightly different way, focuses
on the difference in the value of a digit based on its placement in a number. Some
students might select numbers where the value decreases; they might note that this
occurs when the tens digit is the greater digit in the original number (e.g., 43, 75,
91). Others might select numbers where the value increases; they might note that
this occurs when the tens digit is less than the ones digit in the original number
(e.g., 34, 57, 19). It will be interesting if some students pick a number with a
repeated digit (e.g., 22) or a number where the ones digit is 0 (e.g., 30). In the latter
case, they will have to discuss what 03 actually means.

> Variations. A similar question could be used with greater numbers with different
digits being exchanged.
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Choose three numbers. Two have to be pretty close together. The
third has to be far from the other two. What might they be?

CCSS: Counting & Cardinality: K.CC BIG IDEAS: 14,15
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 2, 3

This question provides insight into what students think close together and far
apart mean for numbers. It also gives them an opportunity to use numbers that are
comfortable for them, making the question accessible to most students. While
some students might choose numbers like 2, 3, and 9, others might choose num-
bers like 95, 100, and 2, or 500, 510, and 900. By asking students to write the
numbers, it is more likely they will choose numbers that are not too large.

It would be interesting to discuss and compare answers. A teacher might ask:

e Do you think that 100 and 110 are close?
e Do you think that 5 and 8 are close?
e How did you decide which numbers to choose?

Use a 100 chart. Choose two numbers to add. Both numbers must
be on the top half of the chart. Show how to use the chart to add the
two numbers without using pencil or paper.

1 2| 3| 4 5| 6| 7| 8| 9|10
111211314 15(16| 17| 18| 19| 20
212223 |24|25|26|27|28|29]| 30
31132(33(34|35|36|37|38|39] 40
41| 42| 43| 44| 45| 46| 47| 48| 49| 50
51|52 (53| 54|55|56|57]|58]| 59| 60
61|62 63|64|65|66|67]|68|69|70
71|72 (73| 7475|7677 | 78| 79| 80
81]182(83(84|85|86|87|88|89]|90
91192]93|94|95| 96| 97| 98| 99 |100

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.4,1.7
Mathematical Practices: 3,5

This question promotes students’ use of visualization to help them with
mental math. They can select simple numbers to add or more complicated ones.
For example, students who start at 32 and add 1 realize that it is only necessary
to move one space to the right. If the student adds 10, it is only necessary to move
one space down. A student who adds something like 29, though, might realize that
it is possible to go down three rows and back one space, a much more sophisticated
mental math operation.
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The question is useful for a variety of student levels because students can avoid
adding to a number at the right side of the chart (e.g., adding 59 + 6) and having
to go to the next line and can avoid adding complicated numbers if they find the
maneuvers too difficult.

Choose a number for the second mark on the number line.

| | »
| 1 >
0
Mark a third point on the line. Tell what number name it should have
and why.
CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.5

Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 2, 3

This question helps students see the value of using benchmarks to relate num-
bers. It is designed to be open by allowing students not only to choose which point
to locate but also which benchmark to use.

A simple response might be to designate the second marked point as a 2 and
to mark a halfway point as a 1. A more complex response might be to designate
the second marked point as a 10 and attempt to locate a number like 2 or 3.

No matter which choice students make, they can participate in the conversa-
tion about how numbers are placed on a number line and how numbers relate to
one another.

> Variations. The teacher can name the second point, for example as 5, then ask
students to choose the third point.

A news item says that about 50 people were at a certain event.
Exactly how many people might that have been?

CCSS: Number & Operations in Base Ten: 1.NBT BIG IDEA: 1.5
Mathematical Practices: 2, 3

Notice that there is no indication of how the number 50 was obtained. Perhaps
a count was rounded to the nearest 10 or to the nearest 25, or maybe it was not
rounded at all. It is quite possible that the original number could have been some-
thing like 38, since 38 is not that far from 50. Or maybe it was greater, perhaps 59
or 60. Because there is no indication of how the estimate was obtained, this ques-
tion is open.

> Variations. The number 50 could be changed.
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The sum of [_I[_| and [ ][] is closer to 80 than to 90. What could
the two numbers be?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.5,1.7
Mathematical Practices: 1,2,5,7

It would be interesting to see how students approach this question. Most likely,
students will try to think of numbers that sum to 81, 82, 79, or some other number
close to 80. But some students will realize that any sum less than 80 (even one as
small as 20) is closer to 80 than to 90, and so they might use numbers such as 10
and 10. Some may push the limits to 84 for their sum.

It would be valuable to have a discussion about how students broke up the
numbers 80 and/or 90 to help them answer the question.

> Variations. Instead of asking for a sum closer to 80 than to 90, values other than
80 and/or 90 could be selected.

Describe a subtraction calculation that would be easy to do if you
realized how addition and subtraction are related. Why would it be
easy?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.6
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 2,3, 5,7

Students might choose smaller numbers such as 10 — 6 and think that since
they know that 6 + 4 = 10, it is easy to figure out 10 - 6. Or a student might use a
100 chart and point to a number on the chart and realize it is easy to figure out 100
minus that number by counting how many more spaces there are on the chart. Or
a student might decide that 99 - 38 is easy to solve by figuring that she or he needs
to add 1 one and 6 tens (or 61) to get to 99.

TEACHING TIP. It is always safer to ask students for something that they
find easy than for something they find difficult. There is no risk involved in
indicating something is easy for you.

You add two numbers that are almost 30 apart. The answer is almost
90. What might the numbers be?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEAS: 1.6, 1.7
Mathematical Practices: 1,2,5,7

A number of different strategies might be employed to solve this problem.
Most students will use guess and check, but in different ways.
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Whereas some students will try a combination, for example, 10 + 40, realize
that the answer is too small, and just move up to 20 + 50 and then 30 + 60, others
will realize right away, with 10 + 40, that they are 40 short and that each number
has to go up by 20.

Other students might begin with a combination for 90, for example, 40 + 50,
realize that the two addends are only 10 apart, and move the 40 down and the 50
up to get the appropriate difference. Both of these approaches involve valuable
reasoning.

The fact that the question says “almost” means that students will probably
take those answers and figure out how to adjust them. For example, the student
might use 30 + 59, so that the numbers are not quite 30 apart and the answer is
not quite 90.

> Variations. There are many ways to change this question. The numbers used

could be changed or the word almost might be changed to about or a bit more than.

Make up an addition question where thereis a2, a 3,and a 4
somewhere in the question or the answer.

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.7
Mathematical Practices: 1,2, 3,5

All students who respond to the question will use addition, but different stu-
dents can choose combinations with which they are more comfortable. For exam-
ple, students might write:

2+34=36 2+34+4=9 23 +43 +25=091

An open question such as this promotes a rich discussion. As different indi-
viduals or pairs of students share their questions, other students repeatedly have
the opportunity to learn new ideas about addition.

> Variations. The question can easily be varied by using different sets of three num-

bers, using two or four numbers, or using a different operation (e.g., subtraction).

How is adding 42 + 38 like adding 52 + 28? How is it different?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.7
Mathematical Practices: 2, 3, 7

This question is interesting in that it allows students to focus on a variety of
things. Some will focus on a numerical process, others on models, and still others
on the meaning of addition. Possible answers might be:

e They are alike since both are adding, but they use different numbers.

e They are alike since both involve adding 2 + 8, but different since one involves
40 + 30 and the other involves 50 + 20.

« They are alike since they have the same answer, but they use different numbers.



Counting & Cardinality and Number & Operations in Base Ten 31

e They are alike since if you use 10-frames you would end up with full frames
both times even though you started with a number where there was a partial
frame. The actual number of frames you start with is different.

Ultimately, it would be helpful for students to see that when 10 is moved from
the second addend to the first, the total does not change.

OPEN QUESTIONS FOR GRADES 3-5

Describe 100 thousand in as many ways as you can.

CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEAS: 1.2,1.3,1.4,15
Mathematical Practices: 2, 7

Typically this question would be presented using the numeral 100,000, rather
than the written phrase 100 thousand. The advantage of the suggested presenta-
tion is that the question becomes more accessible to students who struggle with
numerals that represent large numbers. Although one might think that students
need to have a concept of how much 100,000 is to answer the question, which
would certainly be preferable, a student could simply say that it is more than
99 thousand.

Other students might refer to 100,000 by using place value ideas, for example,
indicating that it is possible to represent 100,000 with 100 large base ten blocks, that
it is Tlo of 1 million, or that it can be represented with 1,000 hundred blocks.

The class discussion would provide ample opportunity for exploration as dif-
ferent aspects of 100 thousand are raised.

How are the numbers 6.001 and 1.006 alike? How are they different?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.4
Mathematical Practice: 3

Responses to this open question might involve how the numbers can be rep-
resented on a place value chart or with base ten blocks, their relative sizes, or simply
their digits.

Whereas some students will concentrate on the fact that both numbers use
the same digits (thus classifying the numbers in terms of the digits that make them
up), others will recognize that one is greater than 6 and one less than 6 (thus clas-
sifying the numbers in terms of their relationship to 6), that both involve decimal
thousandths (thus classifying the numbers in terms of their decimal representa-
tions), or that both are less than 10. Even a struggling student will recognize that
the same digits are involved.

> Variations. In the example cited, decimal numbers were compared and con-
trasted. New questions can be created in which pairs of fractions, mixed numbers,
or large numbers such as 1.1 million and 1.1 billion are compared.
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In a particular multidigit number, there are two 7s and two 5s. One 7
is worth 100 times as much as the other; one 5 is worth 10 times as
much as the other. What could the number be?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.4
Mathematical Practice: 7

When students really understand the place value system, they realize that a
digit one column to the left of the same digit is worth 10 times as much as the one
on the right. Similarly, a digit two columns to the left is worth 100 times as much
as the one on the right. This question builds on that knowledge. There are many
correct answers, for example, 71,755 or 55,727 or 55,797. But some students might
use even larger numbers, such as 707,554 or 1,717,455; or others might use deci-
mals, perhaps something like 55.727.

You multiply two numbers and the product is of the form
[ 12,[ 14[_]. What could the numbers and product have been?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.4
Mathematical Practices: 1,6

There are many solutions to this problem. Leaving the ones digit unknown
might seem, at first glance, to make the question more difficult; often we use the
ones digit to figure out what the ones digits of the factors might have been. In fact,
though, leaving the ones digit open makes the problem more accessible. For exam-
ple, putting a 0 in the ones digit allows students to use factors like 10 x 3254 or
20 x 3142.

Some students might simply choose a 2-digit number at random and multiply
by other numbers until they hit the desired form. They will soon realize that in
order to get a 5-digit answer, they are likely to be multiplying by a 3-digit or 4-digit
factor; this helps build their number sense.

Other ideas that might come up that are worth discussing include looking at
whether factors and the product are even or odd, whether they are multiples of
particular numbers (such as 5), and so forth.

You multiply two numbers and the product is almost 400. What
could the numbers have been? Explain your answer.

CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEAS: 1.4, 1.7
Mathematical Practices: 2, 3,7

Estimation is an important aspect of mathematical calculation. Teachers often
do not emphasize it enough. This open question allows students to work backward
and think about what numbers might have been used to arrive at a particular esti-
mate. They will also have to think about what “almost” means.
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Some students might think of something fairly simple, for example, 1 and 399.
Others might recognize that 20 x 20 = 400 and then use 19 x 19. Still others will
consider other possibilities.

> Variations. Instead of using “almost,” the question can be varied by using “a bit
more than” The product can be changed from 400 to a different number. Other
operations can also be allowed: for example, the question might be worded, “You
add, subtract, multiply, or divide two numbers and the result is about 400. What
could the numbers be? Explain”

You are going to add a 2-digit or a 3-digit number to 348. You do
not find it too difficult to do the addition in your head. What might
you be adding? Why is it fairly easy to do in your head?

CCSS: Number & Operations in Base Ten: 3.NBT BIG IDEAS: 1.4,1.7
Mathematical Practices: 2, 3,7

This question allows students to use a variety of strategies, most likely based
on place value, to perform mental calculations. The student might add multiples
of 10 or 100, such as 10, 20, 100, 200, or might even decide to add a number such
as 99, recognizing it is fairly easy to add 100 and subtract 1.

When asked a question like this, students are hearing the important message
that adding mentally is a valuable skill, but which calculation they actually do can
vary depending on their readiness to deal with different sorts of calculations.

> Variations. Additional questions could be created by changing the operation or
changing the sum.

A number is about 400. What is the least you think it can be? What is
the greatest?

CCSS: Number & Operations in Base Ten: 3.NBT BIG IDEA: 1.5
Mathematical Practices: 2, 3

Although we often ask students to estimate or round numbers, we less fre-
quently ask them to think about what a number might have been that has already
been rounded. If you read a newspaper headline that says “About 400 people
attended the meeting,” you want to know what the actual number might have been.

Notice that there was no indication here whether the 400 was the result of
rounding to the nearest 10 or the nearest 100 or whether rounding was even used,
and that is what makes the question interesting. Different students will interpret it
in different ways.

Questions a teacher might ask could include:

e Do you think it could have been 3982
e Could it have been more than 4002 How much more?
e Could it have been as low as 3252 3502
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Choose a 4-digit factor and a 2-digit factor. Show how you could
represent the product with models or diagrams in a way that would
help you figure out the answer.

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.5
Mathematical Practice: 5

By giving students a choice of values, they can make the situation simpler (e.g.,
1000 x 20) or more complicated (e.g., 3142 x 5).

To represent 1000 x 20, a student might use a place value chart and place
two counters in the tens column to show 20; multiplying by 1000 has the effect of
moving the counters three columns to the left.

ThoTJesgnds Thousands | Hundreds Tens Ones
Ten Thousands | Hundreds Tens Ones
Thousands

0@

To show 3142 x 5, a student might draw a table like this one:

X 3 1 4 2
5 15 5 20 10
Regrouped 15 7 1 0

You have a decimal thousandth number. When you round it to the
nearest tenth, you round down. But when you round it to the nearest
hundredth, you round up. What might the decimal thousandth
number be?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.5
Mathematical Practices: 1,7

Students learn the rules of rounding and may apply them, but often they don’t
actually think about them. This question forces students to think about the rules.
Students will see that the only way it is possible to round down to the nearest tenth
but up to the nearest hundredth is to have a decimal of the form [ l.abc, where
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b is less than 5, but ¢ is 5 or more. For example, 13.928 rounds to 13.9 (less than
13.928) or 13.93 (more than 13.928).

Students should be led to see that the values of the whole number and the
tenths part of the decimal are irrelevant to this problem.

Choose a subtraction problem you want to complete where the
answer is in the hundreds. Show how you could figure out the answer
to the problem efficiently either by adding or by subtracting.

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.6
Mathematical Practices: 5, 6

A student might choose a calculation like 500 - 198. The student might then
either add up from 198 to get to 500 or, for example, subtract 498 — 198 and then
add 2.

Allowing students to choose the values they will work with empowers them
and likely leads to greater success for more individuals.

You divide two whole numbers and the quotient has 2 digits with no
remainder. How many digits might the dividend and divisor have?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEAS: 1.6, 1.7
Mathematical Practices: 6, 7

An important idea for students to learn is that with division, as with subtrac-
tion, you can end up with a relatively small answer when using either small num-
bers or large numbers. With subtraction, the result is 2 whether you subtract 2 from
4 or you subtract 30,002 from 30,004. Similarly, with division, the result is 2 whether
you divide 4 by 2 or you divide 40,000 by 20,000. This open question addresses that
idea in that knowing the answer has 2 digits does not require the use of large num-
bers, but it does allow for it.

Another concept that is addressed in this question is the relationship between
multiplication and division. Since we know there is no remainder, we know that
we could multiply the divisor by a 2-digit quotient to achieve the dividend. There-
fore, to come up with a solution, a student might think 5 x 23 = 115, so the question
could have been 115 + 5. Similarly, 334 x 10 = 3340, so the question could have
been 3340 + 334. Notice that in the first case, the divisor and dividend had 1 and 3
digits, respectively, and in the second case 3 and 4 digits, respectively. Students
should note that the difference between the number of digits always seems to be
1 or 2 and then might investigate why that is the case.
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Replace the boxes with values from 1 to 6 to make each problem
true. You can use each number as often as you want. You cannot use
7,8,9,0r0.

L DL LI
x [ [ ] x [ ]

X
CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEA: 1.7
Mathematical Practices: 1,2, 7

This question requires students to multiply two-digit numbers by single-digit
numbers but gives them a choice about what numbers to use.

Students who have more difficulty with multiplying may choose to multiply
only by 1 and 2 to make the multiplication easier (e.g., 34 x 1 = 34,42 x 1 =42,
62 x 2 = 124). Other students might try other combinations, having to take into
account that the products must involve only certain digits. For example, a student
might begin by multiplying 4 by 2 and realize that this is not allowed because the
product is 8, a digit that cannot be used in this case.

All students will have the chance to practice multiplication, using whatever
strategies they prefer.

TEACHING TIP. If a mathematically strong student always seems to select
values that make a question too easy, the teacher should allow the student to
make the initial choice, but then challenge him or her to try other values as well.

4 is a factor of two different numbers. What else might be true about
both of the numbers?

CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEA: 1.7
Mathematical Practices: 3,7

A critical aspect of mathematical thinking is the recognition that knowing one
thing about a number can provide other information about that number. For exam-
ple, knowing that a number is greater than 100 automatically means it is also
greater than 10.

By knowing that a number is a multiple of 4 (because 4 is its factor), a student
should be able to tell that the number is even and that it ends in 0, 2, 4, 6, or 8.
Some students might even realize that if one subtracts 4 from the number, or adds
4 to the number, the result is also a multiple of 4. It is up to the teacher, by prompt-
ing other students, if necessary, to elicit the idea that this is still a conjecture.
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There may be students who can explain why the sum or difference must be a
multiple of 4.

With the question posed in the way indicated, a student who is less likely to
generalize can still select two specific numbers and tell something true about both
of them. For example, the student might choose 8 and 12 and point out that both
are even.

> Variations. Similar questions can be posed by changing the number that is the

factor.
You add two decimals and then multiply by 5. The result is between
4.5 and 5.0. What could the decimals have been?
CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.7

Mathematical Practices: 1,6

Because two operations are performed, there is significant latitude in coming
up with an answer here. Some students might just do a guess-and-test and then
revise their answers. For example, they might start with 1.2 + 3.4 to get 4.6. They
quickly see that multiplying their sum by 5 will get take them beyond 5.0, so they
reconsider. One possibility is to just start all over again; that's what most students
will do. A more sophisticated response is to notice that their original sum is within
the desired range. So, if they would divide their two original decimals by 5 and then
multiply the new sum by 5 (as the problem requires), they would be in the right
range. They readjust their original numbers to 1.2 + 5 = 0.24 and 3.4 + 5, which is
about 0.7. Then, adding 0.24 + 0.7 = 0.94. And 0.94 x 5 = 4.7, a suitable result.

Other students might work backward. They might say, | want an answer of 4.8
after | multiply by 5, so | want an answer of 4.8 + 5 = 0.96 before | multiply. Then they
choose two decimals that add to 0.96. There are, of course, many possibilities.

Still other students might decide that they want to make the second decimal
super small, so really they just need to find a first number that they can multiply
by 5 and get between 4.5 and 5. Then when they add their tiny decimal to it, and
multiply by 5, they will still be in the right range. They realize that 0.9 might work,
so they choose 0.9 and 0.001 as their decimals to add.

You multiply two numbers, each greater than 100. The hundreds digit
of the product is 4. What could the numbers be?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.7
Mathematical Practices: 1, 6,7

Some students will analyze the situation and realize that the hundreds digit of
the product of abc and efg comes from ag + bf + ce and possibly adding in some
carryover from the tens digit.
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If there is no carryover, a student might arbitrarily choose values for b and f
to determine appropriate values for a, ¢, e, and g. For example, values of b = 0
and f = 0 would result in the need for ag + ce to end in 4. That could happen if
a=2,g=4,c=3,and e = 2. The original numbers, therefore, could be 203 x 204.

Another student might look for ag + bf + ce to end in, for example, 2, but with
a carryover of 2 from the tens place. The tens digit comes from calculating bg + cf
and recording the final digit (assuming no carryover from the ones place). To make
this result in 20 or more (so there is a regroup of 2 tens), values of b = 3, g = 4,
¢ =4, and f = 2 could work. Then the value ag + bf + ce has to end in 2, but based
on values for b, g, ¢, and f previously selected, it is the value 4a + 6 + 4e that has to
end in 2. That could happen if a = 3 and e = 1, so the two numbers might be 334
and 124. The product works; it is 41,416.

Still other students will guess and test and get in a lot of computational
practice.

> Variations. The value of the hundreds digit need not be 4; any value could be

chosen. Or it could be the tens digit that is required to be a particular value, and
not the hundreds digit.

PARALLEL TASKS FOR PREKINDERGARTEN-GRADE 2

PARALLEL TASKS are sets of two or more related tasks that explore the same
big idea but are designed to suit the needs of students at different develop-
mental levels. The tasks are similar enough in context that all students can
participate fully in a single follow-up discussion.

Choice 1: Count by tens from 10 to 100. How many numbers do
you say?

Choice 2: Count by tens from 10 to 30. How many numbers do
you say?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Number & Operations in Base Ten: 1.NBT
Mathematical Practice: 7

Some students will be ready to count by tens earlier than others. This parallel
task addresses that reality.
Questions a teacher could ask both groups of students include:

e How far apart are your numbers on a number line?
« Do you get to high numbers quickly or slowly?
e What pattern do you notice in the numbers you say?
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Choice 1: Draw a lot of dots so that it is fairly easy to tell how many
there are. How many dots did you draw, and why is it easy
to tell how many there are?

Choice 2: Draw not too many dots, but more than 3. Tell how many
there are. How could you arrange them so it is easy to tell
how many there are?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Mathematical Practice: 3

Subitizing is a critical step in developing an understanding of number in young
students. This sort of question focuses on subitizing but allows for both more and
less sophisticated approaches. For example, some students will simply arrange
5 dots as they appear on a die and recognize the 5. Others might arrange 20 dots
in four groups of 5 dots, each group as they appear on a die, skip counting to say
“5, 10, 15, 20”

Questions a teacher could ask both groups of students include:

e Why didn'’t you just arrange the dots all over the page?

e What makes it easy to tell how many dots there are?

e Is there a different way to arrange the same number of dots to make it easy to
tell how many there are?

Choice 1: Use counters to make it easy to see whether 10 or 7 is
more and how much more.

Choice 2: Use counters to make it easy to see whether 5 or 2 is
more and how much more.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.1
Mathematical Practices: 4, 5

These two tasks are similar in that both provide opportunities for students to
compare numbers and both require that students think about how to arrange quan-
tities to make it easy to compare them. The first choice uses slightly higher numbers
than the second.

Whichever task students perform, a teacher might ask questions like these:

e How did you know that your big number was not 1 more than your little one?

e If you made just two piles, one for each number, would it be easy to tell how
much more was in the big pile?

e How did you arrange your counters to make it easy to see how much more one
of the numbers was than the other?
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Choice 1: Choose a number that could tell how many flowers might
fit in a vase. Tell why that number makes sense.

Choice 2: Choose a number that could tell the number of families
in a small town. Tell why that number makes sense.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.2
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 2, 3

The number of flowers that fits in a vase is likely to be a fairly small number.
However, there is some flexibility. A student might think of a larger vase that could
hold 20 or more flowers, but the number is unlikely to be in the hundreds.

The number of families in a small town is likely to be a two-digit, three-digit,
or maybe even a four-digit number, depending on the individual student’s personal
view of what constitutes a small town. The discussion would be an interesting one
as students share their personal views on what numbers are reasonable and why.

All students could be asked how they decided on their numbers and why they
thought their numbers were reasonable.

Choice 1: Choose a number between 1 and 10. Show that number
in as many ways as you can.

Choice 2: Choose a number between 20 and 30. Show that number
in as many ways as you can.

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.3
Number & Operations in Base Ten: 1.NBT
Mathematical Practice: 5

The difference between the two versions is very slight, but providing a choice
allows students who are working at different mathematical levels to select the
more appropriate task.

Students might represent their numbers by using pictures, numbers, or words.
For example, a student might represent 9 as 10 — 1, as a picture of 9 items, as
9 dots in a 10-frame, as 4 + 5, as 3 groups of 3, or by using stylized versions of
the numeral 9.

No matter which task was chosen, students could be asked:

e What number did you represent?
e How do you know that that number is one that was okay to choose?
e What are some of the different ways you represented that number?

TEACHING TIP. Changing the values students work with, but using the
same question, is often an easy way to create parallel tasks.
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Choice 1: Choose two numbers between 10 and 20. Represent each
with 10-frames. How are the models alike and different?

Choice 2: Choose two numbers between 44 and 55. Represent each
with 10-frames. How are the models alike and different?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.3
Number & Operations in Base Ten: 1.NBT
Mathematical Practice: 3

The two choices differ only in terms of the size of number with which students
might be comfortable. Both involve using simple 10-frame models. Although the
numbers in Choice 1 will all result in one full frame and one partial frame, the
numbers in Choice 2 might involve four or five full frames.

Questions that suit both groups of students include:

e What were your two numbers? How did you choose them?
e How did you know they were the right size?

Why did you need more than one 10-frame?

Why didn’t you need ten 10-frames?

e How were your models alike? How were they different?

Choice 1: Represent the number 425 in three different ways. Tell
what each way helps you best see about 425.

Choice 2: Represent the number 310 in a way that makes it easy to
see that 310 is greater than 300. Then represent 310 so
it is easy to see that it is an even number. Tell why each
representation shows these aspects of the number.

CCSS: Number & Operations in Base Ten: 2.NBT BIG IDEA: 1.3
Mathematical Practice: 5

It is important that all students realize that different representations of num-
bers show different things about them. But in Choice 2, the students are guided
slightly more heavily than in Choice 1. Some students appreciate a bit more guid-
ance, and this is always a way to differentiate.

A student might show that 425 is less than 500 by placing it to the left of 500
on a number line. He or she might show that 425 is a multiple of 25 by showing
$4.25 in quarters. He or she might show that 425 is odd by writing it as 212 + 213
(almost a double, but one off).

Questions that might be asked of all students include:

e How do your representations show that your number is less than 10002 More
than 1002

« Which representation did you think of first? What did that one show?

e Suppose you had used only base ten rods and units to represent your number.
What might you have shown about your number?
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TEACHING TIP. One way to create parallel tasks is to ensure that one
choice is more guided and one choice more open. In this way, different types
of students will be able to find the sort of question they prefer.

Choice 1: The sum of the digits of a three-digit number is 12. How
many base ten blocks could you use to model that
number?

Choice 2: You can model a number with 58 base ten blocks. What
other numbers of base ten blocks could you use to model
that number?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.4
Mathematical Practice: 5

One of the important principles involved in modeling a number with base ten
blocks is that for numbers greater than 10, there is always more than one way to
represent the number with blocks. For example, 32 can be represented by 5 blocks
(3 tens + 2 ones), 14 blocks (2 tens + 12 ones), 23 blocks (1 ten + 22 ones), or 32
blocks (32 ones). Another important idea is that the minimum number of blocks
required to model a number is the sum of the digits of the number (e.g.,3+2=5
blocks for 32). Both of the task choices above get at these ideas, but at different
levels of sophistication.

The alternative numbers of blocks that can be used to represent a number
differ by multiples of 9. This is because when trading blocks, 1 large block is lost
for each 10 small ones with which it is replaced; the end result is an increase of
9 blocks. Thus, a number that can be represented with 58 base ten blocks might also
be represented, for example, with 22 blocks (because 58 — 22 is a multiple of 9).

Common questions could be asked of both groups of students, for example:

e What number did you use?

e How did you know that the number was correct?

e Could you have used a different number? How do you know?

e How many other blocks could you have used to represent your number?

> Variations. For either choice, numbers can be changed to make the tasks more

or less challenging. For Choice 1, students can be given the option of working with
two-digit or three-digit numbers, and they can be asked to provide more than one
solution. For Choice 2, students can be asked to state a generalization that describes
their findings.
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Choice 1: A number is about 10, but it’s not 10. What is the most it
might be? What is the least it might be?

Choice 2: A number is about 125, but it’s not 125. What is the most
it might be? What is the least it might be?

CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.4
Number & Operations in Base Ten: 1.NBT, 2.NBT
Mathematical Practices: 3,6

Again, the difference between the two versions is very slight, but it allows
students who are working at different mathematical levels to select the choice that
is more appropriate for them.

It is important for students to recognize that the word about in the question is
vague yet can still be meaningful. They will probably find it interesting that the
larger the number, the wider the range of values that will be regarded as appropriate
estimates. For example, for numbers about 10, the range might be about 8 to 12;
for 125, however, the range might be about 115 to 135.

Common questions could be asked of both groups of students, such as:

e Was your “most” or “least” more than 5 away from your number? Why or
why not?

e Did you go up the same amount as you went down? Did you have to?

e Will everyone in the class have the same answers? Why or why not?

Choice 1: Use the digits 1, 2, 3, 4, 5, and 6 to make this true:

[ ][ is almost, but not quite, 300 more than [_][_1[ 1.

Make it true in different ways.

Choice 2: Use the digits 1, 2, 3, 4, 5, and 6 to make this true:

LT is more than 450, but [ ][ I[ 1 is less than 450.

Make it true in different ways.

CCSS: Number & Operations in Base Ten: 2.NBT BIG IDEA: 1.5
Mathematical Practices: 2,5, 6

Students use slightly different processes to solve the two given choices, but in
both cases they compare three-digit numbers. In the first instance, students are
likely to make the hundreds digits 3 apart, but then need to figure out that the tens
digit in the first number should be just a little less than the tens digit in the second
number. In the second case, students will think more about benchmarks, realizing
that the hundreds digit of the first number might be 5 or 6, but could be 4.

Appropriate questions for all students include:

e Could any of your hundreds digits be 12 Which number? When?
e Could any of your tens digits be 12 Which number? When?
e Would you choose the hundreds digits first or the ones digits? Why?
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What number on the number line does the dot represent?
Choice 1: | O |
0 10
Choice 2: | O |
0 100
CCSS: Counting & Cardinality: K.CC BIG IDEA: 1.5

Number & Operations in Base Ten: 1.NBT
Mathematical Practices: 3,6

These parallel tasks allow students who are working with only small numbers
to succeed at a task similar to the one used by students able to work with greater
numbers. The same strategies are likely to be used no matter which number line is
chosen. Most students will mentally divide the line in half, then that half in half,
and so on.

Questions that might be asked of both groups of students include:

e Could your number have been around 252 Explain.

e Could your number have ended in a 0? Explain.

e Could your number have been close to the number at the end of the line?
Explain.

e How did you figure out your number?

> Variations. The task can be varied by using alternative endpoints for the number

line and alternative positions for the dot.

Choice 1: To subtract a number from 20, Lia added 4 and then 10.
What number did Lia subtract from 20?

Choice 2: To subtract a number from 71, Sara added 3 and then 30
and then 1. What number was she subtracting?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.6
Mathematical Practices: 1,2, 3,5

An important concept for students to learn is that any subtraction can be
solved by using addition, that is, finding the missing amount. It doesn’t matter
whether the numbers are small or large. In this particular case, students have to
put together the pieces to realize what is added, and then realize what subtraction
that would relate to.

A number line or a 100 chart might be a useful model. For Choice 1, students
might jump back 10 from 20 and then 4 more to see that 6 was being subtracted.
For Choice 2, students might jump back 1 from 71 and then 30 and then 3 to realize
that 37 was the number being subtracted.
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Common questions that suit both tasks include:

« Did you need to figure out the total of what you added or not?

e What mathematical tool might be helpful for you to visualize the situation?

e Why does it make sense that you could have used addition to figure out the
answer to a subtraction problem?

Choice 1: You have bunches of bags that hold either exactly 3 jelly
beans or exactly 4 jelly beans. You cannot open the bags;
you have to use whole bags. What are some numbers you
could represent? What are some you could not?

Choice 2: You have bunches of bags that hold either exactly 6 jelly
beans or exactly 9 jelly beans. You cannot open the bags;
you have to use whole bags. What are some numbers you
could represent? What are some you could not?

CCSS: Number & Operations in Base Ten: 1.NBT, 2.NBT BIG IDEA: 1.7
Mathematical Practices: 1,2, 4,7

Decomposition of numbers comes up in many mathematical situations. In this
particular problem, students are asked to decompose numbers into either groups
of 3s and 4s or groups of 6s and 9s. It provides a lot of opportunity to practice
addition. In Choice 1, students might realize that numbers like 3,4, 7, 10, 11, 13, and
so forth are possible, but 1, 2, and 5 are the only impossible numbers. In Choice 2,
students might realize that 6, 9, 12, 15, 18, and so forth (i.e., only numbers that are
multiples of 3) are possible, but 3 itself is not.

Common questions that suit both tasks include:

e What are some small numbers you could not represent?

e Could you represent 302 How?

e Could you represent 202 How?

« Are there more numbers you can represent or more that you cannot?

PARALLEL TASKS FOR GRADES 3-5

What real-life situations might this number describe?

Choice 1: 10,000 Choice 2: 1,000

CCSS: Number & Operations in Base Ten: 3.NBT, 4.NBT BIG IDEA: 1.2
Mathematical Practices: 3, 4

Some students in grades 3-5 will find the number 10,000 difficult to relate to.
Even if they can read it, they often have no sense of its size. Other students who
think more proportionally can imagine 10,000 in terms of known numbers, for
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example, 10 thousand cubes or the number of people a local arena holds. By pro-
viding choices for which number to work with, all students are more likely to
benefit from the task.

> Variations. A different pair of numbers, whether two other whole numbers, two
decimals, or two fractions, can be used instead of the pair above.

TEACHING TIP. One of the benefits of parallel tasks is that even though
a student may select an “easier” choice, he or she still benefits from class
discussion of the other option.

Choice 1: You are multiplying two 3-digit numbers. The digit in the
hundreds place of the product is 4. What numbers might
you have been multiplying? What is the product?

Choice 2: You are multiplying two 3-digit numbers. The digit in the
ones place of the product is 4. What numbers might you
have been multiplying? What is the product?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.3
Mathematical Practices: 6, 7

Clearly, the choices are similar, although Choice 1 is certainly more challenging
than Choice 2. But that is what we want, since we want success for all students. In
the case of Choice 2, a student needs to realize that it is the fact that the product of
the units digit ends in 4 that matters and nothing else, so students could, for exam-
ple, multiply 304 x 101. In the case of Choice 1, a student needs to realize that the
hundreds place comes from adding digits from a combination of products and
perhaps from regrouping as well. A student might choose random values like
312 x 517, notice that the hundreds digit is 3 and then think about whether or how
it is possible to increase it to be 4 (312 x 527 works). In either choice, students are
thinking about where digits in a multiplication result come from and getting mul-
tiplication practice.

Choice 1: Choose digits for the blanks in this subtraction:
[J[]1 - [_]97. Then calculate the difference.

Choice 2: Choose digits for the blanks in this subtraction:
[ 17 - []é1. Then calculate the difference.

CCSS: Number & Operations in Base Ten: 3.NBT BIG IDEA: 1.3
Mathematical Practice: 6

Choice 1 would require regrouping if a student uses the standard algorithm,
whereas Choice 2 might or might not, depending on what is placed in the second
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box. However, students using either choice could use various properties of opera-
tions to make their computation simple. For example, for Choice 1, a student might
choose 421 - 197 and add 3 to 197 to get to 200 and then 221 more, for a total of
224. For Choice 2, a student might use a similar strategy or might use the standard
algorithm (e.g., for 997 — 261) or might use an alternate strategy, such as subtract-
ing in pieces, first the 200, then the 60, and then the 1.

Questions suitable for students using either task include:

e Which digit did you choose to be greater—the first or the third? Why?
e Did you make your second digit a high one or a low one? Why?
« Did the digits you chose affect the strategy you used to subtract?

Choice 1: You round a number to the nearest ten and to the nearest
hundred. Both times, the rounded number is less than the
original. List three possibilities for the original number.

Choice 2: You round a number to the nearest ten and to the nearest
hundred. One rounding increases the number and the
other decreases the number. List three possibilities for the
original number.

CCSS: Number & Operations in Base Ten: 3.NBT BIG IDEA: 1.4
Mathematical Practices: 3, 6,7

Some students might realize that a number just a little above a hundred value
(e.g., 401) would work for Choice 1. But a student might choose a value just a little
above any multiple of 10, as long as that multiple is less than halfway to the next
hundred. For Choice 2, a student needs to think harder about what kind of number
would work. For example, 439 works because the rounded hundred number is less
than 439 and the rounded ten number is more than 439. But so does 372, where
you go up for the rounded hundred and down for the rounded ten.

Suitable questions for students working on either choice include:

e If you round to the nearest hundred, what do you know for sure about the
rounded value?

e What if you round to the nearest ten?

e When would a rounded number go up? Go down?

e When would a number increase whether you round to the nearest ten or
the nearest hundred?
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Choice 1: You add two numbers, and the answer requires more
base ten flats than rods and more rods than ones. What
numbers could you have added? Explain.

Choice 2: You add two numbers, and the answer requires no base
ten flats and more rods than ones. What numbers could
you have added? Explain.

CCSS: Number & Operations in Base Ten: 3.NBT BIG IDEAS: 1.4, 1.7
Mathematical Practices: 1,2,3,5

By providing information about the answer, but not exact values, these parallel
tasks have an open aspect to them. Possible totals for Choice 1 include 321, 932,
842, etc. Possible totals for Choice 2 include 72, 91, 50, etc. Students more comfort-
able working with totals less than 100 might select Choice 2.

Once students decide what a possible total is, they still need to break up the
number into two addends and should be encouraged to come up with a variety
of possibilities.

Some possible questions for both groups of students include:

« Did you choose the total first or did you choose one of the values first?

e Could you have done it the other way?

e Could your total have been 1352 Why or why not?

e Could one of the numbers you added have been 49, even though 49 has more
ones than rods?

What value do you think the dot on the number line represents?
Choice 1: I O |
100 10,000
Choice 2: I O |
1000 5000
CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEA: 1.5

Mathematical Practices: 3,5

These parallel tasks allow some students to work with a smaller number range
and smaller numbers if they wish. Students who choose Choice 2 are likely to men-
tally divide the line into fourths and see the dot as being at about 2,000. Those who
pursue Choice 1 are likely to estimate the 100 as 0 to help them mentally divide
the line.

In discussing the work of all students, a teacher might ask:

e Is your dot worth more than 10002 Why or why not?
e Is it worth more than 20002 Why or why not?
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e How did you figure out the value the dot represents?
e How do you know that there has to be more than one reasonable answer to
the question?

> Variations. The task can be varied by using alternative endpoints for the number
line and alternative positions for the dot.

Choice 1: You are dividing 4260 by 20. How could you use
multiplication to help you divide?

Choice 2: You are dividing 424 by 2. How could you use
multiplication to help you divide?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.6
Mathematical Practices: 3,7

No matter how small or large the numbers, division can always be thought
of in terms of multiplication. It is important that students consider this not only
to check whether answers make sense but also to actually use multiplication as
a strategy in order to divide.

Questions like these might be asked of all students:

e How many digits does your answer have? Why does that make sense?

e How could multiplying help you figure out whether it makes sense that 4145 + 15
is a little less than 3002

e How did you use multiplication to figure out your division?

Choice 1: You divide a decimal by a whole number. The quotient is
of the form [_J[_1[_][_]. The sum of the four digits of the
quotient is 8. What division might you have completed?

Choice 2: You divide a four-digit whole number by a two-digit
whole number. There is no remainder. The sum of the
digits of the quotient is 8. What division might you have
completed?

CCSS: Number & Operations in Base Ten: 5.NBT BIG IDEA: 1.7
Mathematical Practice: 6

Although work with decimal division is part of the Grade 5 Common Core
curriculum, some students will need more time than others to be ready to handle
those types of questions. To give them more learning time, a parallel task like this
one can be used. The students will still be dividing whole numbers, but they will
be hearing the responses of the students who did work with decimals. This will
give them more exposure to the concept before they are responsible for demon-
strating it. In both instances, the relationship between multiplication and division
will be highlighted.
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A possible solution to Choice 1 is 92.48 + 4, although there are many other
solutions. A possible solution to Choice 2 is 5,332 + 86.
Questions a teacher might ask could include:

o Why couldn’t the quotient have the digit 9 in it?

e How did you know how many digits the whole number part of your dividend
had?

e How could using multiplication make it easier to solve your division problem?

Choice 1: You multiply two numbers and the result is 24,000. What
numbers might you have multiplied?

Choice 2: You multiply two numbers and the result is 24.00. What
numbers might you have multiplied?

CCSS: Number & Operations in Base Ten: 4.NBT, 5.NBT BIG IDEA: 1.7
Mathematical Practices: 2,7

The two tasks proposed are quite similar in that both involve multiplication
and both are dependent on a good understanding of the base ten system. However,
one choice involves decimals (although a student might choose to consider 24.00
as a fairly simple whole number) and the other a fairly large whole number.

In both cases, students might use what they know about multiplication by
powers of 10 and what they know about factors of 24. In the first case, they might
use combinations like 600 x 40 or 8 x 3,000. In the second case, they might use
combinations like 4.0 x 6.0 (or just 4 x 6) or 1.5 x 16.0.

Questions that suit both tasks include:

e Could either of the numbers be very small?

e What is the most one of the numbers could be?

e How is knowing the factors of 24 useful?

e What other things about multiplying were useful to know to solve your
problem?

Insert each of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 in the right spot.
Each digit may be used only once.

Choice 1: Choice 2:
3x5]=15] [(1x[1=5]
OxO0=00 4x[=30]

6 x 1[]=6[] [x[J=2[]
[x1[]=105 8x[ =4[]
CCSS: Number & Operations in Base Ten: 4.NBT BIG IDEA: 1.7

Mathematical Practices: 2,7
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Students can choose to work with single-digit products or products involving
two-digit numbers, whichever is more suitable for them. For either task, it would
be instructive to ask which digits they figured out first and why those digits were
the easiest ones to get. Each task is a challenge, just a different sort of challenge.
When offered a choice, many more students will have the opportunity for success.
(Solutions: Choice 1, top to bottom, left to right: 3,9, 4, 2, 0, 8, 1, 6, 7, 5; Choice 2:

9,6,4,8,2,7,3,1,5,0.)

TEACHING TIP. When numbered choices are offered, the “simpler” option
should sometimes be presented as Choice 1 and other times as Choice 2.
The unpredictability will ensure that students consider both possibilities

when they choose their tasks.

SUMMING UP

MY OWN QUESTIONS AND TASKS

Lesson Goal:

Standard(s) Addressed:

Underlying Big Idea(s):

Grade Level:

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.

The seven big ideas that underpin work in
Counting & Cardinality and Number & Oper-
ations in Base Ten were explored in this chap-
ter through more than 60 examples of open
questions and parallel tasks, as well as varia-
tions of them. The instructional examples pro-
vided were designed to support differentiated
instruction for students at different develop-
mental levels, in this case targeting two sepa-
rate grade bands: Prekindergarten—-Grade 2
and Grades 3-5.

Counting & Cardinality and Number &
Operations in Base Ten are fundamental top-
ics in the elementary grades and cover a range
of subtopics. It is vital that students meet suc-
cess in these topics in order to be successful in
many other areas of mathematics.

The examples presented in this chapter
only scratch the surface of possible questions
and tasks that can be used to differentiate
instruction in these particular areas of num-
ber. Other questions and tasks can be created

by, for example, using alternate operations or alternate numbers or types of num-
bers (e.g., three-digit instead of two-digit numbers). A form such as the one shown
here can be a convenient template for creating your own open questions and paral-
le] tasks. Appendix B includes a full-size blank form and tips for using it to design

your own teaching materials.
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Number & Operations—Fractions

DIFFERENTIATED LEARNING activities related to fractions and decimals are
derived from applying the Common Core Standards for Mathematical Practice to
the content goals that appear in the Number & Operations—Fractions domain for
Grades 3-5.

TOPICS

Before differentiating instruction in work with fractions and decimals, it is use-
ful for a teacher to have a sense of how fraction and decimal topics develop over
the grades.

Prekindergarten-Grade 2

The only work in fractions within the Prekindergarten-Grade 2 grade band appears
in the Geometry domain, where students partition shapes into equal-sized pieces
and name those pieces by using fraction language.

Grades 3-5

Within this grade band, students work with fractions, beginning with fractions less
than one and then moving on to improper fractions and mixed numbers. They
learn to think of fractions as numbers on number lines, and as equal parts of a
whole. In Grade 5, they learn why a fraction can also be thought of as the quotient
when the numerator is divided by the denominator. They compare fractions in a
variety of ways, including using equivalent fractions.

Students explore addition, subtraction, and multiplication of fractions in real
contexts and learn the algorithms for those operations. They also learn how to
divide unit fractions (those with a numerator of 1) by whole numbers and whole
numbers by unit fractions. They learn how decimals are equivalent to fractions
with denominators of 10 and 100 and learn about the equivalence of decimals and
how decimals are compared. Operations with decimals are covered in Chapter 1
of this resource, in line with the organization of the Common Core Standards.
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Grades 6-8

For Grades 6-8, continued work with fractions in covered under The Number
System (Chapter 4).

THE BIG IDEAS FOR NUMBER & OPERATIONS—FRACTIONS

In order to differentiate instruction in fractions, it is important to have a sense of
the bigger ideas that students need to learn. A focus on these big ideas, rather than
on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

2.1. Representing a fraction or decimal in an alternate way might reveal
something different about that number and might make it easier to
compare with other fractions or decimals.

2.2. Fractions and decimals are useful for describing numbers that fall
between whole numbers.

2.3. When a fraction or decimal is used to describe part of a whole, the
whole must be known.

2.4. There are various strategies for comparing fractions.

2.5. Operations have the same meaning with fractions as they do with
whole numbers.

The tasks set out and the questions asked about them while teaching fractions
and decimals should be developed to reinforce the big ideas listed above. The fol-
lowing sections present numerous examples of application of open questions and
parallel tasks in development of differentiated instruction in these big ideas across
the Grades 3-5 grade band.

CHAPTER CONTENTS

Open Questions: Grades 3-5 55 | Parallel Tasks: Grades 3-5 62
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OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

Choose a fraction that is not % Represent that fraction in at least
three different ways. For each representation of the fraction, describe
something that version makes it easier to see about the fraction than
other representations do.

CCSS: Number & Operations—Fractions: 3.NF, 4.NF, 5.NF BIG IDEA: 2.1

Mathematical Practice: 5

It is important that students realize that fractions can represent parts of areas,

parts of lengths, parts of masses, or parts of capacities or volumes. Fractions are

also numbers that happen to be the quotient of the numerator divided by the

denominator.

Allowing students to choose their own fractions makes the task more comfort-
able, although a teacher might encourage some students to pick “unusual” fractions

like % or 5 and not just familiar ones like % or %.

Discussion might include attention to many important concepts, for example,
that in a part-of-set situation, the pieces need not be equal in area or volume; that

in a part-of-area situation, the pieces need not be adjacent; that representing 2 of

the 3 equal parts in a rectangle is essentially no different from representing 2 of the

3 equal parts in a square, and so forth.

The focus of the discussion should be on what representations show about the

fractions being represented. For example, showing % as below tends to make it very

clear that % is % less than a whole.

But representing £ as shown below tends to make it very clear that tis4 groups

of %

AAAA' .

0

i
olw
Ol

ail—=

> Variations. Once students are familiar with improper fractions, they might be

requested to choose an improper fraction.
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In what situation might you want to use the idea that the fraction %
could be represented as 0.625? In what situation would you rather
callit %?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.1
Mathematical Practice: 5

Many students believe that it is always easier to work with decimals than with
their fraction equivalents. But this is not always the case. For example, if you are
trying to determine what 3 of 24 is, you might prefer representing the amount as
3 rather than as 0.625. But if you are comparing 3 to 2, you might prefer compar-
ing 0.625 to 0.6

This question provides an opportunity for students to come up with situations
on their own rather than being directed to consider a specific case.

> Variations. Fractions other than 3, such as 3, might also be proposed.

You divide two numbers and the answer is a fraction a little less than
2. What numbers might you have divided?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.1
Mathematical Practices: 5,6

Most students think of fractions as parts of wholes and that is, of course, useful.
But it is even more useful for students to realize that a fraction is a number that
could be conceived as the quotient of its numerator divided by its denominator.
This question gets to the heart of that notion.

If students really understand this, they might quickly create a fraction slightly
less than 3, for example, 1o, and say that they had divided 7 by 10.

Alternatively, students might realize that if you divide, for example, 9 by 12
you get 3,50 they could divide by something slightly more to get a smaller fraction.
In this case they might respond that they divided 9 by 13.

Any two numbers where the first is slightly less than 3 of the second will do.

> Variations. The fraction  can easily be altered.

Tell about a time when you would use the number 15

CCSS: Number & Operations—Fractions: 3.NF BIG IDEA: 2.2
Mathematical Practice: 4

All students who address this question will think about the fraction 3. Allow-
ing them to come up with their own contexts lets each one enter the mathematical
conversation at an appropriate level. Often, when a teacher preselects a context for
students, it is meaningful to only some of them.
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If students need a stimulus to get started, the teacher can provide drawings
that might evoke ideas, for example, a picture showing a sandwich cut in two, a
glass half full of juice, or a hexagonal table with a line dividing it in half and two
people sitting at opposite sides of the table. It is likely that most students will only
think of halves of wholes, but some might think of half of a set of two.

TEACHING TIP. Scaffolding tasks by providing models for students reduces
the likely breadth of responses that will be offered and may inhibit some
students who feel obligated to follow the models.

A number between 3 and 4 is slightly closer to 4 than to 3. What could
the number be?

CCSS: Number & Operations—Fractions: 3.NF, 4.NF, 5.NF BIG IDEA: 2.2
Mathematical Practices: 3, 6

For some students, there are no numbers between 3 and 4. For others, there
are a few numbers, like 3% and maybe 3% and 3%. This question forces students to
think about the density of the number line; there are always more numbers, even
more fractions, between any two existing ones.

Some students will consider numbers in decimal form, and others in fraction
form. Possible responses to the question include 3.51, 3.501, 3%, 3%, and so forth.
Students should be required to prove that their values make sense.

> Variations. Students might be asked to determine a fraction (or decimal) between
two fractions (or decimals).

Draw a small rectangle. Draw a bigger rectangle that the smaller one
is part of. Tell what fraction of the big rectangle the small one is.

CCSS: Number & Operations—Fractions: 3.NF BIG IDEA: 2.3
Mathematical Practices: 3, 4

In teaching fractions, students are usually asked to identify a fraction given a
partitioned whole. The question above has students thinking the other way—what
is the whole if a fractional part is known? Such reversible thinking is an important
mathematical process to develop.

To answer a question phrased in this more open way, a struggling student
might use a simple fraction such as 3, whereas other students might suggest more
complex fractions. Several possibilities are shown in the diagram below:

M E|E 0
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. o 1. 1
Describe a situation where 3 is actually more than 3.

CCSS: Number & Operations—Fractions: 3.NF, 4.NF, 5.NF BIG IDEA: 2.3
Mathematical Practices: 3,6

Normally when we compare fractional values, we assume that the whole is 1.
But when a fraction is part of a whole and the wholes are different, a smaller frac-
tion, applied to a greater whole, might in fact be greater. This could be true when
talking about portions of objects; for example, 1 of a watermelon might have
more volume than 3 of a lemon. But it can also be true for numbers. For example,
1 ; L
3 of 30 is more than 3 of 10.

> Variations. Instead of phrasing the question as presented above, a teacher might
be more direct and ask students to describe a pair of wholes such that 1 of one
whole is more than % of the other, another pair where 1 of one whole is equal to !
of the other, and a third pair where 1 of one whole is less than 5 of the other.

Which two fractions would you find easiest to compare? Why those?

4 4 2 1 8
5 10 9 12 9
CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.4

Mathematical Practices: 3,5, 7

This question provides the opportunity to hear what students are thinking
about as they compare fractions. Some may only be comfortable comparing frac-
tions with the same denominator; others may be comfortable comparing fractions
with the same numerator as well. Yet other students might think about fractions
that are close to 0 as compared to those that are clearly closer to 1.

Questions a teacher might ask could include:

e If you put these fractions on a number line, which would be closest to 0 and
which would be closest to 12

e How might you know % is more than 747) without even drawing a picture?

e Is it possible for % of something to actually be more than %of something?

Choose two fractions with different denominators. Tell how to
compare them.

CCSS: Number & Operations—Fractions: 4.NF BIG IDEA: 2.4
Mathematical Practices: 2,5

Students can use many different strategies to compare fractions. Some students
might choose a fraction less than 1 and a fraction greater than 1 by appropriately
manipulating the numerators and denominators.

Others might use other benchmarks to make the comparisons simple. For
example, they might choose a fraction very close to 0, such as 1,0%, and another



Number & Operations—Fractions 59

very close to 1, such as %. Still others might think of a fraction less than %, such
as %, and a fraction greater than %, such as %.

And other students, perhaps even most students, are likely to select two arbi-
trary fractions and then use equivalent fractions with a common denominator to
compare them.

As students tell how to compare the fractions, they are free to use whatever
strategy they wish. This sort of choice is important to allow all students to succeed.
It is also helpful to all students, as the comparisons are discussed, to hear about the
many different strategies they could have accessed.

> Variations. The teacher can require that one or both of the numerators of the two
fractions not be 1, because often students tend to use only unit fractions.

Two fractions are close to 1, but one of the fractions is closer to 1
than the other fraction is. What might the two fractions be and how
could you show or tell why the one closer to 1 is indeed closer?

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEAS: 2.1,2.4
Mathematical Practices: 3,5, 6

While some students might begin with a picture, others might begin with a
symbolic representation. For example, some students realize that % =1,s0 % must
be close to 1. Similarly, % =1,s0 % is close to 1.

The most important part of this question is the explanation: a student describ-
ing why, for example, § is closer to 1 than, say, 3. Many students are likely to focus
on to how far each is from 1 (e.g., % away from 1 is closer than : away, since tis
less). But other students will simply appeal to a visual.

> Variations. The question could be changed to the fractions needing to be close to
3, or close to 0, for example.

You multiply two fractions and the result is just slightly less than one
of them. What fractions could you have multiplied?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practices: 3, 5,6

Students with good fraction sense realize that when you multiply by a proper
fraction less than 1, the result is less than the other factor. To be slightly less, you
want to multiply by a proper fraction fairly close to 1. So students should realize
that in this case one fraction should be a proper fraction close to 1, such as 5 or

55, and the other fraction can be anything at all.
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You multiply two fractions. The result is 5. What numbers might you
have been multiplying? How would you model the multiplication?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practice: 5

Although many students will simply look for two numbers to multiply to 24
to be numerators and two to multiply to 60 to be denominators (e.g., creating the
fractions 75 and *£), others will simplify 2 to 2 and use 2 x %, and others will
implicitly put conditions on their fractions, for example, deciding both fractions
must be proper fractions or in simplest form. This allows the question to be ap-
propriately challenging to different groups of students.

. . 14124212
Some other possible solutions are 3 X 3, 5 X 37, 3 X 20, €tc.

> Variations. Additional problems could be created by changing the resulting value

or the operation used.

You are solving a story problem where the sum is a mixed number a
little more than 1. What could the story be?

CCSS: Number & Operations—Fractions: 4.NF, 5.NF BIG IDEA: 2.5
Mathematical Practice: 2

Since the problem requires addition, students must recognize that there has
to be some sort of combining. They can then think about what might be com-
bined to make the sum a little more than 1. Many students will first think of two
fractions to make exactly 1 and then increase one of them. Possible solutions are
% + %, % + %, % + %, etc. They might create stories involving things like pizza,
where someone has eaten one fraction of a pizza and then some more, or they
might use a more unusual story line.

TEACHING TIP. By asking for values a little more than, a little less than,
close to, etc., students work a little harder. Usually they first answer the
question as though they had to be exact and then they do additional work
in figuring out which of their values to change and in which direction.

You add two fractions and the sum is %. What could the fractions be?

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.5
Mathematical Practices: 5,6

Typically, a teacher provides two fractions and asks students for the sum. If,
instead, the sum is given and students are asked for the fractions, a broader range
of students can respond successfully.
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For example, the objective might be to sum two fractions to get o A simple
response would be 0 + 5. An interesting discussion could ensue as students debate
whether 0 does or does not have to be written as 13 to satisfy the instruction or to
perform the addition.

Other fairly straightforward solutions are % + ﬁ, % + %, and so on. These
become more obvious to students if they draw a diagram to represent 15 and simply
break up the parts. For example, the diagram below shows how 15 can be repre-
sented as % + 7y

Looking at the representation, some students might even see T fpif they
recognize that the top row is 3 of the whole and shaded boxes in the bottom row
represent 1 of the whole.

Yet other students will work symbolically, either looking for fractions with
denominators of 10 to add or by writing % as an equivalent fraction, for example,
% or %, and adding fractions with denominators of 20 or 30, respectively.

Some students are likely to choose only one pair of addends; others may seek
many pairs. In this way, a broader range of students is being accommodated. All
of the students will recognize that adding is about putting things together.

> Variations. 1t is easy to vary the question by using a different sum or by asking
for a particular difference rather than a particular sum.

Create a story problem that you could solve by subtracting 2% from
1
43.

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practices: 2, 4

With whole numbers, students learned that subtraction can describe a take-
away situation, a comparison situation, or a missing addend situation. The same is
true with fractions.

A take-away fraction problem might sound something like this:

| started with 4% cups of flour but used 2% cups for a recipe. How much flour
do I still have?

A comparison problem involving fractions might sound something like this:

I used 4% cups of flour and 2% cups of sugar in my cake. How much more flour
than sugar did | need?

A missing addend fraction problem might sound something like this:

I already put in 2% cups of flour, but | need 4% cups. How much more do | need
to put in?
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PARALLEL TASKS FOR GRADES 3-5

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: Two fractions are equivalent. If you add the numerators,
the result is 22 less than if you add the denominators.
What could the fractions be?

Choice 2: Draw a picture to show two equivalent fractions for Z

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.1
Mathematical Practices: 2,5

The fact that a part of a whole can be represented in many ways is fundamental
to students’ ability to add and subtract fractions. Although many students learn
the rule for creating equivalent fractions, some use it without understanding why
it works; others generalize the rule inappropriately, for example, adding the same
amount to both numerator and denominator instead of only multiplying or divid-
ing by the same amount.

The choice of tasks shown for this exercise allows the student who is just begin-
ning to understand equivalence to show what he or she knows about why two
fractions might be equivalent. It also allows the more advanced student to work in
a more symbolic way to solve a problem involving equivalence. Because there are
many solutions to Choice 1 (e.g., % = %8 and (40 + 4) — (20 + 2) = 22; 1% = % and
(10 + 45) — (6 + 27) =225 % = % and (10 + 100) — (8 + 80) = 22), students must
recognize that they should try more than one combination of values.

Questions that could be asked of both groups include:

What two equivalent fractions did you use?

e How did you know they are equivalent?

What kind of picture could you draw to show that they are equivalent?
e How did you solve your problem?

> Variations. Instead of talking about the sums of numerators and denominators,
Choice 1 could ask for two fractions where the differences between the respective
numerators and denominators are 4 in one case and 44 in the other.
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Choice 1: Choose a denominator [_] that is more than 4. Draw a
picture that helps explain why é is what 4 + [_] turns out
to be.

Choice 2: Choose a denominator [ ] that is less than 4. Draw a
picture that helps explain why é is what 4 + [_] turns out
to be.

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.1
Mathematical Practice: 5

Some students will find it easier to relate an improper fraction to the concept
of division. For example, a student might think of 4§ as 4 + 2 since 4 + 2 asks how
many 2s are in 4, and that is exactly what you mean when you think of how many
wholes 4 halves make.

Other students will be comfortable with proper fractions and thinking of divi-
sion as sharing. They might think of 15 as the amount an individual would getif4
items are shared fairly among 10 people. (Each person gets 1p of each of the 4 items,
for a total of %.)

Still other students might be comfortable with proper fractions by thinking of,
for example, % as asking how much of a 3 fits in a 2 (instead of how many 3s fit in
a number).

TEACHING TIP. When working with fractions, switching between
proper and improper fractions is often an automatic and valuable way
to differentiate.

Choice 1: List three fractions between 4 and 5. Explain how you
know you are right.

Choice 2: List three fractions between % and %. Explain how you
know you are right.

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.2
Mathematical Practice: 5

Some students might be more comfortable determining fractions between 4
and 5 (simply using mixed numbers and then changing them to improper frac-
tions), while others might be just as comfortable using equivalent fractions for
% and % to determine fractions between these two (e.g., % or %).

In either case, it is valuable to reinforce the notion that there are always more
fractions that could have been selected.
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Choice 1: 20is of . Fill in the blanks to make this
statement true in four different ways so that the number
in the first blank is a fraction with a numerator that is
NOT 1 and the number in the second blank is any
number you choose.

Choice 2: 8 is of . Fill in the blanks to make this
statement true in four different ways so that the numbers
in each blank are fractions and the numerators are
NOT 1.

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.3
Mathematical Practices: 2, 5,7

Because fractions can be applied to different wholes, students can explore the
notion that the same value (whether 20 or 8) can be different fractions of different
wholes. For example, 20 is Tzo of 100, but it is also % of 50. The second choice might
be more difficult for some students, but it certainly can be handled by many stu-
dents. For example, 8 is Dof2oris P of &

Students who realize that they can apply the routine for multiplying fractions
in Choice 2 will probably experience more success.

Not allowing for unit fractions makes the task slightly more challenging.

> Variations. Unit fractions (with numerator 1) could be allowed as fill-ins.

Choice 1: Model two fractions with the same numerator. Tell which
is greater and why.

Choice 2: Model two fractions with the same denominator. Tell
which is greater and why.

CCSS: Number & Operations—Fractions: 3.NF BIG IDEA: 2.4
Mathematical Practices: 3,5

Students are given a great deal of flexibility in deciding which fractions to use.
They could use simple denominators such as 2 or 4, or more complex ones. They
are free to use proper or improper fractions, whichever they choose. Because
many students find it simpler to compare fractions with the same denominator
rather than the same numerator, Choice 2 is provided. However, students ready
for Choice 1 should be encouraged to take it.

Questions that suit both tasks include:

Is either of your fractions really close to 02 Really close to 12

Is either of your fractions greater than 12 Is the other one?

e Do you need to rename the fractions to decide which is greater, or is it easy
to tell without renaming?

e Which of your two fractions is greater? How could you convince someone?
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TEACHING TIP. Students should occasionally be encouraged to explain
why they selected the choices they did.

Choice 1: % is more than 7. List four pairs of values for [ ] and *, but
don’t use the same number for both [ ] and *.

Choice 2: % is less than %. List four pairs of values for [ ] and *.

CCSS: Number & Operations—Fractions: 3.NF, 4.NF BIG IDEA: 2.4
Mathematical Practice: 6

There are many possible solutions for each choice. For example, % is more
than %, or % is more than % for Choice 1. And % is less than 17;0, or % is less than %
for Choice 2.

The use of 4ths and 8ths in Choice 2 might make that task more attractive to
some students. They might write % as an equivalent fraction with a denominator
of 8 and then adjust the numerator.

Students might use a variety of strategies to compare their fractions and should
be encouraged to explain their strategies.

Choice 1: You add two fractions. The sum is an improper fraction
with a denominator of 20. What might you have added?
Think of a few possibilities.

Choice 2: You add a fraction with a denominator of 6 to a fraction
with a denominator of 9. What could the denominator of
the answer be? Why?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practices: 1,3, 5

In both instances, students consider the fact that when we add fractions, we
normally use equivalent fractions with a common denominator. In Choice 1, stu-
dents are told the new denominator and asked to determine fractions; in Choice 2,
it is the reverse.

Students responding to the first task might consider fractions with denomina-
tors that are both 20, or one that is 4 and one that is 5, or one that is 4 or 5 and one
that is 20. They also must ensure that the result is greater than 1. Students respond-
ing to the second task might realize that, depending on the numerators, the new
denominator might be 9 or 18 or even 36.

Questions that suit all students include:

« Are you free to choose any numerators you want?
e What is usually true about the denominators of the fractions you add
compared to the denominator of the sum? Does that have to be true?
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Choice 1: A rectangle has a length between 3" and 4", but closer to
3". It has a width between 1" and 2", but closer to 2". What
could its area be?

Choice 2: The area of a rectangle is 215 square inches. What could
the length and width be?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practices: 4, 6

In either instance, students use the notion that the area of a rectangle is the
product of its length and width. In the first situation, the linear dimensions are
given, but in the second situation, it is the product that is given and students are
likely to work backward.

Students can choose the values with which they are comfortable in Choice 1,
for example, 3% rather than 3T76 or 1?1 rather than 1%. In Choice 2, there is still flex-
ibility in choosing two values that multiply to 3 (oran equivalent to 3), for exam-
ple, % X %.

Questions that suit all students include:

e What operations do you use when you are determining the area of a rectangle?

Why?

e Could the number or numbers you are looking for get really high or not?
[Note: A length or width could be high if the other dimension is very small
for Choice 2. The area is limited in Choice 1.]

e How could you model that your calculations are correct using grid paper?

Choice 1: You fill 8 drinking glasses 2 full. How many full-to-the-top
glasses could have been filled instead?

Choice 2: You fill some drinking glasses 2 full. If you rearranged the
water, you could have filled whole glasses instead with
nothing left over. How many glasses could have been
filled 2 full?

CCSS: Number & Operations—Fractions: 4.NF BIG IDEA: 2.5
Mathematical Practices: 2, 3,5

Both of the problems posed involve multiplication of a whole number by a
fraction or repeated addition of a fraction, but the student must recognize that.
In the first situation, the student knows exactly the values he or she has to work
with, but the total is not known in Choice 2, making it more challenging for some
students. Working on either problem could help students realize that ¢ x % is a
whole number only if b is a factor of ¢ x a.

Whereas there is only one answer to Choice 1, 6 glasses, there are multiple
answers to Choice 2, including 6 glasses, 12 glasses, 18 glasses, and so forth.
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Whichever task is attempted, students could be asked:

e Could it have been 2 glasses? Why or why not?
o Could it have been 3 glasses? Why or why not?
e Could it have been 4 glasses? Why or why not?
e How could thinking about 3 glasses or 4 glasses have helped solve the problem?

Choice 1: You divide a fraction of the form é by a whole number.
The result is less than 0.1. Describe several possible
fraction/whole number combinations and draw pictures
to show why you are right.

Choice 2: You divide two whole numbers and the result is a fraction
less than 0.1. Describe several possible pairs of whole
numbers and draw pictures to show why you are right.

CCSS: Number & Operations—Fractions: 4.NF BIG IDEA: 2.5
Mathematical Practice: 5

Some students will gravitate toward Choice 2 because they are attracted to
working with whole numbers. Others will select Choice 1 because they feel that
one of the numbers they need to use is more apparent; it must be of the form é.

In the first instance, the students will be looking for a denominator and a whole
number with a product greater than 10, so the result will be less than 0.1, or g
(e.g. % + 4). In the second instance, the students will be looking for a numerator
that is less than % of the fraction’s denominator (e.g., 3 + 50, or %). In this case,
students must show their understanding that a fraction is the quotient of the
numerator and the denominator.

Questions a teacher might ask could include:

e Could you be dividing by the whole number 22 Explain.

e Could you be dividing by a whole number less than 102 Explain.

e What kind of picture did you use to show your division? Why that kind?
Once you got a first solution, how did you get a second one?

Choice 1: You multiply a fraction by %. What do you know, for sure,
about the result?

Choice 2: You multiply a fraction by % What do you know, for sure,
about the result?

CCSS: Number & Operations—Fractions: 5.NF BIG IDEA: 2.5
Mathematical Practices: 2, 3

It is important for students to learn that multiplying by a fraction greater than
1 results in an answer greater than the number being multiplied, but multiplying

G—¢ sopeln J0oj SHjse] [ofjered



68

Good Questions, Third Edition

by a fraction less than 1 results in a smaller answer. There are students who are less
comfortable with improper fractions, so Choice 2 is available for them.

In the proposed tasks, no particular numbers to multiply are provided. Stu-
dents either will have to try a lot of different numbers or will have to think about
the general effect of the multiplication.

A particular fraction, with a denominator of 3, was chosen as one of the
multipliers to encourage an even greater diversity of responses. For example, some
students will assume that if you multiply by thirds, the denominator of the result
has to be a multiple of 3 (which may not be true after simplification, but will be
true initially) or that if you multiply using a numerator of 2 or 4, the numerator of

the result must be even (which also may not be true after simplification).
Questions that might be asked no matter which task is completed include:

What sort of model would you use to show the multiplication?

e What do you know about the numerator of the resulting fraction?
e What do you know about the denominator?
e Will your answer be more or less than the number you multiplied by? Why?

SUMMING UP

MY OWN QUESTIONS AND TASKS

Grade Level:

Lesson Goal:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:

Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

» Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.

The five big ideas that underpin work with
fractions and decimals were explored in this
chapter through more than 20 examples of
open questions and parallel tasks, as well as
variations of them. The instructional exam-
ples provided were designed to support differ-
entiated instruction for students in the Grades
3-5 grade band.

Fractions are a difficult concept for many
students to grasp. It is important that they meet
success in understanding fractions to prepare
them for later success in the secondary grades.

The examples presented in this chapter are
only a few of the possible questions and tasks
that can be used to differentiate instruction in
work with fractions. Other questions and tasks
can be created by, for example, using alternate
operations or alternate numbers (e.g., different
numerator/denominator relationships). A form
such as the one shown here can be a convenient
template for creating your own open questions
and parallel tasks. Appendix B includes a full-
size blank form and tips for using it to design
your own teaching materials.
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Ratios & Proportional Relationships

DIFFERENTIATED LEARNING activities in ratios and proportional relation-
ships are derived from applying the Common Core Standards for Mathematical
Practice to the content goals that appear in the Ratios & Proportional Relationships
domain for Grades 6-8.

TOPICS

Before differentiating instruction in work with ratios and proportional relation-
ships, it is useful for a teacher to have a sense of how ratio and proportion topics
develop over the grades.

Prekindergarten-Grade 2

There is very little specific work on ratios and proportional relationships in the
primary grades, but there is some informal work in thinking of numbers as groups
of another (e.g., 10 as two 5s or 100 as ten 10s), as well as in using measurement
units.

Grades 3-5

Although there is no specific mention of proportional relationships in this grade
band in the Common Core Standards, there is much informal work that involves
proportional thinking when students work with multiplication and division (where
we specifically think of numbers as groups of other numbers) and when students
work with fractions (where we indirectly compare numerators and denominators
multiplicatively).

Grades 6-8

There is a significant amount of work on ratios and proportional thinking, includ-
ing rates and percentages, in Grades 6-8.
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THE BIG IDEAS FOR
RATIOS & PROPORTIONAL RELATIONSHIPS

In order to differentiate instruction in ratios and proportional relationships, it is
important to have a sense of the bigger ideas that students need to learn. A focus
on these big ideas, rather than on very tight standards, allows for better differen-
tiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

3.1. A ratio is a multiplicative, not additive, comparison between two
quantities.

3.2. Many problems are based on multiplicative comparisons and can be
solved by representing ratios in alternate ways.

3.3. Proportional relationships can be represented in many ways.

The tasks set out and the questions asked about them, while teaching ratios
and proportions, should be developed to reinforce the big ideas listed above. The
following sections present numerous examples of application of open questions
and parallel tasks in development of differentiated instruction in these big ideas
across the Grades 6-8 grade band.

CHAPTER CONTENTS

Open Questions: Grades 6-8 70 | Parallel Tasks: Grades 6-8 77

OPEN QUESTIONS FOR GRADES 6-8

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

Create a sentence that uses each of the following words and
numbers. Other words and numbers can also be used.

40, percent, most, 80

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEA: 3.1
Mathematical Practices: 1,2

This open question allows for diverse responses. For example, students might
write:

e Most people know that 40 is 50 percent of 80.
e 80 percent of 40 is most of the 40.
e 90 percent of 40 and 90 percent of 80 are most of 40 and 80.
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The numbers 40 and 80 were chosen to make the question more accessible.
Most students are comfortable with the concept of 50%.

> Variations. The words and numbers that are required can easily be changed to
allow for other possibilities. Examples of other words are: ratio, product, added,
almost.

Ratios and rates are often used in sports situations. Describe a sports
situation where a ratio might be used. Tell what is being compared.

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEA: 3.1
Mathematical Practice: 4

Many students are interested in sports, and so this question should be engag-
ing for them. If there happen to be students not as interested in this context, it
makes sense to allow them to talk about ratios in situations of more interest to
them, for example, the arts or the environment.

The intention of the question is to help students see how commonplace the use
of ratios is. There are many possible solutions, and many students will be very
happy to talk about them. These include, for example:

e Baseball: batting averages
e Football: fumbles per touch
e Basketball: assist to turnover ratio

Another pair of numbers have the same relationship as 20 and 50 do.
What might those numbers be?

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEA: 3.1
Mathematical Practices: 3,6

When students decide what the relationship between 20 and 50 is, they have
many choices, some of which build on the concept of ratio. If, for example, a stu-
dent chooses two numbers that are 30 apart (e.g., 100 and 130) indeed that person
could argue that there is the same relationship, even though it is not multiplicative
or built on ratio.

If, however, a student chooses 200 and 500 because in both cases there is 2 of
something (10 or 100) compared to 5 of the same thing (10 or 100), a ratio concept
has been applied. In fact, students might choose any pair of numbers where the
second number is 2% of the first amount.

But because the question is open, there are many other directions in which a
student might go that are worth discussing. For example, a student might choose
two numbers where one is less than three times the other, or where one is more
than twice the other, or where both are less than 100. Because the question is so
open, there should be lots of participation and success.
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TEACHING TIP. Asking students to reproduce a relationship between two
amounts without saying how those amounts are related can always lead to
many answers. A teacher might extend this to operations, too (e.g., Think of
pair of numbers to add that is sort of like multiplying 33 x 66).

Kayleigh has $35. That is a BIG percent of the price of the jacket she
wants to buy. What could the jacket cost? But it is a SMALL percent of
the price of the tablet she wants to buy. What could the tablet cost?

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEAS: 3.1,3.2
Mathematical Practices: 1,2, 3

It is important for students to understand that any number, no matter what it
is, can be related to any other number by using a percent and that the percent has
to change when either number changes.

In this case, a student might decide that 35 is a big percent of 40, specifically,
87.5%, or a big percent of 50, specifically 70%. So the definition of “big” is up to
the student. The important thing for a teacher to observe is that the value of the
jacket is not more than $70.

If the same value of 35 is a small percent of the cost of the tablet, the tablet
should cost more than $70 and likely more than $150. But, again, it is up to the
student to make a choice and defend that choice. For example, she or he might say
that 35 is a small percent of 200, specifically, 17.5%.

> Variations. The value of 35 can certainly be changed.

Seth is 8 years old. He is % of the height of his older brother.

What might be a reasonable percent? Why? How old do you think his
brother would be for that percent?

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEAS: 3.1,3.2
Mathematical Practices: 1,2, 3

Students might enjoy investigating average heights for various age groups. For
example, an 8-year-old boy might be 50" tall. Since a 10-year-old boy might be
56" tall, the percent could be about 89% if Seth’s brother is 10. But perhaps Seth’s
brother is 15 years old and is 67" tall; then the percent would be only 75%.

Fill in values for the blanks to make this statement true:

72is % of .

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 6, 7
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Typically, a teacher might ask a student what a given percentage of a given
number is, often with a focus on a particular type of percentage, such as a whole
number percentage between 0% and 100%, a fractional percentage, or a percentage
greater than 100. This more open question allows the student to choose both the
percentage and the number of which the percentage is taken, making the calcula-
tion as simple as needed.

Many students who would have difficulty with a question such as What is 120%
of 602 or What is the number that 72 is 120% of? might find it much easier to respond
with any of the following:

e 72 is 100% of 72.

e 72 is 72% of 100.
e 72 is 50% of 144.

It is likely that in a class of 30 students, many answers will be offered, allowing
students the opportunity to consider a wide range of situations.

> Variations. The number 72 can be changed. Another possibility is to pose a ques-
tion such as one of these instead: ___is___% of 50 or ____is 40% of .

Choose a price for four cinnamon buns. Then choose a different
number of cinnamon buns and tell how much that new number of
buns would cost. Tell how you know you are correct.

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2,3,4,5

By allowing students to choose both the price and the number of cinnamon
buns to be used, this problem is suitable for a broad range of students.

Some students will select a simple price (e.g., $4), whereas others will select a
more complicated price (e.g., $2.79). Some students will select an easy number of
buns (such as 8 or 12, multiples of 4), whereas others will select a more complicated
number (such as 3, not a multiple of 4).

By allowing—and discussing—many different solutions, each student in the
class will be exposed to how to solve many rate problems.

Choose something you have been wanting to buy that costs more
than $50. Imagine you have $30 saved. What discount does the store
need to offer before you can afford it?

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2, 4,5

This problem will be motivating to many students because it is personal. Stu-
dents choose the item to buy, so it can be something of particular interest to them.
By being allowed to select a price that is more than $50 rather than exactly
$50, students are provided even more choice. This will allow them to select a value
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that will make the calculation manageable. For example, a student might choose a
price of $60 so that a 50% discount would immediately get to the $30 available.

Another student might select a price of $300. That student would then have to
recognize that the $30 saved is only 10% of the price and realize that the discount
needs to be 90%. Yet another student might use a value of $120 and apply a 75%
discount.

> Variations. The values $50 and $30 can be changed to create subsequent prob-
lems or to make the problem either simpler or more complex.

Choose fractions for each blank in the sentence below:

).D. was practicing drawing. He filled of a page in of
an hour. How many pages would he fill in 1 hour at that rate?

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2, 4,5

Unit rate is an important concept and is more difficult for students when frac-
tions are involved. When allowed to choose the fractions they use, struggling stu-
dents can make the problem very simple (e.g., Jofa page in 5 of an hour) or fairly
simple (2 pages in % of an hour), but students who are ready for more can make it
more complicated (e.g., Zofa page in % of an hour). Students who are capable of
a challenge might be encouraged to use these more interesting fractions.

Questions a teacher might ask include:

e How can you look at your fractions and quickly decide whether the rate will be
more or less than 1 page per hour?

« Are there different fractions you could have used in the blanks that would
result in the same rate for 1 hour? How?

e Why is it easier to use a unit fraction (with a numerator of 1) in the second
blank than a different fraction?

> Variations. Instead of allowing for any fraction, you might require an improper
fraction for the first blank, for example, 3% pages in 23 hours.

Create a sentence that includes these words and numbers:

interest, increase, 50, percent, 4

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 3.2
Mathematical Practices: 2, 4

To respond to this question, students will likely think about the fact that inter-
est rates are often given in percentages. They might decide that 50% is too high
for an interest rate, but then again, they might not. The advantage of using the 50,
though, is that 50% is an easy percentage for struggling students to use.
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Possible sentences include:

e If a 4 percent interest rate increased to 50%, that would be great if you were
getting it, but awful if you were paying it.

e If you invest $50 at a 4 percent interest rate for a year, you would get $2 at the
end of the year and that would increase what you have.

« For every S50 you invest at 4 percent simple interest, you increase the amount
of money you have.

You know that 60% of the students in a school are participating in a
special fundraiser. If between 200 and 400 students are participating,
exactly how many total students might be in the school? How do you
know?

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEAS: 3.2,3.3
Mathematical Practices: 1,2, 4,5

Some students will realize that since you multiply by 0.6 to determine 60% of
a number, you can divide by 0.6 to determine the number that is multiplied. But
other students can approach this problem in other ways, for example, by creating
a diagram like the one shown, assuming 300 students:

< 300 >

Using the diagram, the student sees that each 10% section is worth 50, and so the
whole is worth 500.

This question is made open by allowing for a range of students participating.
In that way, each student can choose a value that he or she finds comfortable.

Think of two variables where one doubles when the other doubles.
Create a table of values and draw a graph that shows that
relationship. What do you notice?

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 3.3
Mathematical Practices: 3, 4, 7

The heart of proportional thinking is the recognition that when one number
is a multiple of another, and you multiply both by the same factor, the relationship
between the numbers does not change. For example, since 6 = 2 x 3, then 6 is
double 3. If you multiply both by 4 (to get 24 and 12), the larger number is still
double the smaller. This is actually what we mean when we say two amounts are
proportional.

There are many simple examples students might think of to respond to the
task. For example, the variables might be number of people and number of eyes.
Or they might be number of triangles and number of sides.

§—9 Sapeln 1oJ suonssny usdo



Open Questions for Grades 6-8

76

Good Questions, Third Edition

In each situation, students will notice that if the table of values goes up by 1s
in the left column, the increase in the right column will also be constant. They will
also notice that when they graph the relationship, they will see a line going through
(0,0).

Number of quarters Value in cents

1 25

2 50

3 75

4 100
y
275
250 |
225 |
200 |
175]
150
125]
100
75]
50|
25|

9 : x
0 1 2 3 4 5 6 7 8 9 10

Jenny is driving VERY FAST. Describe her speed using a variety of
units (e.g., miles per hour, yards per minute, inches per second, feet
per 5 minutes, kilometers per hour, etc.).

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 3.3
Mathematical Practices: 1,2, 3, 4

Describing a relationship by changing units is a relatively common use of pro-
portional thinking. It emphasizes that the same rate or ratio can be described in a
variety of ways. Giving students the choice of units to switch to and giving them a
choice about how many different sets of units to use makes this question open and
more accessible to more students.

Giving suggestions allows students to see that the equivalent rates need not be
unit rates.
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PARALLEL TASKS FOR GRADES 6-8

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: The ratio of two numbers is equivalent to 3:4. Could the
numbers be 44 apart? Explain.

Choice 2: The ratio of two numbers is equivalent to 3:8. Could the
numbers be 44 apart? Explain.

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEA: 3.1
Mathematical Practices: 1, 3,6

The math in this case focuses on the notion that the multiplicative relationship
between two numbers is very different from their additive relationship. Even
though the difference between the two numbers remains the same, the multiplica-
tive comparisons vary.

In Choice 1, the two numbers could be any whole number apart (e.g., 3 and 4
are 1 apart, 6 and 8 are 2 apart, 9 and 12 are 3 apart, . . ., 66 and 88 are 22 apart,
..., 132 and 176 are 44 apart).

In Choice 2, the two numbers must be a multiple of 5 apart (e.g., 3 and 8 are
5 apart, 30 and 80 are 50 apart, 33 and 88 are 55 apart), so they cannot be 44 apart.

Some students might make connections to equivalent fractions.

Questions that suit both tasks include:

e What are two ratios that are equivalent to the original ratio?
e Could the two numbers that form the ratio be 2 apart? 10 apart?
e How did you decide whether 44 was possible?

Choice 1: The ratio of two whole numbers is 1:2.5. What could the
numbers be?

Choice 2: The ratio of two fractions is 1:2.5. Both are less than %
What could the fractions be?

CCSS: Ratios & Proportional Relationships: 6.RP BIG IDEA: 3.1
Mathematical Practices: 1,3, 6,7

The student’s choice in this set of parallel tasks is whether to work with whole
numbers or with fractions. Some students are just more comfortable with whole
numbers and will select Choice 1. Others might realize that Choice 2 is easy since
you can take any fraction and multiply it by 2 to get another; you just need to start
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with a small one to ensure you stay below 1. Possible solutions for Choice 1 are:
2 and 5, 4 and 10, 40 and 100, and so forth. Possible solutions for Choice 2 are:
15 and %, 5 and %, ¢ and 13, and many others.
In both situations, students might be asked:
e Is there a smallest number you can use? [Note: The answer is yes for Choice 1,
but no for Choice 2.]
e Is there a largest number you can use?
e Is your second number more or less than double your firstz Why?
e Is your first number more or less than half your second? Why?

> Variations. The ratio can easily be changed to, for example, 2:3.5 or any other
whole number and decimal.

Lisa's dad was driving 16 miles every 15 minutes.
Choice 1: How far would he drive in 20 minutes?

Choice 2: How far would he drive in 2.5 hours?

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2, 4,5

Writing a rate in another form is the key to solving proportions. In this case,
both of the proposed questions involve some thinking. Choice 2 might be perceived
as more direct for students who convert the rate to 64 miles per hour and then
multiply 2 x 64 and add 32 miles for 2.5 hours. Choice 1 might be perceived as
easier for students who simply add Tof16t016to go from 15 minutes to 20 min-
utes (an additional 5 minutes).

In both situations, students might be asked:

o Why was it more helpful to know the distance for 15 minutes than for, say,
17 minutes?

e What other numbers of minutes would it be very easy to figure out the distance
forz Why those amounts of time?

e Is it possible to figure out the distance for any number of minutes or only
certain numbers?

TEACHING TIP. It is useful in many problems for students to use “unit
rates” that are not 1 minute or 1 hour. Here, for example, a unit of 5 minutes
is useful.
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Choice 1: Which is a better buy: 5 games for $54.75 or 6 games for

$63.547
Choice 2: Which is a better buy: 2 games for $21.25 or 6 games for
$63.54?
CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2

Mathematical Practices: 1,2, 4,5

Both tasks require the use of proportional reasoning. Choice 1 is suitable for
students ready for more of a challenge because the prices are close and there is no
simple multiplicative relationship between the numbers 5 and 6. Choice 2 allows
a student to more simply either triple the price for 2 games or take 1 of the price
for 6 games in order to compare. Although Choice 2 is simpler, it still evokes
important proportional thinking.

In the first case, the student might calculate the unit cost for each and com-
pare them. Alternately, the student might calculate one unit rate and multiply
(rather than divide) by the other number of games to make the comparison, or
the student might even multiply the 5-game price by 6 and the 6-game price by 5
to compare the cost of 30 games at both rates.

No matter which task is selected, students might be asked:

e Is it easy to tell immediately which is a better buy? Explain.

e Why would the problem have been easier if both costs had been for the same
number of games?

e Did you need to know the price for 1 game to solve the problem?

e How else could you have solved the problem?

Choice 1: A number between 20 and 30 is 80% of another number.
What could the second number be?

Choice 2: A number between 20 and 30 is 150% of another number.
What could the second number be?

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2, 5

In both situations, students must determine the number of which a given num-
ber is part. Rather than choosing a specific number, a range is used. This provides
greater practice and allows students to use convenient benchmark numbers if they
wish. Choice 1 uses a percentage less than 100%, whereas Choice 2 uses a percentage
greater than 100%, a more difficult task for most students.

In both instances, students must think about the relationship of the number
in the 20s to the other number, that is, whether the other number is greater or less
than the given one and why. A possible solution for Choice 1 is that 24 is 80% of
30; a possible solution for Choice 2 is that 24 is 150% of 16.
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Questions that could be asked of both groups include:

e Is the second number greater or less than the first one?

e How did you decide whether the second number was greater or less than the
first one?

e How far apart are the possible values for the second number?

> Variations. Any percentages under 100% and over 100% might be substituted for
80% and 150%. The whole number range may or may not be changed.

Choice 1: There were 11,544 athletes in the 2016 summer Olympics.
Of these, about 5200 were female. Estimate the number
and percentage of athletes who were male.

Choice 2: 850 athletes participated in the local track and field event
for the Special Olympics. Of these athletes, 512 were
female. Calculate the number of athletes who were male.
Estimate the fraction who were male.

CCSS: Ratios & Proportional Relationships: 6.RP, 7.RP BIG IDEA: 3.2
Mathematical Practices: 1,2, 4,5

Two similar problems are offered, but one involves numbers that may be dif-
ficult for some students to work with. By selecting Choice 2, students can still show
their understanding of when and how to subtract and to use fractions, but in a
situation where they are more likely to be successful. When problems are presented
in contexts that are of interest to students, it is even more likely that a broad range
of students will be engaged.

All students could be asked:

e How did you calculate the number of males?

e Were more than half males? How do you know?

e What operation did you use? Why did you use that operation?
e How did you estimate? Why was that estimate appropriate?

Choice 1: How could you use a double number line to show how
40% of one number could be equal to 60% of another?

Choice 2: How could you use an equation to show how 40% of one
number could be equal to 60% of another?

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 33
Mathematical Practices: 4, 5

In Choice 1, students use a visual. They might create a number line that shows
percentages of the first number and a second “matching” line that shows percent-
ages of the second number.
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I I
J |
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Notice that the visual shows that 67% of the second number matches 100% of the
first.

But students who select Choice 2 might write 0.4x = 0.6y. Therefore,
so the second number is % of the first.

Questions appropriate to both groups of students include:

y_2
x — 3

e How could you have predicted that the first number would be greater than the
second?
e How does your method make it clear?

Choice 1: Use a graph to solve this problem: You pay $16.99 for 3
quarts of laundry detergent. How much should the store
charge for 4% quarts if the rate is the same?

Choice 2: How could you use a double number line to figure out
what 43 quarts of detergent cost if 3 quarts cost $16.99.

CCSS: Ratios & Proportional Relationships: 7.RP BIG IDEA: 3.3
Mathematical Practices: 2,5

Both of these situations help students see proportions visually. Students who
opt for Choice 1 are likely to draw a graph like this:

y
25

20
15

10|

They look for the y-coordinate on that line where x = 4.5.
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Students who opt for Choice 2 might draw something like this at the start:
| .
0 1 2 3 4 5 6
i >
16.99
I
This might be followed by determining the value below 1 (the unit rate) and then
repeatedly adding, or perhaps multiplying.
| .
0 1 2 3 4 5 6
1 >
0 5.66 11.32 16i99 22.65 |28.31
The required price is halfway between $22.65 and $28.31.
SUMMING UP
The three big ideas that underpin work in ra-
MY OWN QUESTIONS AND TASKS tios and proportional thinking were explored
Lesson Goal: Grade Level: ____ in this chapter through about 20 examples of
Standard(s) Addressed: open questions and parallel tasks, as well as

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow

struggling students to be successful and proficient

students to be challenged.

Questions and tasks should be constructed in such a way

that will allow all students to participate together in

follow-up discussions.

variations of them. The instructional examples
provided were designed to support differenti-
ated instruction for students in the Grades 6-8
grade band.

Ratios and proportional thinking are foun-
dational to much of the math we do in our
everyday lives, as well as math in the second-
ary curriculum. Ensuring success in these top-
ics is important.

The examples presented in this chapter
are only a sampling of the many possible ques-
tions and tasks that can be used to differentiate
instruction in ratios and proportional think-
ing. Other questions and tasks can be created
by, for example, using alternate operations or
alternate percentages or ratios. A form such as
the one shown here can be a convenient tem-
plate for creating your own open questions
and parallel tasks. Appendix B includes a full-
size blank form and tips for using it to design
your own teaching materials.
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The Number System

DIFFERENTIATED LEARNING activities focused on rational and irrational
numbers, including the introduction of integers, are derived from applying the
Common Core Standards for Mathematical Practice to the content goals that
appear in The Number System domain for Grades 6-8.

TOPICS

Before differentiating instruction in work with the number system, it is useful for
a teacher to have a sense of how exploration of these topics develops over the
grades.

Prekindergarten-Grade 2

Within this grade band, students work only with whole numbers.

Grades 3-5

Fractions and decimals are introduced at this level.

Grades 6-8

In Grades 6-38, there is a significant amount of work with negative integers and
rational numbers, as well as some work with irrational numbers.

THE BIG IDEAS FOR THE NUMBER SYSTEM

In order to differentiate instruction in the number system, it is important to have
a sense of the bigger ideas that students need to learn. A focus on these big ideas,
rather than on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

4.1. Negative numbers are defined as the opposites (based on a line of
symmetry at 0) of whole numbers on the number line. This definition
leads to the notion that -1 + 1 must be 0.
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4.2. Meanings of the operations do not change when dealing with negative
integers or rational or irrational numbers, as opposed to whole
numbers.

4.3. Properties of the operations do not change when dealing with negative
integers or rational or irrational numbers, as opposed to whole
numbers.

4.4. Sometimes operating with certain kinds of numbers results in a
different kind of number.

4.5. Some numbers cannot be written as either positive or negative
fractions, that is, they cannot be written as rational numbers.

While teaching about integers, rational numbers, and irrational numbers, the
tasks set out and the questions asked about them should be developed to reinforce
the big ideas listed above. The following sections present numerous examples of
application of open questions and parallel tasks in development of differentiated
instruction in these big ideas across the Grades 6-8 grade band.

CHAPTER CONTENTS

Open Questions: Grades 6-8 84 | Parallel Tasks: Grades 6-8 89

OPEN QUESTIONS FOR GRADES 6-8

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

Two integers are on opposite sides of the number line, but one is just
a bit closer to 0 than the other. They are very far apart. What might
they be? Which is closer?

CCSS: The Number System: 6.NS BIG IDEA: 4.1
Mathematical Practices: 5,7

By allowing students to choose how far apart the integers are, instead of telling
them, the question becomes more open. Nevertheless, students have to deal with
the idea that when integers are on opposite sides of a number line, their distance
apart is determined by adding their distances from 0 rather than subtracting them
and that integer opposites are equally far from 0.

One student might choose numbers such as -30 and 32, but another might
choose -91 and 90. Deciding that -30 is closer to 0 than 32 or that 90 is closer
than -91 is an important aspect of the solution.

> Variations. Instead of asking for integers that are far apart, the integers could be
close together. Instead of using integers, any rational numbers could be used.
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Choose any negative integer. Use two-color counters to represent it
in as many ways as you can.

CCSS: The Number System: 6.NS BIG IDEA: 4.1
Mathematical Practices: 5, 7

A critical piece of understanding for working with integers is the fact that
+1 + (-1) = 0. Students can represent that fact using as many pairs of opposite color
counters as they wish. Allowing them to choose any negative integer gives students
some autonomy in the problem. Then, no matter what integer is selected, a student
will demonstrate (or not) an understanding that any number of zero pairs can be
added without changing its value.

Choose at least one negative value for the blanks to make the
following sentence true. Justify your choice.

[ ] is about 20 less than [_].

CCSS: The Number System: 6.NS BIG IDEA: 4.1
Mathematical Practice: 3

Allowing students to choose their own values can provide a level of comfort.
Notice that students could choose two negative values (e.g., -27 and -7), one posi-
tive and one negative value (e.g., -15 and 4), or even 0 and a negative value (e.g.,
-19 and 0). In justifying their choices, students might actually calculate the result,
or they might reason without calculating. For example, a student might select -1
and 19, and then explain that she or he started with 1 and 21 (which are 20 apart)
and just subtracted 2 from both numbers to get a pair with one negative value.

TEACHING TIP. Use of the word “about” in a question allows for even
more freedom in answering correctly.

You solve a problem that requires you to divide two fractions. The
result is slightly less than 1. What might the problem be?

CCSS: The Number System: 6.NS BIG IDEA: 4.2
Mathematical Practices: 2, 4

Students need to realize that the two likely situations where they divide frac-
tions involve either determining how many of one amount fit into another or deter-
. . 3.1 . .3 .
mining a unit rate. For example, 5 + 3 might ask how many halves are in 5 or might
ask for how much of something can be completed in 1 hour if 2 of that thing can
be completed in half an hour.
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For the given question, students should realize that the answer is slightly less
than 1 only if the divisor is slightly more than the dividend.

> Variations. The requested solution could be in a different range, for example,
slightly more than 2 or slightly less than 3.

You multiply two integers. The result is about 50 less than one of
them. What might the two integers be?

CCSS: The Number System: 7.NS BIG IDEAS: 4.2, 4.3
Mathematical Practices: 1,5

Students responding to this question must use their multiplication skills as
well as their knowledge of sign laws related to multiplying integers. However, there
is some latitude in that the difference does not have to be exactly 50, but only
about 50. There is also some latitude because students can choose simple factors
if they wish.

Possible responses include: -49 and 1, —47 and 1, -2 and 24, but also 0 and 50.

Questions a teacher might ask include:

e Could both of the numbers be positive?
e Could both of the numbers be negative?
e When is the product of a number less than that number?

> Variations. The question is slightly more challenging if at least one of the integers
is required to be negative.

Two rational numbers that are not integers are added and also
subtracted. The sum is 7 less than the difference. What could the
numbers be? How do you know?

CCSS: The Number System: 7.NS BIG IDEA: 4.3
Mathematical Practices: 3,5, 6

Using a number line model helps a great deal with this problem. Students
might observe that a sum is only 7 more than a difference if the number that is
added or subtracted is 3%.

3 3
> f ¥ % >

But if the sum is 7 less, as the problem states, it must be —35 that is added and
subtracted. That is the only way the sum will be less than the difference.
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You add a positive and a negative integer and end up with —20. What
could you have added?

CCSS: The Number System: 7.NS BIG IDEA: 4.4
Mathematical Practice: 3

Students need to realize that to end up at -20, the negative number that was
added needs to be -20 or even farther from 0. Any pairs of numbers where the
absolute values are 20 apart and the number associated with the greater absolute
value is negative will work, for example, -21 and +1, or —-42 and +22.

> Variations. The question could be altered so that -20 is replaced by any other
positive or negative value.

Which of these are true? Justify your answer.

e You can subtract two positive numbers and end up with —%.

e You can multiply two negative numbers and end up with +%.

e You can divide two positive numbers and end up with —%.

CCSS: The Number System: 7.NS BIG IDEA: 4.4
Mathematical Practice: 3

Mathematically, new number systems were created once the result of opera-
tions with values within existing systems no longer fit within the system, so this is,
historically, a very important big idea. Students have an opportunity in this ques-
tion to consider “sign laws” involving rational numbers in order to see when the
result can or cannot be different from the numbers being operated with.

The question itself is not open, in that there are right and wrong answers, but
the justification is open. For example, to show that the first statement is true, students
could subtract 3 from 1 or, instead, they could subtract 8 from 2, or % from 3.

An irrational number is close to 4.5. What could it be? List a few
possibilities.

CCSS: The Number System: 8.NS BIG IDEA: 4.5
Mathematical Practices: 3,5

Students need to know the definition of irrational number in order to approach
this question. But they have many options for answering it. They might find a
square root that is close to 4.5 by squaring 4.5 to get 20.25 and then using 20.
They might choose a cube root that is close to 4.5 by cubing 4.5 to get 91.125 and
then using the cube root of 91. They might realize that n (pi) is an irrational num-
ber and use 1 + 1.4, since  is about 3.1.

The teacher might query students” decisions and ask them to “prove” that their
number really is irrational.
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The product of two numbers is irrational and is between 15 and 20.
What could the two numbers be?

CCSS: The Number System: 8.NS BIG IDEA: 4.5
Mathematical Practices: 3,5

Students need to realize that at least one of the numbers being multiplied (or
possibly both of them) must be irrational. Otherwise the product could not be
irrational.

Possible pairs of values where both numbers are irrational are, for example,
\2 and V140, or V14 and V17; possibilities where only one number is irrational
include 4 and 16.5, or 0.5 and v1000.

You multiply v2 by a number and the result is irrational. What could
that number have been?

CCSS: The Number System: 8.NS BIG IDEA: 4.5
Mathematical Practices: 7, 8

Students need to experiment with various multiplications involving rational
numbers and irrational numbers to learn that the product of a rational and an
irrational must be irrational, whereas a product of two irrationals may or may not
be irrational.

This question is very accessible because one possible answer is simply the
number 1. However, students should be encouraged to think of a variety of other
possibilities. It might be that students choose only whole number values. A teacher
could then ask:

e Could it be a negative number? Which ones?
e Could it be a fraction? Which ones?

You add two irrational numbers and the answer is around 20. What
numbers might you have added?

CCSS: The Number System: 8.NS BIG IDEA: 4.5
Mathematical Practices: 4, 6

Responding to this question requires students to distinguish between rational
and irrational numbers as well as consider the estimated rational values of the
irrational numbers. Some students will think that any square root is irrational;
this is an opportunity to sort out why 2 is irrational, but V4 is not. Some students
might use the number 7 or a multiple of n rather than square roots or cube roots.
Some students might use an irrational number greater than 20 and add the opposite
(the negative) of another irrational number.
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Students are also likely to think about perfect squares. For example, they
might begin by thinking of the numbers 9 + 11, realize that these are V81 + 121,
and then use \80 and v120.

> Variations. The number 20 can be varied, as can the stipulation that both num-
bers are irrational.

PARALLEL TASKS FOR GRADES 6-8

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: A number and its opposite are 24 units apart on a
number line. What is the number?

Choice 2: A number and its opposite are 5.9 units apart on a
number line. What is the number?

CCSS: The Number System: 6.NS BIG IDEA: 4.1
Mathematical Practice: 5

The two tasks differ only in that one involves the use of integers and the other
rational numbers. Both require students to understand the concept of an opposite.
One involves a simpler calculation.

No matter which task students select, they could consider:

e Could one of the numbers be the number in the problem? Why or why not?

e Could one of the numbers be double the number in the problem? Why or
why not?

e What strategy did you use to solve the problem?

e How can you check that your answer makes sense?

Choice 1: List the coordinates for 5 points in the first quadrant on a
line that does not go through (0,0).

Choice 2: List the coordinates for 5 points in at least three quadrants
on a line that does not go through (0,0).

CCSS: The Number System: 6.NS BIG IDEA: 4.1
Mathematical Practices: 5, 7

Some students will be more comfortable staying in Quadrant 1, while others
are comfortable using negative coordinates as well. Whichever task students
choose, though, they will notice that the increase in the y-coordinate divided by
the increase in the x-coordinate must remain the same for points to be on a line.
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Questions suitable for students working on either task include:

e How do you know that your points are in the quadrant(s) they are supposed to
be in?

e Did you draw the line first or choose the points first? Could you have done it
the other way around?

e What do you notice about how far apart the y-coordinates are?

Choice 1: Show that the product of two numbers can sometimes be
greater than the quotient and sometimes less.

Choice 2: Choose two numbers to make each statement true:
quotient < difference < sum < product

sum < difference < product < quotient

CCSS: The Number System: 7.NS BIG IDEA: 4.2
Mathematical Practices: 1,7

Students, and even many adults, harbor many misconceptions about multiply-
ing and dividing. They often believe that multiplication always makes a number
greater and division makes a number less, without considering the complication
of using fractions or negative numbers. The task shown above requires consider-
ation of those complicating factors.

Choice 1 is less demanding than Choice 2 in that fewer conditions are imposed.
As a solution to Choice 1, a student might offer -3 x -4 > -3 + —4,but 3 x 0.5< 3
+ 0.5. For Choice 2, a student might use the pair of numbers 12 and 2 for the first
part and the pair of numbers —12 and —0.5 for the second part.

Questions that could be asked of both groups include:

e Suppose you were using 25 and 5. Which is greater—the quotient or the
product?

e Is it ever possible for the quotient of two numbers to be greater than the
product? When would that be?

e What two numbers did you choose? Why did you try those?

TEACHING TIP. Some students may need to be reminded that they might
use proper or improper fractions, as well as decimals and whole numbers,
and that positive and negative numbers and 0 might be used.
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Choice 1: How can you use a model to show what (-12) + (-4)
means?

Choice 2: How can you use a model to show what (-12) — (-4)
means?

CCSS: The Number System: 7.NS BIG IDEAS: 4.2,4.3
Mathematical Practice: 5

Both questions require students to think about what operations with integers
mean, in one case division and in the other case subtraction. Some students might
appeal to a numerical model, such as a pattern, whereas others might use either a
number line model or a counter model.

To interpret (-12) + (-4), a student might think of this as a measurement (or
quotative) division model: How many groups of (—4) are in a group of (-12)? Or
they might think of this as a missing multiplication, that is, —4 x [_] = ~12. Notice
that the more traditional sharing meaning of division—How much does each
person get if [_] people share [_] items2—does not work well for this situation.

To interpret (-12) - (-4), a take-away model works. A student might think
about having 12 negative counters and removing 4 of them. On a number line,
a student might think of the distance and direction to get from -4 to -12. Or a
student might think of a missing addition question: -4 + [_] = -12.

A discussion of both tasks will elicit valuable conversation that will inform
students about even the question they did not answer.

> Variations. The problem can be varied by changing the numbers or the oper-
ations.

Choice 1: Show —12 as the sum of other integers. What is the
greatest value you can use for the other integers? What is
the least value?

Choice 2: Show -12 as the product of other integers. What is the
greatest value you can use for the other integers? What is
the least value?

CCSS: The Number System: 7.NS BIG IDEAS: 4.2, 4.3
Mathematical Practices: 2, 6

Even though students generally learn about products of integers after learning
about sums, many students might find Choice 2 easier than Choice 1. In each
instance, students must think about the sign rules that apply to integer operations.
They also use reasoning in deciding the greatest and least values that can be used.
For example, a student might realize that —12 could be the sum of 400 and —412
or 1000 and —1012, recognizing there is no least or greatest possible value to create
a sum. On the other hand, if only integers are used, the least value that can be used
to form the product is —12 and the greatest is +12.
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Questions that could be asked of both groups include:

e How did you write =122

e How many combinations did you use?

e What was the greatest value you used?

e How do you know whether or not a greater value is possible?

> Variations. A number other than -12 that has many factors might be used.

Choice 1: Describe three different ways to determine —% X %.

Choice 2: Describe three different ways to determine % X %

CCSS: The Number System: 6.NS BIG IDEAS: 4.2, 4.3
Mathematical Practices: 5,7

In both cases, students are working with rational numbers, although some
students might prefer working with positive proper fractions. Nonetheless, stu-
dents will show their understanding that calculations involving rationals can be
performed in more than one way.

Some students will use decimal or percent equivalents for one or both rational
numbers. Some students will recognize that taking thirds of 3 or fifths of 5 is
particularly simple and realize that the first expression is equivalent to -5 x %
or the second to 4 x %. Some students will convert % to a mixed number and
combine one group of —% with —% X %. Some students will draw a model and view
that as a different approach.

All students could be asked:

o Will your answer be positive or negative?

o Will it be more than 1 or less than 12

What do you notice about the numerators and denominators?
Which of your strategies do you find simplest? Why?

Choice 1: Order these numbers from least to greatest:
\/ﬁl 2\/§l \/§+21 \/E_‘I
Choice 2: Order these numbers from least to greatest:

\/ﬁl \/ﬁ_zl \/3_0_3, \/4_0_3

CCSS: The Number System: 8.NS BIG IDEA: 4.3
Mathematical Practice: 6

Both tasks require students to approximate irrational numbers with rational
values. The values in Choice 1 are a bit closer to each other than in Choice 2, since
V10, 243, V2 + 2, and 18 -1 are approximately 3.16, 3.46, 3.41, and 3.24, but
V10, V15 - 2,430 - 3, and V40 + 3 are approximately 3.16, 1.87, 2.48, and 2.11.
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Questions that suit both groups of students include:

e How did you know that all of the values were greater than 12

e How did you know that all of the values were less than 4?

« How might you estimate \[10 without using a calculator?

e Are there two values where you were sure right away that one was probably
more than the other? Why?

e What was your order?

> Variations. As a third option, students might be asked to create a set of four
expressions, placed in order, where each involves a different square root and a dif-
ferent operation.

Choice 1: You create a numerical expression involving only positive
numbers and three operations; the result is negative.
What could the expression be? Include a few possibilities.

Choice 2: You create an expression involving one or more irrational
numbers and three operations; the result is rational. What
could the expression be? Include a few possibilities.

CCSS: The Number System: 8.NS BIG IDEA: 4.4
Mathematical Practices: 1,6, 7

The difference between the two choices is whether students need to work with
rational or irrational numbers; many students might still be uncomfortable with
irrational numbers and select Choice 1. Both choices deal with the notion that the
result of operations with numbers of one type could be a number of a different
type.

In Choice 1, a student will need to use subtraction. A possibilityis 4 x 3 +2 - 80
or perhaps 1 x 8 + 6 — 30. In Choice 2, a student needs to use irrational numbers
that combine, when multiplied or divided, into a rational number. A possibility is
2 x\2-0=40rvi8 2 +13 - 3.

Questions that the teacher might ask all students include:

e What operations did you include?
e Were there any operations you had to include? Why?
e How could you have changed your expressions to create even more expressions?
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Choice 1: The square root of a fraction is between 3 and 4 and is
not a fraction. What could the fraction be?

Choice 2: The square root of a fraction is between 3 and 4 and is a
fraction. What could the fraction be?

CCSS: The Number System: 8.NS
Mathematical Practice: 6

BIG IDEA: 4.5

Again, some students might wish to stay in the realm of rational numbers.
So a student might use \/? for Choice 2 or perhaps {355 But a student selecting

Choice 1 might use V32 or 320

Questions that might be asked of all students include:

e How big did your fraction have to be to have the right size square root?
e How did you calculate the square root or estimate it?
e How do you know whether the square root is or is not a rational number?

SUMMING UP

MY OWN QUESTIONS AND TASKS

Lesson Goal: Grade Level:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.

The five big ideas that underpin work in the
number system were explored in this chapter
through about 20 examples of open questions
and parallel tasks, as well as variations of them.
The instructional examples provided were
designed to support differentiated instruction
for students in the Grades 6-8 grade band.

The examples presented in this chapter are
only a sampling of the many possible ques-
tions and tasks that can be used to differentiate
instruction in working with integers and ratio-
nal and irrational numbers. Other questions
and tasks can be created by, for example, using
alternate numbers. A form such as the one
shown here can be a convenient template for
creating your own open questions and parallel
tasks. Appendix B includes a full-size blank
form and tips for using it to design your own
teaching materials.
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Operations & Algebraic Thinking

DIFFERENTIATED LEARNING activities focused on operations and algebraic
thinking are derived from applying the Common Core Standards for Mathemati-
cal Practice to the content goals that appear in the Operations & Algebraic Think-
ing domain for Grades K-5.

TOPICS

Before differentiating instruction in work with operations and algebraic thinking,
it is useful for a teacher to have a sense of how the meaning of operations and how
algebraic thinking develop over the grades.

Prekindergarten-Grade 2

Within this grade band, students recognize addition as putting together and sub-
traction as taking apart or taking from. They are introduced to the notion of an
equation. They use the relationship between addition and subtraction to solve
equations and problems involving whole numbers up to 20. They also begin to
work with equal groups to gain initial insights into multiplication.

Grades 3-5

Within this grade band, students represent and solve problems involving multipli-
cation and addition of whole numbers. They explore multiplication and division
not only as involving equal groups but also as a way to compare numbers. They use
properties of multiplication and division and the relationship between multipli-
cation and division to solve equations and problems. When working with multi-
plication and division, they particularly explore factors and multiples.

In this band, students also analyze and compare patterns and write and inter-
pret numerical expressions.

Grades 6-8

There are no specific Common Core standards in the domain of Operations &
Algebraic Thinking for this grade band, but work involving the number system
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(see Chapter 4) extends earlier work in operations and algebraic thinking. In addi-
tion, work in the Expressions & Equations domain (see Chapter 6) extends work
with equations, variables, and so forth.

THE BIG IDEAS FOR OPERATIONS & ALGEBRAIC THINKING

In order to differentiate instruction in operations and algebraic thinking, it is im-
portant to have a sense of the bigger ideas that students need to learn. A focus on
these big ideas, rather than on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

5.1.

5.2.

5.3.

5.4.

5.5.

5.6.
5.7.

5.8.
5.9.

Decomposing numbers and recomposing them are critical skills for
representing, comparing, and operating with numbers.

Using properties and looking for generalizations that apply to
numbers allow us to calculate more fluently and to gain greater
insight into numbers.

It is important to recognize when each operation (addition,
subtraction, multiplication, or division) is appropriate to use.

It is helpful to use the relationships between the operations in
computational situations.

Equations involving unknowns are solved using properties of
numbers and meanings of operations.

Many patterns are built on properties of numbers and operations.
All patterns are based on pattern rules. Without a rule, one cannot
be sure how to continue a pattern.

Patterns can be compared in many ways, including how they grow.
Patterns can be represented visually to learn more about them.

The tasks set out and the questions asked about them while teaching operations
and algebraic thinking should be developed to reinforce the big ideas listed above.
The following sections present numerous examples of application of open ques-
tions and parallel tasks in development of differentiated instruction in these big
ideas across the Prekindergarten-Grade 2 and the Grades 3-5 grade bands.
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OPEN QUESTIONS FOR PREKINDERGARTEN-GRADE 2

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

You add two numbers and end up with more than 7. What could you
have added and how do you know? Could one of the numbers have
been very small?

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEA: 5.1
Mathematical Practices: 5, 6,7

Responses to a question like this one allow the teacher to confirm not only
which addition facts students are comfortable using, but also to see whether stu-
dents realize that many different number combinations work. For example, a
student might choose pairs that add to 10, indicating their familiarity with these
important combinations. But then they should notice that if one of the numbers
was much less than 10, the other was very close to 10, to compensate.

TEACHING TIP. Some students listen to a question and, although they do
not follow the instructions to the letter, their answer indicates they have the
understanding that was intended to be measured. In the question above,

a student might add two numbers and end up with exactly 7. Rather than
focusing on the fact that the student did not quite answer the question
posed, the teacher should focus on whether the student knew how to add
and why one of the numbers could have been very small.

Choose a number less than 10 and decide how many times you will
add it to itself. Make sure the sum is more than 20. What is your
number and how many times did you have to add it?

CCSS: Operations & Algebraic Thinking: 1.0A, 2.0A BIG IDEAS: 5.1,5.2
Mathematical Practice: 6

Early forays into multiplication often involve repeated addition. In this par-
ticular situation, students are free to choose whichever number less than 10 they
wish to repeatedly add and also to choose how many times to add it, so long as the
answer is above 20.

Examining various solutions will help students see that if a smaller number is
chosen, it must be added more times than if a larger number is chosen. This sort
of understanding about the effect of unit size will be helpful in measurement situ-
ations and helps form the basis of a solid sense of proportional thinking later on.
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> Variations. Instead of using numbers less than 10 and getting to 20, greater num-
bers could be used and a greater value exceeded for students ready to focus on
multiplication with those types of values.

You subtract two numbers that are close together. What might your
answer be?

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A, 2.0A BIG IDEAS: 5.2,5.3
Mathematical Practice: 3

This question is designed to help students realize that if you subtract two num-
bers that are close together, no matter how big they are, the difference is small. It
helps them think of subtraction more as a difference than only as the result of a
take-away.

By encouraging different students to choose different numbers, there will be
more data to support the broad idea being examined.

Choose two numbers to add. Use counters to show what the
addition would look like.

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEA: 53
Mathematical Practice: 5

Asking students to use counters to show what the addition would look like
is a way to ensure that the focus is on what addition means and not just on the
answer. While some students will probably keep their initial two groups separate,
others will simply model the sum. It will then be necessary to go back to ask them
what their two numbers were, and it will be interesting to ask whether other pairs
of numbers could have been used with this model. The latter question is to focus
students on the principle that the grouping can be done in many ways.

> Variations. The question could be altered to focus on subtraction instead.

Make up a problem involving both addition and subtraction where
the answer is 5.

CCSS: Operations & Algebraic Thinking: K.OA BIG IDEA: 53
Mathematical Practices: 2, 4

Students use both their knowledge of the meanings of the operations and their
knowledge of facts to respond to this task. There is no restriction on context or on
number sizes involved. Students can either state their problem orally, act it out, or
draw it.
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A sample response might be, There were 4 kids on the playground. 3 more joined
them, but then 2 left. How many kids are still on the playground?

> Variations. Alternative versions of this problem might require only one operation
and can, of course, require a different result.

Draw a picture or act out a situation that shows a subtraction
problem. Tell what subtraction it shows.

CCSS: Operations & Algebraic Thinking: K.OA BIG IDEA: 53
Mathematical Practices: 2, 4

As important as it might be for students to know subtraction facts, it is equally
or even more important for them to know when to apply subtraction. Asking stu-
dents to create a picture or act out a subtraction situation will demonstrate more
clearly whether they know what subtraction means than only approaching the
operations symbolically or asking students to look for key words.

Most students will associate subtraction with take away, but it will be interest-
ing to see if any students use other meanings as well, for example, comparison.

Note that no numbers are indicated in the task, allowing students to choose
whatever amounts they are comfortable with. Also, while counting is necessary, no
actual answer is required, allowing students many comfortable options.

Describe two different stories that the equation 5 + [_] = 9 could
describe and tell how you would solve the equation.

CCSS: Operations & Algebraic Thinking: 1.0A, 2.0A BIG IDEAS: 5.3,5.5
Mathematical Practices: 2, 4

Ultimately, mathematics is about de-contextualizing situations to see what the
underlying structure is. The equation 5 +[_] = 9 can describe candies or baseball
cards or people or money or . . .. But what all of those situations have in common
is that there was initially 5 of something and ultimately 9 of that thing. The question
is how many were added; that has to be 4, regardless of context.

Asking students to create different stories for the same equation emphasizes
the underlying structure we want them to see.

Allowing students to create their own stories also personalizes the problem so
that it can be meaningful to them, with contexts that make more sense to them.

> Variations. Different equations involving different numbers or subtraction
instead of addition could bring out the same important big idea.

¢ 3peIn-y-31d 10§ suonssny usdo



Open Questions for Pre-K-Grade 2

100 Good Questions, Third Edition

You are trying to figure out the unknown number in two different
subtraction equations. You use a different strategy each time. What
might the equations have been?

CCSS: Operations & Algebraic Thinking: 1.0A, 2.0A BIG IDEA: 5.4
Mathematical Practices: 1, 4,7

Some students might always use the same take-away strategy or perhaps a
guess-and-test strategy and might say that they would never use a different strategy.
But by asking them to consider this question, they are alerted to at least think
about what they actually do.

Other students will use different strategies depending on the numbers used.
For example, a student might solve 9 — 1 = ? by counting backward from 9, but
might solve 9 - 8 = ? by counting upward from 8. There could be further discus-
sion about the variety of strategies students do use and why they use different
approaches in different situations.

> Variations. The problem could be altered by asking students to consider addition
equations instead. Alternately, students could suggest equations that they think
they solve in similar ways, even if they involve different operations.

You know that 4 + 3 = [_]. What other equations have to be true
if this one is?

CCSS: Operations & Algebraic Thinking: 1.0A BIG IDEA: 5.4
Mathematical Practices: 2, 3,7

Some students will simply turn the equation around and say that they know
that[ ] =4 + 3. Other students will use the commutative property and say that this
tells them that 3 + 4 = [_]. Still other students will go further and suggest that it
tells them that 4 + 4 must be |+ 1 or that 4 + 2 must be[ ] - 1.

Many students will be quite literal and will simply show a model such as the
one below to announce that the unknown number must be 7.

OO OO
OO0 O

Although such students have not attended to the specific request of discussing
other equations, their answers should be accepted as showing an understanding of
what the equation means.

TEACHING TIP. It is important for students to be thinking about the fact
that, in mathematics, often knowing one thing implicitly tells us many more
things too. In some ways, this is the heart of what it means to do math.
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Write three equations involving addition that are true and three
equations that are not true.

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEA: 55
Mathematical Practices: 2, 4, 6

Students are free to use any addition combinations with which they are com-
fortable, but regardless of which combinations are used, the teacher will find out if
students understand that an equation represents a balance.

Some students will use simple true equations such as 5 + 1 = 6, but the teacher
should encourage students who are ready to use equations suchas4+2=5+1 or
4+2=7-1

Students should be expected to explain how they know whether the equation
is true or not true, ideally by using models of some sort.

> Variations. The question can be varied by suggesting that students use subtrac-
tion statements instead of addition ones.

Use the pan balance. Put two groups of blocks on each side so that it
balances. Write an equation to describe what you did.

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEA: 55
Mathematical Practices: 2, 4,5

A pan balance is an excellent model for the concept of an equation. It helps
students see what it means to say the sides have to be equal.

By allowing students to choose how many blocks to put on each side of the
balance, a broader range of responses will be achieved, leading to a richer class
discussion. Students who wish to use greater numbers are able to, and students
still only comfortable with simpler numbers can also be successful.

If possible, the teacher should arrange recording of the various responses in
such a way as to encourage generalizations. For example, students might use:

e 6+3=7+2
e 8+3=9+2
e 4+2=5+1

The teacher could bring out the idea that whenever the first number was
1 greater, the second was 1 less and why that is true.
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OPEN QUESTIONS FOR GRADES 3-5

Choose a number between 50 and 100. Write that number as equal
groups of another number in at least three different ways:

e My number is

e My number is groups of
o Itisalso groups of and groups of
CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.1

Mathematical Practices: 5,7

Providing counters might be a useful way to help students engage with this
open question. The goal is to choose a certain number of counters (between 50 and
100) and arrange them into equal groups. Students are likely to see that certain
numbers are easy to express this way (numbers with many factors) while others are
more difficult (e.g., 53, a prime number).

This question provides an opportunity for students to choose their own values
to make sense of ideas about factors and multiples.

Create a line using some orange Cuisenaire rods. If you wish, you can
add one more rod of a different color to your line. Now create new
lines of the same length using rods of only one color. Write equations
to describe what you've done.

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.1
Mathematical Practices: 4, 5

Although it may not be obvious at first, students solving this problem are deal-
ing with the notion of factors and multiples. If, for example, a student uses four
orange rods to create one line and five brown rods to create another, that indi-
vidual is actually showing that 4 x 10 = 5 x 8. That is because orange rods are 10
cm long and brown rods are 8 cm long.

The student, therefore, is learning that 8 is a factor of 40.
By using different combinations of orange rods and rods of other colors, stu-
dents can explore the factors (up to 10) of any two-digit (or three-digit) number.
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Create a number expression that includes parentheses and at least
three operations that would be easier to evaluate if you moved
things around before determining the value.

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 5.1
Mathematical Practices: 1,3,7

One of the Common Core standards for Grade 5 involves evaluating numer-
ical expressions. Ideally, students realize that when evaluating expressions, the
expressions should be examined first to see if there are “easier” ways to evaluate
them. For example, in earlier grades, students might evaluate 8 + 14 + 2 by moving
the 2 next to the 8 first and then adding the 14.

Possible examples here might include an expression like 2(277 + 328) + 2 x 23,
where it makes sense to add 277 to 23 and then multiply by 2, and only after that
to add 2 x 328. Another example is 4 x (5021 + 1843) — 4 x 21, where it makes
sense to subtract 21 from 5021 and then multiply by 4, and next to add 4 x 1843.

One of the reasons this question differentiates is because the numbers used
can be simple or not simple; there is no expressed requirement.

You can represent a multiplication using only base ten rods. What
numbers might you have multiplied?

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.2
Mathematical Practice: 5

Students will need to recognize that multiplication involves either repeated
addition, equal groups, or an area. The way they arrange their rods will give the
teacher insight into what meaning they choose to use.

Realizing that only rods are used, students should recognize that either or both
factors must involve a multiple of 10. Some students will realize that some of the
rods can be traded for flats and allow for bigger numbers, and others will assume
that is not possible and will stick with products like 2 x 40.

You multiply a number by another number that is 3 more than your
first number. What are some products you can get? What are some
products you cannot get? Do you think you can get 100?

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.2
Mathematical Practices: 3, 6

This question elicits lots of multiplication practice while leaving students with
some freedom about what to multiply. The question also helps them to notice pat-
terns. For example, when students compare the answersto 1 x 4,2 x 5,3 x 6,4 x 7
to get 4, 10, 18, and 28, they begin to see how the products spread out; this helps
build number sense.
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Asking students whether they think 100 is possible poses a bit more of a chal-
lenge. Some students might simply try combinations, for example, Does 5 x 8 work?
Does 6 x 9 work? Does 8 x 11 work? Others will notice the pattern of 4, 10, 18, 28,
... going up by 6, 8, 10, . . . and try to extend the sequence to see if 100 fits the
pattern or not. (It does not; there is no 100 possible using whole numbers.)

You read a numerical expression and SOME of the words you say are:
multiply by 2, plus, minus, 20

What might the expression be? Think of a few possibilities.

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 5.2
Mathematical Practice: 4

In Grade 5, students are expected to interpret complicated numerical expres-
sions. Rather than simply providing an expression and asking students to interpret
it, this more open-ended question encourages students to create their own expres-
sion. Possible expressions might be:

2% (35+48)-20 or 20+ (39-4)x2+56

About how many days have you been in school? Tell how you
estimated. Tell what mathematical operations you used.

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEAS: 5.2,53,5.4
Mathematical Practice: 4

This open question is likely to pique the curiosity of most students. It forces
them to consider how they will collect the data and also to consider what computa-
tions they will use to answer the question.

Some students will simply focus on the current year. They might think that
because there are about 4 weeks in a month and 5 days in most school weeks, they
could estimate 20 school days a month. They would then either add or multiply
to determine the number of months that have elapsed in the school year.

Others will consider all the years they have been in school. Still others will
strive to be more exact, reducing the totals to account for school holidays. What-
ever their approach, it is likely that all students will be engaged in the task, and all
will be involved in mathematical thinking.

In the discussion of what operations the students used, they should be encour-
aged to justify why the particular operations were appropriate.
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Draw a picture that shows multiplication by 5.

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.3
Mathematical Practices: 2, 4

Most students will interpret multiplication by 5 as showing five groups of
something or something five times as big as something else. Others might, how-
ever, think about groups of 5 and might show, for example, 4 hands, each with 5
fingers, or 6 sets of 5 tally marks.

No matter what picture a student draws, there should be evidence of equal
groups either implicitly or explicitly, so that the picture depicts multiplication.

> Variations. The multiplication need not be multiplication by 5.

Draw a picture that shows a division.

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.3
Mathematical Practices: 2, 4

As important as it might be for students to know how to divide, it is equally
or even more important for them to know when to apply division. Asking students
to create a picture to model a division situation will show more clearly whether
they know what division means than only approaching the operations symbolically
or having students look for key words.

Most students will associate division with sharing, but it will be interesting to
see if any students use other meanings, for example, comparison, as well.

Note that no numbers are indicated in the task, allowing students to choose
whatever amounts they are comfortable with. Also, no actual answer is required,
allowing students lots of comfortable choices.

> Variations. Students might be asked to use a specific dividend or divisor instead.

To describe the total cost in a situation where, for example, you buy
an item for $7 and 3 items for $4 each, you would write 7 + (3 x 4).
Describe a situation where you would write 62 — (4 x 10). Then
describe a different situation where you would write (62 - 4) x 10.

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 53
Mathematical Practices: 2, 4, 6

Students are introduced to the use of parentheses to tell what should happen
first, but it is important for them to see why parentheses are used. Although this
standard will eventually lead to standards that focus on the conventions for the
order of operations, at this grade level, students merely get used to the meaning
of parentheses. We want students to understand that an expression inside a set of
parentheses is a single entity.
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Create a problem you might solve by dividing 60 by a number. Why
would that operation help you solve the problem?

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 53
Mathematical Practices: 2, 4

Division might be applied in situations involving creating equal groups,
whether by measuring or not. Students need to know that this is what division
is all about, but this question gives them freedom to choose the context they will
use and freedom to decide what to divide by. No matter what choices students
make, they will still be addressing the issue of when division is applied in real-life
situations.

> Variations. If desired, a specific number can be suggested for the divisor, or a

dividend of 24 might be used.

Create a problem you might solve by using division that results in a
remainder of 2. Why does division help you solve the problem? Why
is there a remainder?

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 53
Mathematical Practices: 2, 4

Division might be applied in situations involving creating equal groups, either
by measuring or by sharing, but might also be applied in situations involving mul-
tiplicative comparisons. For example, one possible response could be, Kathy had
$42. It was $2 more than 4 times as much as Lea had. How much did Lea have?

Particular meanings of division, such as one based on multiplicative com-
parisons, could be encouraged, but should not be required, in the interests of dif-
ferentiation.

> Variations. Instead of asking about division with a particular remainder, the ques-

tion could require multiplication where the result is a multiple of 5 or has a tens
digit of 4, for example.

Create a division problem you might solve by subtracting. Tell why
the problem is a division problem and why it can be solved by
subtracting.

CCSS: Operations & Algebraic Thinking: 3.0A, 4.0A BIG IDEA: 5.4
Mathematical Practices: 3, 4

Although students usually connect division to multiplication, which is appro-
priate, they might also connect division to subtraction. No matter which connec-
tion is made, students need to know when division applies.
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In this particular instance, a student might set up problems like any of these:

e How many packages of 4 cookies can be made if there are 72 cookies available?
[This can be solved by repeatedly subtracting 4 from 72.]

e How many pages should Mei read each night if she has to read 72 pages over
4 nights? [This can be solved by repeatedly subtracting 4 from 72.]

e Ari has 72 stickers. That's 4 times as many as Alicia. How many stickers does
Alicia have? [This, too, can be solved by repeatedly subtracting 4 from 72.]

Create a pattern that is easy to extend by knowing relationships
between multiplying and dividing.

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.6
Mathematical Practices: 3,7

To respond to this question, a student might realize that multiplying undoes
division, so it would be easy to extend any pattern that is built by multiplying by a
number to get one term and dividing by the same number to get the next term. An
example of such a pattern might be 9, 54, 9, 54,9, 54,9, . . ., where the rule is first
multiply by 6 and then divide by 6. An alternative might be the pattern 6, 24, 12,
48,24, 96,48, . . ., where the rule is first multiply by 4 and then divide by 2. Even-
tually each new term is double the term two positions before it.

Look at the addition table. List two patterns you see in the table.
+|0]|1|2]|3]|4|5]|]6|7]|18]9
O|OoOfT1T|2(3|4(5]|]6]|]7]|8]9
1111234 |5|6|7(|8]9]10
212|314 |5(678]9(10]11
3134|5678 9(10(11(12
41415167 8]9]10(11]12(13
515167 8910111213 |14
616|789 ]10[11]12]13]|14]15
717 (8191011121314 [15]16
8|89 |10[11(12(13|14[15|16(17
919 (10(11(12]13[14]15]16|17]18

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.6

Mathematical Practice: 7

With this open question, students are free to decide what patterns to list. They
can choose very simple patterns (e.g., noticing that numbers in rows or columns

G—¢ sapeln J1oj suonsany uadp



Open Questions for Grades 3-5

108

Good Questions, Third Edition

go up by one) or more complex ones (e.g., noticing that the southwest-northeast
diagonals are all made up of the same number). Some students might even notice
that there are as many Os as 18s, 1s as 17s, 2s as 16s, and so forth. In asking for only
two patterns, the question does not subject struggling students to excessive pres-
sure. In the class conversation, of course, many more than two patterns are likely
to come up.

How extensively the teacher discusses the underlying mathematics that
explains each pattern depends on what the students are ready for in terms of devel-
opment and background knowledge.

Look at the multiplication table. List two patterns you see in the table.

o | X

4
ojojfofofofo
4
8

10112|14|16]18
1211518212427
1216|2024 (2832(36
101512012530 35(40]45
18124|30|36|42 48|54
1412112813542 (49(56]63
16124(321|40|48 (56|64 |72
1812713614554 (637281
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CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.6
Mathematical Practice: 7

A multiplication table with a 0 row (and 0 column) was used in this example.
Many teachers use this table rather than one beginning with 1.

With this open question, students are allowed to decide what patterns to list
They can choose very simple patterns (e.g., noticing that numbers in rows or col-
umns go up by the row or column header) or more complex ones (e.g., noticing
that every row is either all even numbers or half even numbers).

TEACHING TIP. Many patterns in tables and charts can be explained
mathematically. It is valuable to let students try to come up with some of
the explanations themselves.
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A pattern begins at 4. Choose an amount to keep adding to get future
terms. Tell something you notice about your pattern and why you
think what you observed occurs.

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.7
Mathematical Practice: 7

Students are free to choose any number to add, which makes the question
open. What is most interesting, though, is what they notice about the pattern.

For example, a student might choose to add 4 and notice that this produces
the four times table. Or a student might choose to add 1 and realize that this is the
same as just counting, starting at 4. Or a student might choose to add 6 and notice
that all of the numbers in the pattern are even. Or a student might choose to add
10 and notice that all of the terms have a ones digit of 4. The important mathemat-
ics is in the student’s explanation of why these patterns occur.

> Variations. Instead of working with an adding pattern, students might start with
400 and keep subtracting to get future terms.

A certain pattern has the number 5 in it. What could the pattern be?

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.7
Mathematical Practice: 7

This very open question allows students to make as simple or as complex a
pattern as they wish. Many students will simply make a repeating pattern such as
2,5,2,5,2,5,...;others might create a pattern with a three-term core, for exam-
ple,2,4,5,2,4,5,2,4,5,....Still other students will produce an increasing pat-
tern, such as 2,3,4,5,....

No matter what pattern students create, it is important that they be able to
respond to a question such as:

e What makes this a pattern?
e Could you change any of the numbers and still have a pattern?
e How could you do that?

A pattern begins like this: 2, 6,.... How might it continue?

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.7
Mathematical Practice: 7

There are many possible responses students might come up with. A few are
shown below:
2,6,10, 14,18, ... 2,6,11,17,24, ...
2,6,3,7,4,8,... 2,6,18,54,...

> Variations. This question can easily be adapted by changing the first two numbers
shown.
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TEACHING TIP. Although there is just as much variability in how to
continue patterns where the first three terms are given as in cases where the
first two terms are given, it appears that students are much less likely to
recognize the variability when the first three terms are given. For example,

if they are given 1, 3, 5, most students will continue the pattern by adding 2
to get 7,9, 11. If they are given 1, 3, students seem more likely to see more
alternatives.

Create two different patterns that begin with the numbers 4, 7, ... ..
Tell if, or how, the corresponding terms of the patterns are related.

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 5.7
Mathematical Practices: 7, 8

One possible choice might be the patterns 4,7, 10, 13, 16, .. ., where 3 is added
to each term to get the next term, and 4, 7, 11, 16, 22, . . ., where 1 more is added
to each new term than was added to the previous term. Corresponding terms are
related, although the relationship will be easier for some students to describe than
others.

A simple description might be that the terms in the second pattern are always
more than the corresponding terms in the first, but increasingly greater as the pat-
tern continues. A more precise comparison might suggest that the corresponding
terms in the two patterns differ by 0, 0, 1, 1 + 2, 1 + 2 + 3, and so forth. So, for
example, in the second pattern, term 40 is 1 + 2 + 3 + . . . + 38 more than term 40
in the first pattern.

The terms of one pattern are always 1 more than double the
corresponding terms of another pattern. What could the two
patterns be? How would their graphs compare?

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 5.8
Mathematical Practice: 7

Students pursuing this question have latitude in the sizes of numbers they use.
They might use simple patterns such as 1, 2, 3,4, 5,...and 3,5,7,9, 11, ... or
patterns with larger numbers or even decimals, for example, 4.5, 5, 5.5, 6, 6.5, . . .
and 10, 11, 12, 13, 14, . . ..

When comparing the graphs, no matter which values are chosen, the slope of
the second line will be greater than the slope of the first one, assuming the first
pattern is an arithmetic pattern increasing in a constant fashion. Students might
also notice that the increase in the second pattern is always double the increase
in the first one.
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Other questions that might be asked include:

e Which pattern could have even numbers? Could both?
e Which pattern grows faster? How do you know?

List the first 5 numbers in a pattern of your choice. Describe the
pattern rule. Then create another pattern using a different rule that
is a lot like the first one. Could you predict the 30th number of one
pattern by knowing the 30th number of the other?

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEA: 5.8
Mathematical Practice: 7

Asking students to compare patterns is a valuable way for a teacher to gain
insight into student understanding of the properties of patterns. One possibility
is to start with a pattern like 4, 6, 8, 10, 12, . . ., where the pattern rule is “Start with
4 and keep adding 2” A similar pattern might be created by changing the start
number but not the growth, or by changing the growth and not the start number.

Sometimes it will be easier than at other times to predict the 30th term of one
pattern by knowing the 30th term of the other. For example, if the patterns are:

¢ 4,8,12,16,...and 5,9, 13,17, . . ., the student could simply add 1 to
the term in the first pattern to get the corresponding term in the second
pattern

¢ 2,4,6,8,...and 4, 8, 12, 16, . . ., the student could simply double the term
in the first pattern to get the corresponding term in the second pattern

Some students might challenge themselves more. For example, with the
patterns

¢ 4,8,12,16,...and 6, 12, 18, 24, . . ., students might observe that you
could multiply the term in the first pattern by 3 to get the term in the
second pattern

¢ 4,8,12,16,...and 4,7, 10, 13, . . ., some students might observe that
you could take % of the number in the first pattern and add 1 to get the
term in the second pattern

Draw pictures that might help someone predict the next four terms
of the pattern 1, 4,9, 16, .....

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 59
Mathematical Practices: 5,7

Many students will draw a representation of the pattern, but some representa-
tions may be more useful than others in predicting subsequent terms of the pattern.
Two valuable visual approaches to the pattern are shown at the top of the next page.
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The first set of pictures emphasizes that the numbers are the products of equal
values, whereas the second set of pictures emphasizes that the values increase by
increasing odd numbers. It is useful for students to see how different representa-
tions of a pattern make different aspects of the pattern evident.

> Variations. Another pattern that can be used to accomplish the same goal is the
pattern 1, 3, 6, 10, . . . . A third one is a simple growing pattern such as 2, 5,8, . . ..
In the last case, a student might represent each term as a set of 3s with one item
missing in the last group; other students might represent the pattern by emphasiz-
ing the start of 2 and a pattern based on adding 3:

00 . 0 00 O O, 00
O :e0 O : o0 @® ©

PARALLEL TASKS FOR PREKINDERGARTEN-GRADE 2

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: Two numbers that are not close together add to 9. What
could the two numbers be?

Choice 2: Three numbers that are not close together add to 20.
What could the three numbers be?

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEA: 5.1
Mathematical Practice: 5
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In both instances, students are decomposing numbers, in one case 9 and in
one case 20. Rather than asking for all possibilities or asking for particular ones, a
condition is used. This requires students to think about what “not close together”
means (which is, of course, a matter of opinion). For Choice 1 students are likely
to use numbers such as 8 and 1 or maybe 7 and 2. For Choice 2, students are likely
to use numbers such as 14, 1, and 5, or 13, 1, and 6.

Questions suitable to both tasks include:

e What is the highest any of your numbers could be? Why?

e What is the least any of your numbers could be? Why?

e How did you choose your first number?

e How did you decide whether numbers are far apart or not?

Choice 1: Take 10 counters. Divide them into 2 piles so that one pile
has 4 more counters than the other. How many are in
each pile?

Choice 2: Take 10 counters. Divide them into 2 piles so that the
piles are close in size. How many are in each pile?

CCSS: Operations & Algebraic Thinking: K.OA BIG IDEA: 5.1
Mathematical Practices: 4, 5

Both of these tasks require students to decompose the number 10. But rather
than telling the students one of the numbers to use, a condition is provided. Notice
that the condition in Choice 1 requires more analysis than the one in Choice 2, and
is perhaps better suited to some students than others.

The only possible response for Choice 1 is piles of 7 and 3. It would be interest-
ing to observe students working on this task to see whether they just try all pos-
sibilities randomly, or try something and adjust appropriately, moving counters to
make the difference closer to 4. Some students might choose to think out or write
out all the possible combinations for 10 and look for the one where the two num-
bers are 4 apart.

Many students will misunderstand the problem and assume that 4 has to be
one pile size; they will soon see that this does not work.

There are more options for Choice 2, although most students will choose 4 and
6 or 5 and 5.

Questions that suit both tasks include:

e Could either pile have all 10 counters?

e Could you have one really big pile and one really small one?
o Could the piles be 6 and 52 Why not?

e Is there more than one possible answer? Why or why not?

> Variations. The conditions about the pile sizes can easily be adjusted.
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Choice 1: Arrange 17 counters so that it is easy to see that 17 is an
odd number.

Choice 2: Arrange 8 counters so that it is easy to see that 8 is an
even number.

CCSS: Operations & Algebraic Thinking: 2.0A BIG IDEAS: 5.1,5.2
Mathematical Practice: 5

Many students define whether numbers are even or odd based on the digits
they end in, but not based on the notion that even numbers can be partnered
(which means they are multiples of 2) and odd numbers have a remainder of 1
when partners are created.

Knowing this allows students to respond to this question. Students can show
17 as 8 pairs and 1 more or 8 as 4 pairs.

The difference between the two tasks is both size of number and whether the
visual needs to show an even or an odd. Many students would prefer using smaller
numbers and are more comfortable showing “evenness” than “oddness”

Questions that could be asked students who have worked on either task
include:

e Could using 10-frames help you do this task? How?
e Do you have to count to know whether the number of counters here is even
or odd?

O0000O00O0O0O0O0O0O0
O00000O0O0O0OO00O0O0

e How did you show what your problem asked?

O

Choice 1: Choose a number to subtract from 20. Draw two different
pictures that would help you figure out the result.

Choice 2: Choose a number to subtract from 5. Draw two different
pictures that would help you figure out the result.

CCSS: Operations & Algebraic Thinking: K.OA, 1.0A BIG IDEAS: 5.1,5.3,5.4
Mathematical Practice: 5

Asking students to draw pictures to prove that a certain result is achieved is a
way of determining whether they know what subtraction is all about. The two
choices here are very similar, but one number is somewhat greater than the other
and might be less accessible for some students.

In both cases, students have the opportunity to show whether they think of
subtraction as take-away, as comparison, or as a missing addend situation (i.e.,
what to add to a number to get to 5 or 20).
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Questions suitable to both tasks include:

e How did you decide what number to choose?

e Could you have predicted about how much your answer would be?
e How do the pictures show the subtraction?

e How are your pictures alike? How are they different?

> Variations. You could vary the problem by changing either the numbers involved
or the operation involved.

Choice 1: Make up a story problem you could solve by adding
14 and 3. What makes it an addition problem?

Choice 2: Make up a story problem you could solve by subtracting
3 from 14. What makes it a subtraction problem?

CCSS: Operations & Algebraic Thinking: 1.0A, 2.0A BIG IDEA: 53
Mathematical Practices: 2, 4

Many students struggle more with subtraction than with addition. By allowing
students the choice, those who are tentative with subtraction do not feel the pres-
sure they might if they were required to deal with the subtraction question. How-
ever, they still learn about or benefit from the discussion of subtraction that occurs
when all students, including those who selected Choice 2, talk about their work.

Observing student work will provide insight into what meanings students
attach to addition and subtraction.

Questions suitable to both tasks include:

e What was your story about? Who were the characters?

e What did the number 14 represent in your problem?

e What did the number 3 represent in your problem?

e Could you have predicted whether a solution to the problem would be more or
less than 142

e What about your problem allowed you to use the right operation?

Choice 1: )ane is 8 and her Mom is 37. How old will her Mom be
when Jane is 17?

Choice 2: Jane’s Mom is 37. How long will it be until she is 507

CCSS: Operations & Algebraic Thinking: 2.0A BIG IDEA: 53
Mathematical Practices: 2, 4

Both choices require students to mathematize a real-life situation. The first
problem is slightly more complex than the second simply because there is an
extra step.
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Questions that could be asked of students working on either task include:

o Can you just add the numbers in the problem? Why or why not?

e What operation or operations did you use to solve the problem? Why those?

o Could you have predicted whether your answer would be more or less than 502
Explain.

e How did you figure out your answer?

PARALLEL TASKS FOR GRADES 3-5

Choice 1: You multiply two numbers and the answer is in the 20s.
What could you have multiplied?

Choice 2: You multiply two numbers and the answer is 24. What
could you have multiplied?

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.1
Mathematical Practices: 5, 6

Both of these tasks encourage students to think of multiplication, but one is
more specific than the other and might appeal more to students who like a defini-
tive starting point.

It would make sense to provide students with counters or, if desired, a multi-
plication table to help them model the multiplications.

Questions that suit both tasks include:

e Could 0 be one of the numbers? Why or why not?
e Could 10 be one of the numbers? Why or why not?
e Could the two numbers be the same? Explain.

e What do you know for sure about the numbers?

Choice 1: Are there more multiples of 3 or more multiples of 4
between 1 and 100? How many more?

Choice 2: Are there more prime numbers or more composite
numbers between 1 and 100? How many more?

CCSS: Operations & Algebraic Thinking: 4.0A BIG IDEA: 5.1
Mathematical Practices: 3,5

Exploring how numbers can be decomposed into factors is part of the cur-
riculum in Grade 4.

Some students at this level still struggle to decide whether a number is prime.
These students might be more successful with Choice 1, yet they would benefit from
the ensuing discussion that involves Choice 2. For either task, students will make
two lists of numbers and compare their lengths. In addition, they will need to
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justify why particular numbers are on one list, the other list, or both lists (in the
case of Choice 1). As the discussion continues, it would be useful to ask why num-
bers appear on both lists in Choice 1 but not in Choice 2. There are 33 — 25 = 8
more multiples of 3 between 1 and 100 than multiples of 4. There are 74 — 25 = 49
more composites than primes. The number 1 is neither prime nor composite.

Choice 1: [ |x[ ]=480. How many pairs of numbers can you use
to fill in the blanks? What are they?

Choice 2: [ |x[ _]=24. How many pairs of numbers can you use to
fill in the blanks? What are they?

CCSS: Operations & Algebraic Thinking: 3.0A, 4.0A BIG IDEAS: 5.1,5.2
Mathematical Practice: 6

To solve both missing multiplication problems, students could divide the prod-
uct by potential factors. If students know multiplication factors that result in 12,
24, or 48, this should help them solve the problem. The difference in difficulty
focuses primarily on the size of the product. In each case, however, students are
encouraged to come up with as many possibilities as they can.

Solutions to Choice 2 involving whole numbers are 1 x 24,2 x 12, 3 x 8, and
4 x 6, but some students might also consider fraction responses such as % X 48.
Solutions to Choice 1 involving whole numbers are 1 x 480, 2 x 240, 3 x 160,
4 x 120, 5 %x 96, 6 x 80, 8 x 60, 10 x 48, 12 x 40, 15 x 32, 16 x 30, and 20 x 24.
But, again, there is an infinite number of other responses if students choose to
use fractions.

Questions suiting all students include:

e Why might it be useful to know that one of the factors must be even?
o Why might it be useful to know factors of 122

e Why might it be useful to know factors of 242

e How can you get a second answer once you have a first one?

e Are there answers involving fractions? What is one possibility?

Choice 1: Draw one picture that shows why 4 x 6 = 6 x 4.

Choice 2: Draw one picture that shows why 3 x 5=2 x5 + 5.

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.2
Mathematical Practices: 5,7

The two proposed tasks encourage students to think about what the properties
of multiplication mean. Representing those properties gives a better indication of
their understanding of the properties than just citing them.

There are many possible pictures students can draw. For Choice 1, many stu-
dents might draw a 4 x 6 array. Even if this is drawn, they still need to explain
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how it shows why 4 x 6 is the same as 6 x 4. But they might draw something else,
such as the picture shown below, where there are 6 groups of 4 circles, but also a
white, a light gray, a medium gray, and a darker gray group of 6 circles each.

o 9 O
‘QO o0 ‘QO

o 9 O
‘QO o0 ‘QO

For Choice 2, students might draw anything that shows that 2 groups of 5 and
another group of 5 makes 3 groups of 5. They might, for example, draw 3 hands,
with 5 fingers on each.

Questions that suit both tasks include:

e How many items are in your picture?z Why that number?
e How did the idea of multiplication show up in your picture?
e Why might you want to know that what you modeled is true?

Which is the lie?

Choice 1: If you multiply by 5, the ones digit cannot be 4.
If you multiply by 6, the ones digit cannot be 8.
If you multiply by 3, the ones digit could be even or odd.

Choice 2: If you multiply by 5, the tens digit can be 4.

If you multiply by 2, the ones digit and the tens digit
might be the same.

If you multiply by 6, the ones digit can be 5.

CCSS: Operations & Algebraic Thinking: 3.0A BIG IDEA: 5.2
Mathematical Practice: 7

Both of these tasks encourage students to observe patterns and to come to
generalizations about multiplication. The format is fun, since most students like
to find the lie.

Questions that suit work on both tasks include:

e What multiplications did you do to make your decision?

e Was it easy to eliminate some of the possibilities right away? Which ones?

e If a statement says that something can happen and it doesn’t happen the first
three times you try, can you decide it can’t happen?
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Choice 1: Write as many equations as you can to describe this array.

X X X X X X X X
X X X X X X X X X
X X X X X X X X X
X X X X X X X X X
X X X X X X X X X

Choice 2: Can every number from 1 to 50 be written in more than
one way as each: a sum, a difference, a product, or a
quotient? Write your answers as equations. Which was
easiest: sums, differences, products, or quotients?

CCSS: Operations & Algebraic Thinking: 3.0A, 4.0A BIG IDEAS: 5.1,53
Mathematical Practice: 4

Some students will need the visual stimulus of an array to help them see how
the number 45 can be written in terms of other numbers. Looking at the array,
most students will see sums and products; they can be challenged to look for dif-
ferences and quotients as well. Rather than specifying multiplication equations
(such as 5 x 9 = 45), the question is phrased more broadly, asking simply for equa-
tions. This allows an entry point even for students still not comfortable with mul-
tiplication (e.g., 9+ 9+ 9+ 9+ 9 =45).

Other students will be prepared to work more symbolically. They might select
Choice 2, which encourages them to make conjectures and then test them. They may
come to realize that there is an easy way to write every number as a sum (x + 0), a
difference (x — 0), a product (1 -x), or a quotient (x + 1). And they may discover
that coming up with alternative ways to obtain some numbers by writing a product
will not be as easy as coming up with alternatives for the other operations.

In follow-up discussion, all students could be asked what their equations were
and how they arrived at them.

Choice 1: Create two patterns where terms increase by a constant
amount and where any term in Pattern B is twice as big as
the corresponding term in Pattern A. Graph each pattern.
How are the graphs similar? How are they different?

Choice 2: Create two patterns where terms increase by a constant
amount and where any term in Pattern B is a little more
than three times as big as the corresponding term in
Pattern A. Graph each pattern. How are the graphs
similar? How are they different?

CCSS: Operations & Algebraic Thinking: 5.0A BIG IDEAS: 58,59
Mathematical Practice: 7

Each of the choices encourages students both to relate two patterns and to
graph patterns.
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In one case, the relationship is likely easier (e.g., create any pattern and double
all terms). The other choice requires a little more thought. A possibility for Choice
2 might be, for example, the patterns 4, 6, 8, 10, ... and 13, 19, 25, 31, ... . In both
cases, the two lines have different slopes.

Questions suiting both groups of students include:

Do the corresponding terms of the patterns stay the same distance apart or

not? Why or why not?

e When you graph the patterns, what “shapes” do you see? Why do those shapes

make sense?

e Could you have started the first pattern somewhere else? Could you have
added a different amount each time?

SUMMING UP

MY OWN QUESTIONS AND TASKS

Lesson Goal: Grade Level:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.

The nine big ideas that underpin work in oper-
ations and algebraic thinking were explored
in this chapter through nearly 50 examples of
open questions and parallel tasks, as well as
variations of them. The instructional examples
provided were designed to support differen-
tiated instruction for students in both the Pre-
kindergarten-Grade 2 and Grades 3-5 grade
bands.

Understanding the operations and the
properties associated with them as well as
understanding pattern are fundamental to
work in the elementary grades and beyond.

The examples presented in this chapter are
only a sampling of the many possible ques-
tions and tasks that can be used to differentiate
instruction in operations and algebraic think-
ing. Other questions and tasks can be created
by, for example, using alternate operations
or alternate patterns. A form such as the one
shown here can be a convenient template for
creating your own open questions and parallel
tasks. Appendix B includes a full-size blank
form and tips for using it to design your own
teaching materials.
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DIFFERENTIATED LEARNING activities focused on algebraic expressions,
equations, and functions are derived from applying the Common Core Standards
for Mathematical Practice to the content goals that appear in the Expressions &
Equations and Functions domains for Grades 6-8.

TOPICS

Before differentiating instruction in work with expressions, equations, and func-
tions, it is useful for a teacher to have a sense of how algebraic topics develop over
the grades in the curriculum.

Prekindergarten-Grade 2

Within this grade band, students work with number equations in the context of
operations. Most of the equations involve addition and subtraction. Students learn
the meaning of an equation as a statement of balance..

Grades 3-5

Within this grade band, students work with number equations in the context of
operations. All four operations are involved. They also work with patterns, primar-
ily linear growing patterns. They continue to work with the notion that an equation
describes a balance.

Grades 6-8

In the middle grades there is a significant amount of work using algebraic expres-
sions, as well as equations. Students use expressions, equations, and formulas to
model numerical and real-life situations. They evaluate expressions involving vari-
ables and use variables more regularly, recognizing that two different expressions
might be equivalent. They solve simple equations and use tables of values to uncover
relationships and solve problems. They analyze and solve pairs of simultaneous
linear equations and relate linear equations to various problem situations. They
explore, more generally, the concept of function, mostly linear functions.
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THE BIG IDEAS FOR EXPRESSIONS & EQUATIONS
AND FOR FUNCTIONS

In order to differentiate instruction in the content areas of expressions, equations,
and functions, it is important to have a sense of the bigger ideas that students need
to learn. A focus on these bigger ideas, rather than on very tight standards, allows
for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

6.1. An equation is a statement of balance. The two sides are intended to
represent the same value.

6.2. Variables can be used to “efficiently” describe relationships or
unknowns.

6.3. The same algebraic expression or equation can be related to different
real-world situations or vice versa.

6.4. Operations hold the same meaning when applied to variables as they
do when applied to numbers.

6.5. Solving an equation uses relationships between numbers and between
operations to determine an equivalent, simpler form of the equation.

The tasks set out and the questions asked about them while teaching expres-
sions, equations, and functions should be developed to reinforce the big ideas
described above. The following sections present numerous examples of application
of open questions and parallel tasks in development of differentiated instruction
in these big ideas across the Grades 6-8 grade band.

CHAPTER CONTENTS

Open Questions: Grades 6-8 122 | Parallel Tasks: Grades 6-8 133

OPEN QUESTIONS FOR GRADES 6-8

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

An inequality involving the variable m is true when m = 4, but false
when m = 8. List some possible inequalities.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.1
Mathematical Practices: 3,6

While some students might choose a very simple inequality, such as m < 5,
stronger students should be encouraged to think of more complex inequalities. One
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possibility is, for example, 3m + 5 < 18. Or some students might be encouraged to
use a “greater than” inequality, such as -3m - 4 > -20.

> Variations. A very simple variation is achieved by changing the values for which
the inequality is or is not true.

Make up two equations that use variables and that are true all of the
time. Then make up another two equations that use variables and
that are true only some of the time.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.1
Mathematical Practices: 3,7

It is very important that students learn the different ways equations are used.
Sometimes equations are used to describe a very specific relationship: for example,
5+ n =10 only when n = 5. At other times, equations are used to describe broader
relationships: for example, # + 5 = 5 + n is true for all values of n and describes a
basic property of numbers.

The open task suggested above allows multiple entry points. As an equation
that is always true, a student might write a very simple equation, such as n = n
or 2 X n = n + n, or something more complex, for example, (2 x n) + (3 x n) =
5xn.

Some students might use rational coefficients and write equations like

%n:2n+3.

TEACHING TIP. Allowing students to invent all of the values for a question
empowers them and truly opens up opportunities.

Create an equation involving integer exponents that you know is
true. Tell why it is true.

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.1
Mathematical Practices: 6, 8

By not specifying whether the integers need to be positive or negative, this
question allows for greater differentiation. While some students will write simple
equations, for example, 2° x 2° = 28, others might write equations like 2% x 273 = 1
or2*+42=200reven2’-7=1.

TEACHING TIP. Often math teachers who are worried about the standards
for their grade insist on specific types of numbers; this makes differentiation
more difficult. Being less specific allows entry for all and does not preclude
those who are ready for more to actually do more.
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Create an equation involving one variable that has no solutions.

CCSS: Expressions & Equations: 8.EE
Mathematical Practice: 6

BIG IDEA: 6.1

Students have a great deal of latitude in creating such an equation; the only
requirement is that there is a variable. Some students might use a very simple
equation such as x + 1 = x + 2, which has no solution. Some students are likely to
write an equation such as 2x = 3x, which, of course, does have a solution, x = 0;
this error provides the teacher with useful information for assessment of student

learning.

Some students might use much more complicated equations, for example,
-3x+ 17 =22x + 10 - 25x.

On a 100 chart, you color squares to form a capital letter. If you add
the numbers the letter covers, the sum is between 200 and 240. What
could the letter be? Where could it be?

1

2

3

4

5

10

11

12

13

14

15

16

14

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41
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50
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60
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63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80
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86
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89

90

91
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94

95

96
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98

99

100

CCSS: Expressions & Equations: 6.EE, 7.EE

Mathematical Practices: 1,2, 4,5

BIG IDEA: 6.2

Students can use a simple letter such as an | or a more complex one such as a
T. Some students will solve the question algebraically: for example, the values
within an | that is four spaces tall are #, n + 10, n + 20, and # + 30. Other students

will use a more numerical technique.

As students discuss their solutions, those who did not use variables will have
an opportunity to learn from those who describe how they used variables.

> Variations. Instead of a letter on the grid, some other type of graphic could be

proposed.
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TEACHING TIP. Some students might work on this problem numerically
and not algebraically. This might be appropriate for students at a certain
developmental level, but if students can address the question algebraically,
teachers should encourage them to do so.

Copies of three different shapes are O O [::::l o8
placed in a grid. Each shape is worth a

different amount. The total amounts [::] [::]
for one of the rows and one of the

columns are given. How much might [:::] O [:::]
each shape be worth? O [:::]
33

CCSS: Expressions & Equations: 6.EE, 7.EE, 8.EE BIG IDEA: 6.2
Mathematical Practices: 1,3, 4,7

Comparing the first row to the first column should help a student figure out
why a square must be worth 5, but there is some flexibility in what the other values
can be worth. For example, the circle could be worth 10 and the cross worth 8, or
the circle could be worth 6 and the cross worth 16. The question can be addressed
by using a system of linear equations or more informally.

If all of the row and column values were given, there would be only one solu-
tion and the question would be less open. As it is, there are some constraints but
some flexibility as well, making the problem open to a broader range of students.

> Variations. Information about other rows and columns might have been given.
For example, rather than indicating the sum of the first column items as 33, the
total for the second column could have been indicated to be 34 or even 40.

There are two unknown numbers, x and y, that are both positive.
The only thing you know about them now is that 2x + y = 9.

Tell some other things about them:

« something you are sure is true about them
« something you are sure is not true about them
« something you are not sure about

CCSS: Expressions & Equations: 6.EE, 7.EE, 8.EE BIG IDEA: 6.2
Mathematical Practices: 1, 3,7

This is a soft introduction into the uses of simultaneous linear equations. Stu-
dents will realize that if you have a relationship between two variables like the one
given, the values are not yet tied down, but there are things you can conclude.
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For example, a student knows for sure that 2x + y is not 10 or that 2x + y + 1
= 10. He or she also knows for sure that if x is a whole number, the value of y must
be odd. What a student can’t know are the particular values for x and y or which
one is greater and which is less.

Students could be encouraged to graph the relationship to help them decide
what they do or don’t know.

An expression involving the variable k has the value 10 when k = 4.
What could the expression be?

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.2
Mathematical Practices: 3,5, 7

This very open question allows for many responses, ranging from extremely
simple answers to much more complicated ones. Possible expressions include:
k+6,2k+2,14 - k, 10k = 4, 2k* — 5k — 2, and so on. It would be useful for students
to identify the expressions that are actually equivalent (e.g., k + 6 and 2 + k + 4) as
opposed to the expressions that take on the same values only sometimes (e.g., k + 6
and 14 - k).

> Variations. This question can easily be adapted by changing either the input or

the output value, or both.

TEACHING TIP. Students are often asked to evaluate an expression for a
given value of a variable. Questions in which the student is asked to create
the expression for a given input/output combination are much more
suitable for differentiating instruction.

A line goes through the origin. Two points on the line are (4,5) and
(8,10). Suppose the point (x,y) is on the line. What do you know
about the values of x and y?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.2
Mathematical Practices: 3, 4, 7

Students may respond to this question in different ways. While some students
might recognize that because the line passes through the origin and has a slope of
3 xis always % of y; others might notice that the x value increased by 4 and the
y value by 5 and continue that pattern. Still other students might simply suggest
that the x is less than the y (which is actually not true when they are negative, but
is true when they are positive).

Questions that might be asked include:

e Do you think that (16,10) is on the line? Why or why not?
e What do you think the y-coordinate is when x is 32 Why?
e Suppose x increases by 20, what do you think y increases by? Why?
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If s = 4 and t = 5, these statements are true:
3(s+t)=27  2s+3t=23  2t-2s=2

Choose values for p and g. Write three true statements using those
variables. See if a partner can figure out what your values are.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.2
Mathematical Practices: 5, 6

Because students can choose the values for p and g and create the equations,
even struggling students will be able to participate. For example, a struggling stu-
dent might choose values such as p = 1 and g = 2 and use equations such as p + g
=3,g-p=1,andp-1=0.

When the partner students are given the set of statements created by the first
students and asked to figure out the values, the partners need to decide which
statement might be the best one to start with. For example, in the set of possible
statements from the struggling student given in the preceding paragraph, it is easi-
est to start with the last equation because it involves only one variable.

Draw a graph of any line. Write an algebraic equation for a different
line. Tell which grows faster and how you know.

CCSS: Functions: 8.F BIG IDEA: 6.2
Mathematical Practices: 4, 5

By allowing students to choose the graph and the equation, the task becomes
more comfortable for students without sacrificing any important learning. What-
ever graph they choose, they need to figure out its slope, or rate of change. And
whatever equation they use, they need to figure out its slope, or rate of change.

It would be interesting to discuss situations where negative slopes are used: Do
we use the absolute value to describe the rate of change or the actual value?

> Variations. Rather than a graph or an equation, a student might be asked to use
the description of a linear situation that could occur in everyday life.

Describe a function that is not linear by describing what its graph
might look like or by describing what the equation might be.

CCSS: Functions: 8.F BIG IDEA: 6.2
Mathematical Practices: 4, 5

Students have the freedom to describe their non-linear function graphically
or algebraically, as well as the freedom to decide what that function is. The al-
gebraic part of this question can be included only if students have been exposed
to non-linear relationships, whether functions such as absolute value or quadratic
functions.
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A certain function is almost linear, but not quite. Create a table of
values to show what that function might be.

CCSS: Functions: 8.F BIG IDEA: 6.2
Mathematical Practices: 4, 5

This question is designed to provide the opportunity for students to discuss
what makes a function linear in a variety of ways. While some students will draw
aline and wiggle it a bit, using their graph to determine their tables of values, others
will recognize that a linear function is one in which the y-values increase or
decrease consistently for a fixed change in the x values. They might create tables of
values for a linear function and then adjust some of the values.

There might be students who believe that if the y-values are not integers, then
the function is not linear. This, of course, is not true, but this question allows for
the possibility that this misconception could be dealt with.

Draw a graph of a function that tells a story. Make sure to use a title
and label the axes.

CCSS: Functions: 8.F BIG IDEAS: 6.2,6.3
Mathematical Practice: 2

Students should learn that graphs tell stories. A teacher might first show a
graph that tells a story and then ask students to create a similar graph. For example,
a graph might be labeled “My Bath.” The horizontal axis could be time and the
vertical axis the depth of water in the tub. The graph could show the water level
gradually going up as the tub fills, then quickly going up a significant amount as
someone enters the tub, and then gradually dropping down. Or a graph might be
labeled “Patrons in a Restaurant,” with a horizontal axis showing time of day and
a vertical axis showing number of patrons at different times.

Describe three very different situations, all of which could be
described by the expression 3x + 2.

CCSS: Expressions & Equations: 6.EE BIG IDEA: 6.3
Mathematical Practices: 2, 7

Students need to realize that any algebraic expression describes many situa-
tions, and it is the structure of the situation that they have in common. In this case,
there are either 3 equal groups and 2 more items, or there is some number of groups
of 3 and 2 more items. For example, situations such as the following would fit the
expression:
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e The cost of 3 identical shirts and a pen that costs $2

e The area of a rectangle with a width of 3 joined to a 2 x 1 rectangle

e The total income if a student sold many raffle tickets at $3 apiece and got an
extra $2 donation

The equation 4x — 5 = 15 describes two very different situations.
What might those situations be?

CCSS: Expressions & Equations: 6.EE BIG IDEA: 6.3
Mathematical Practices: 2, 4

The expression 4x might describe some number of 4s or 4 equal things. This
distinction might become the basis to create the two different situations, such as:

o | bought 4 pairs of socks that cost the same amount. | had a S5 off coupon,
and | paid $15 in total. How much was each pair of socks?

o | bought some packages of socks that cost $4 each. | had a $5 off coupon, but it
still cost $15. How many pairs did | buy?

Or a student might use the same meaning for 4x, but apply it in different con-
texts. So one situation might be:

e | bought some jars of applesauce. Each cost $4. | got a S5 discount and paid
$15 altogether. How many jars did | buy?

e | cut some identical 4-inch lengths of wood to build a model boat. | found the
pieces | had cut were too long, so | trimmed an equal amount from each one.
My trimmings totaled 5 inches in length, and my remaining pieces totaled 15
inches in length. How many lengths did | originally cut?

Create an algebraic expression that you know is:

e Always more than 2m + 1 e Sometimes more than —2m
e Always less than 2m + 1 e Sometimes less than —2m
CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.4

Mathematical Practice: 7

Because operations with variables work in the same way as they do with num-
bers, students should realize that adding any positive number to an expression
always increases it and adding a negative number always decreases it, but that
multiplying or dividing has a different effect on positive numbers than it does on
negative numbers.

Possible solutions, therefore, might be: 2m + 2 (always more), 2m (always less),
—-4m (sometimes more), and 4m (sometimes less).

> Variations. Instead of using the given expressions, more complex expressions
might be used. As well, the phrase “never more” or “never less” can be used.
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Describe a situation that might lead you to divide the expression 4a
by the expression 2a.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.4
Mathematical Practices: 2, 4

Because division always involves creating equal groups, whether by sharing,
measuring, or comparing, students might use any of these meanings to create
situations.

For example, a student might think that the goal is to figure out how many
groups of 2 can be created out of a given number of groups of 4. The answer is
clearly twice as many groups of 2 as there are groups of 4.

OO0 OO0 OO0 OO0 0O
OO0 OO0 00 OO0 0O

But another student might set up this situation: If a rectangle has an area of
4a and a length of 2a, what is its width?

2a
4a

You multiply two powers and the result is 4. What two powers
might you have multiplied?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.4
Mathematical Practices: 3, 8

As stated, the question seems to require students to use a negative exponent.
But if a student knows that 4-3 is 27, then that student could use positive expo-
nents with fractions of the form 3, , 1, and so on.

If students realize they could multiply by 1, they have the option of using a
power with a zero exponent. That solution could be, for example, 4° x 473,

You solve an equation involving negative numbers and/or fractions
by first dividing and then subtracting. What might the equation have
been? Why would that process make sense?

CCSS: Expressions & Equations: 6.EE, 7.EE, 8.EE BIG IDEA: 6.5
Mathematical Practice: 7

Many students (and teachers) might think that you never divide first and then
subtract (thinking of BEDMAS), but, in fact, you might well divide first if the equa-
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tion were —4(x + 5) = 18 or even if the equation were —4x — 20 = 18. Students might
realize that there is always a choice in which operation to perform first, but one
operation might seem more efficient to do first in certain situations.

> Variations. Instead of dividing and then subtracting, other combinations of oper-
ations could be suggested instead.

The cube root of A is not too much more than the square root of B.
What could the values of A and B be?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practice: 6

Instead of just asking students to estimate and calculate square roots and cube
roots, it seems more interesting to have them relate the two. The required values
might be smaller numbers or larger ones. Whereas one student might choose the
cube root of 8 (2) to be not much more than the square root of 1 (1), another might
choose the cube root of 15,625 (25) to be not much more than the square root of
500 (about 22).

Some students might enjoy the challenge of working with fractions. They could
decide that the cube root of almost any fraction close to 1 is not too much more
than the square root of any fraction less than 1. For example, the cube root of 5
which is about 0.97, is not that much more than the square root of llo, which is
about 0.83.

The population of one country is about 50 times the population of
another. Write both populations in scientific notation.

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 2, 4

This question should get students looking up information about populations
of various countries around the world and finding relationships. They might, for
example, find a country with a population of about 50 million (e.g., South Korea)
and compare it to a country with a population of about 1 million (e.g., Cyprus). Or
they might choose a country like the United States, with a population of about 325
million, and a country with a population of about 6.5 million, such as the Central
African Republic.

Then students need to write both of their population numbers in scientific
notation. Ideally, they will notice that when they compare the numbers in scientific
notation, the values of the exponents for the power of 10 are either 1 or 2 apart,
and they will understand why.

> Variations. An easier question would be looking for populations where one is a
power of 10 times another (e.g., 100 times or 10 times or 1000 times).
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Represent 1678 in different ways.

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 6, 7

Students can use a variety of exponent properties to come up with alternatives,
and there are many. For example, simple choices are 476 or 2732 or (15). Some
students might use operations. For example, expressions could be 278 x 8- or
328+28%0r168+1-1.

The teacher might wish to restrict the alternative representations to be single
powers or products of powers.

The price of 2 coffees and a muffin is $0.89 more than the price of
2 muffins and a coffee. How much could the coffee cost? The muffin?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 2, 4

This is an example of a situation that leads to two equations in two unknowns.
The first equation would be of the form 2¢ + m = a and the second equation of
the form ¢ + 2m = b. Subtracting these two equations results in the equation
c-m=a-b,orc-m = 89¢ according to the terms of the problem. So any values
where the price of the coffee is 89¢ more than the price of the muffin would work.
Students still have to choose prices for coffee and muffins that make some sort of
sense.

Two linear equations have a common solution of p = 3 and g = 4.5.
What might the equations have been? What situations might they
describe?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 4,5, 7

Students might choose to solve this problem graphically or might use algebraic
techniques. They could either draw two lines on the Cartesian coordinate grid
that cross at (3,4.5) or simply write two equations that correctly describe informa-
tion about p’s and ¢’s. For example, one equation could be p + g = 7.5 and another
q - p = 1.5, or the two equations might be 2p + 4g =24 and p - 29 = -6.

> Variations. The values of p and g can easily be changed.
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PARALLEL TASKS FOR GRADES 6-8

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: An equation is true only when x = 5. What might the
equation be? List several possibilities.

Choice 2: An equation is true for all values of x. What might the
equation be? List several possibilities.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.1
Mathematical Practices: 2, 3

One of the important ideas for students at this level to learn is that sometimes
we use variables to represent unknown values that make particular equations true.
But at other times we use variables to describe relationships or to state “truisms”
or identities. For example, the equation 2x = x + x is always true; it is an identity.
The equation 2x = 4 is true only when x =2.

Students also learn that many equations can have the same solution, which is
dealt with particularly in Choice 1.

Possible solutions for Choice 1 include 2x = 10 and 3x - 7 = 8. Possible solu-
tions for Choice 2 are, for example, 3x = 2x + x or 5x + 2x = 7x.

Questions suitable for all students, no matter which task they choose, include:

e Could your equation have more than one variable in it?
e Once you have one equation, how can you get another one from it?
e What was the first equation you thought of?

A company charges a $5 flat fee plus $3 per window to wash windows.

Choice 1: How much more would someone pay to have 35 windows
washed than 24 windows?

Choice 2: Might someone have to pay exactly $87 to have their
windows washed? Explain.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.2
Mathematical Practices: 1,2, 4

Both of these questions require students to use the relationship described in
the problem set-up. In Choice 1, the student simply applies the rule to determine
the output (price) for a given input (number of windows). This is somewhat more
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straightforward than Choice 2, where the student uses either reasoning or algebra
to decide whether the suggested final cost is possible. Students with good number
sense may quickly realize that because 87 is a multiple of 3, it cannot be 5 more
than a multiple of 3 and thus cannot be the total window washing cost.

Choice 1: Choose a location on the 100 grid. Describe how you
could get to the numbers that are:

31 less 37 more 18 more

Choice 2: You are on a square called s on the 100 grid. Describe
these locations in terms of s:

31 less than s 37 more than s 18 more than s

1123145167 ]8]9]10

11112113114 )15]116| 14|18 |19 |20

210122 (2324 (252627282930

31132(33]134(35]3637|38]|39]40

41| 42| 43| 44| 45|46 | 47| 48] 49|50

511525354 |55]|56|57]|58]|59 |60

61]62|63|64|65(66|67 686970

7172173747576 (771787980

81(82(83[84(85(86(87(88]89]90

91192193194 ]95]|96(97 98|99 |100

CCSS: Expressions & Equations: 6.EE BIG IDEA: 6.2
Mathematical Practices: 4, 5

These two tasks require the same thinking, although one requires the use of a
variable and the other does not. A common discussion will allow students who
struggle with the use of variables to gain more insight by listening to those who are
using similar reasoning but with variables.

Questions a teacher could ask both groups include:

e How does the number change if you go to the position right above you? To the
position right below you?

e How does the number change if you go one position to the left? One to the right?

e How do you get to the number that is 31 less? 37 more? 18 more?

> Variations. The values of how much less or how much more can easily be altered.
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Choice 1: A line passes through (4,3) and (6,-2). What is its equation?

Choice 2: A line with a VERY steep slope passes through the point
(2,-1). What might its equation be?

CCSS: Functions: 8.F BIG IDEA: 6.2
Mathematical Practices: 1,5

Choice 1 is more likely to appeal to students who prefer as little ambiguity as
possible. They might wish to avoid dealing with what a term like “VERY steep”
means. But other students might enjoy that challenge and could enjoy the idea of
working with a line that is “VERY steep.”

Either question provides a teacher with information about whether students
can create a line given certain conditions about that line.

Choice 1: On a geoboard, create shapes with the indicated number
of pegs on the border and inside of them and calculate
their areas. Graph the variable that changes against the
area. What do you notice?

Border | Inside | Area Border | Inside | Area
3 0 3 1
3 1 4 1
3 2 5 1
3 3 6 1

Choice 2: On a geoboard, create triangles with the indicated base
and height lengths. Graph the variable that changes
against the area. What do you notice?

Base | Height | Area Base | Height | Area
4 1 4 2
4 2 5 2
4 3 6 2
4 4 7 2
CCSS: Functions: 8.F BIG IDEA: 6.2

Mathematical Practices: 1,4, 5

Some students will find Choice 2 accessible because it is more obvious how to
create the required shapes and easier to determine their areas.

This task is included in this chapter rather than in the measurement chapter
because it is the functional nature of the task that is the emphasis. Students will see
that, in each case, there is a linear relationship because one variable in the geometric
situation is held constant. For Choice 1, the function rule that relates the number
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of inside pegs to the areais A =1+ 1; the function rule that relates the number of
border pegs to the area is A = 5. For Choice 2, the function rule that relates the
height to the area is A = 2h; the function rule that relates the base to the area is
A =b. When students graph the relationships, each time they will have a straight
line whose slope they could interpret.

Questions that suit both tasks include:

e How are your two graphs alike? How are they different?
e What does the slope of the graph tell you?
e Why does this particular slope make sense to you?

Choice 1: List several equations that are true about rectangles with
length = 6 units and width = 4 units.

Choice 2: List several equations that are true if T-shirts cost $10 and
pants cost $12.

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.3
Mathematical Practices: 2, 4

Any situation that can be described algebraically can probably be described
algebraically in many ways. In this case, Choice 1 allows students to consider how
knowing the length and width of a rectangle provides lots of other information, for
example, P = 2(6 + 4) (perimeter) or A = 6 x 4 (area), or just / - w = 2 (comparing
length to width). Choice 2 allows students to alter the numbers of each of the items
one might buy in order to create different equations, for example, P=T + 2 or
12T = 10P.

Questions suitable for students working with either task include:

e Would adding the two given values be useful information? Why or why not?
What equation would it lead to?

e Would doubling the two given values and then adding them be useful
information? Why or why not? What equation would it lead to?

e Would subtracting the two given values be useful information? Why or why
not? What equation would it lead to?

Choice 1: What situation might be described by the equation

2% + 3y = 100?
Choice 2: What situation might be described by the equation
3x + 6y = 107
CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.3

Mathematical Practices: 2, 4

The difference between these two choices is subtle. In Choice 1, there are
many integer solutions (e.g., y = 2 and x = 47, or y = 10 and x = 35) and so there
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are many simple situations that could be offered. For example, There were some bikes
and some tricycles at a park. There were 100 wheels altogether. How many bikes and
how many tricycles? But in Choice 2, even though the numbers might initially appear
more comfortable, the solutions cannot be whole numbers, so the situation cannot
involve something that can be counted (like bicycles and tricycles). An example for
the second situation might be: Three identical packages of almonds and six identical
packages of hazelnuts had a mass of 10 kg. How many kilograms of almonds and how
many kilograms of hazelnuts might there have been in each package? (e.g., 1 kg of
hazelnuts in each package and 1.333 kg of almonds in each package).

Order these values from least to greatest. Will your order be the same
no matter what the value of n is? Explain.

Choice 1: 2 3n n? 3n+1 10-n
Choice 2: 4n 3n 10n 3n +1 5n+2 -n
CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.4

Mathematical Practices: 2, 3,6

Students need to understand the role of a variable in describing a relation-
ship. Some will consider only positive whole numbers and may need prompting
to consider negative numbers or fractions. They can use a variety of strategies to
come to a conclusion. For example, students might use a combination of reason-
ing, visual representations, and substitution to order their values. Choice 1 is more
challenging because there is more variation in the type of relationships used.

The following questions are suitable for students who worked on either task:

e Suppose n = 0. Would your ordering change?
e Suppose n = —1. Would your ordering change?
e How do you know that 3n < 3n + 1 no matter what value n has?

Choice 1: An equation with integer coefficients has a rational
number solution. What could the equation be?

Choice 2: An equation with rational coefficients has an integer
solution. What could the equation be?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 1,7

In both instances, students are working with equations and rational numbers.
The first task might be simpler for struggling students since an easy equation such
as 3x = 5 might work, or 3x = -5. The second task might take more thinking. Pos-
sibilities include any equation of the form § x = 7, where c is a multiple of a; an
example might be ~3x = -%; more complex equations are also possible in either
situation, allowing for further differentiation.
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Questions that suit both groups of students include:

e How many variables will you use in your equation? Why?

e Is an integer (e.g, —3) a rational number?

e Can an equation with all possible positive coefficients have a negative solution
or not? Explain.

Choice 1: One gym membership plan is $20 a month and an
additional $4 an hour for each hour used. Another is
$50 a month and an additional $2 an hour for each hour
used. Which membership plan is better? Under what
circumstances?

Choice 2: One membership plan is better than another if you spend
fewer than 15 hours per month at the gym, but worse if
you spend more than 15 hours per month. What could
the two membership plans be?

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 2, 4, 5

While Choice 1 might appeal to students who like to be given all the necessary
information to solve a problem, Choice 2 might appeal to students who are com-
fortable working backward. These tasks were designed so that the 15 hours men-
tioned in Choice 2 is the solution in Choice 1; this will make common questions
easier to arrive at.

The student solving Choice 1 might draw a graph and see that the intersection
of the lines y = 20 + 4x and y = 50 + 2x is at (15,80).

100’1_, y=20+4x y =150+ 2x
90
80|
70
60|
50
40
30|
20
10]
0

X

0 5 10 5 20 25

Alternatively, the student might solve the equation 20 + 4x = 50 + 2x to deter-
mine when the costs would be the same. In either case, they can see that the $20 +
$4 per hour plan is better for fewer than 15 hours but worse for more than 15 hours.
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A student solving Choice 2 might draw graphs of two lines that intersect at
(15,y) for some chosen value of y, for example, y = 100. Then he or she would de-
termine the equations of those two lines, for example, y = 40 + 4x and y = 10 + 6x.
So one plan would have a $40 registration fee and $4 hourly rate and the other
would have a $10 registration fee and $6 hourly rate.

Questions that suit both groups include:

e How could a graph help you solve your problem?

e How could algebra help you solve your problem?

e Why does it make sense that one plan might be better than another for a lot of
hours but worse for fewer hours?

Choice 1: An equation with one coefficient of —% is very easy to
solve. What might it be?

Choice 2: An equation with one coefficient of -2 is very easy to
solve. What might it be?

CCSS: Expressions & Equations: 6.EE, 7.EE BIG IDEA: 6.5
Mathematical Practices: 3,5, 7

Some students will be more comfortable working with non-integer coefficients
than others, and that might affect the task they select. In both cases, though, stu-
dents provide useful information to teachers about their comfort levels in solving
equations.

For example, one student might think the equation “Ix=-%is quite easy to
solve; another might think —%x =0or —%x ~Ix=-1is easy.

Similarly, a student might think the equation -2x = -2 is easy to solve, as is
-2x=0o0r-2x+2x=0.

Questions suitable for students working with either task include:

e What do you think makes an equation easy to solve?

e Are equations with positive numbers always easier to solve than those with
negative numbers or only sometimes?

e What properties of operations or numbers can you use in coming up with
possible equations?

Choice 1: Draw a graph that shows how far someone might get on a
highway in different amounts of time.

Choice 2: Draw a graph that shows how far someone would get in
different numbers of minutes if she was driving 60 mph.

CCSS: Expressions & Equations: 8.EE BIG IDEA: 6.5
Mathematical Practices: 1,5

The difference between these two tasks is, to an extent, their specificity. The
second task tells students the speed to use, although it does ask about minutes when
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the rate is given in hours; some decisionmaking has to happen. The first task is
more open in that a student is required to decide on a speed, and the units are left
open.

So one student might select Choice 1, choose a rate of 60 mph and label one
axis in hours and the other in miles; this is fairly straightforward. Another might
choose a different rate or might label the axes in different units.

A student who selects Choice 2 has to think about what it means to be able to
apply the mph speed for a particular number of minutes. He or she might still cre-
ate the graph described for Choice 1, recognizing that 1 hour is 60 minutes and just
thinking of the time axis as having a scale of 60 per unit. Or the student might
convert 60 mph to 1 mile per minute and draw a different-looking graph.

Questions that suit both groups of students include:

e What do you notice about the shape of your graph? Why does that make
sense?

e What choices did you have in labeling your axes?

e How would your graph change if the speed was just a little faster? Just a little
slower?

SUMMING UP

MY OWN QUESTIONS AND TASKS

The five big ideas that underpin work in the
areas of expressions, equations, and functions

Lesson Goal: Gradelevel: ____ were explored in this chapter through almost
Standard(s) Addressed: 40 examples of open questions and parallel

Underlying Big Idea(s):

tasks, as well as variations of them. The in-
structional examples provided were designed
to support differentiated instruction for stu-

Open Question(s): dents in the Grades 6-8 grade band.

The examples presented in this chapter

Parallel Tasks:

are only a sampling of the many possible ques-
tions and tasks that can be used to differenti-

Choice 1:
ate instruction in working with expressions,
TN equations, and functions. Other questions and
tasks can be created by, for example, using
alternate situations or expressions. A form
RiincipesitolResplinlhiinc such as the one shown here can be a conve-
« All open questions must allow for correct responses at a . 1 f .
variety of levels. nient template for creatlng your own open
« Parallel tasks need to be created with variations that allow queStiOHS and parauel tasks. Appendix B in-
struggling students to be successful and proficient . . .
students to be challenged. cludes a full-size blank form and tlpS for using
« Questions and tasks should be constructed in such a way it to design your own teaching materials

that will allow all students to participate together in
follow-up discussions.




Measurement & Data

DIFFERENTIATED LEARNING activities focused on measurement and data
are derived from applying the Common Core Standards for Mathematical Practice
to the content goals appearing in the Measurement & Data domain for Prekinder-
garten-Grade 2 and Grades 3-5.

TOPICS

Before differentiating instruction in measurement and data, it is useful for a teacher
to have a sense of how measurement and data topics develop over the grades.

Prekindergarten-Grade 2

Within this grade band, students compare and measure a variety of attributes of
objects, including length, weight, time, and money; they work with both non-
standard and standard units. They tell and write times using hours and half-hours.
They also sort objects into categories and answer questions about data sorts. They
draw picture graphs and bar graphs with single-unit scales to represent data. Much
of the data they collect relates to measurement.

Grades 3-5

Students tell and write time to the nearest minute and solve time problems. They
also measure liquid volumes and masses using metric units, and solve problems
about these measurements. They explore perimeter and area of shapes, as well as
volume, and become acquainted with some related formulas. They explore units in
both the metric and the Imperial systems for length, mass, and time, and they
perform unit conversions. They learn about angles as a type of measurement, and
they measure angles. They learn to draw scaled picture and bar graphs and generate
data through measurement. They create line plots based on measurement data.

Grades 6-8

Continued work in the areas of measurement and data for Grades 6-8 is covered
in the Common Core domains of Geometry (in the case of measurement) and
Statistics & Probability (in the case of data). Therefore, for this grade band, these
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topics are discussed in Chapters 8 (Geometry) and 9 (Statistics & Probability),
rather than in this one.

THE BIG IDEAS FOR MEASUREMENT & DATA

In order to differentiate instruction in measurement and data, it is important to
have a sense of the bigger ideas students that need to learn. A focus on these big
ideas, rather than on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

7.1. A measurement is a comparison of the size of one object with the size
of another, often a benchmark.

7.2. Accuracy in measurement requires a focus on the attribute being
measured.

7.3. The same object can be described by using different measurements.

7.4. The numerical value attached to a measurement is relative to the
measurement unit.

7.5. It is sometimes easier to measure an object by breaking it up into
pieces.

7.6. The use of standard measurement units simplifies communication
about the size of objects.

7.7. Sometimes measurements of a shape are related; knowing one or more
measures might reveal the value of others.

7.8. Organizing, representing, and interpreting data are ways to compare
objects or situations.

7.9. Graphs are powerful data displays because they quickly reveal a great
deal of information.

The tasks set out and the questions asked about them while teaching measure-
ment and data should be developed to reinforce the big ideas listed above. The
following sections present numerous examples of application of open questions
and parallel tasks in development of differentiated instruction in these big ideas
across the Prekindergarten-Grade 2 and Grades 3-5 grade bands.

CHAPTER CONTENTS

Open Questions: Pre-K-Grade 2 143 | Parallel Tasks: Pre-K-Grade 2 167
Open Questions: Grades 3-5 155 | Parallel Tasks: Grades 3-5 174
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OPEN QUESTIONS FOR PREKINDERGARTEN-GRADE 2

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

What can you find in the classroom that is about as long as your arm?

CCSS: Measurement & Data: K.MD, 1.MD BIG IDEA: 7.1
Mathematical Practices: 5, 6

This question allows the teacher to see what students know about length com-
parisons. Watching how students compare their arm with other objects shows
whether they understand the need for a baseline to compare length. Use of the
term about provides enough latitude that even students who struggle can answer
successfully.

> Variations. This task can be adapted by having students look for objects that are
either shorter than or longer than another item instead of about the same length.
The item that is used as the basis for comparison can also be varied.

TEACHING TIP. When students are working with length comparisons,
it is useful to have spools of string or colored yarn available for them to
work with.

You want to describe to someone how long your pencil is. You can't
show the person the pencil, but have to use words. How could you
help the person understand its size?

CCSS: Measurement & Data: K.MD, 1.MD, 2.MD BIG IDEA: 7.1
Mathematical Practices: 3,5

This question is designed to help students see that the way a measurement is
described is invariably in relation to another measurement. If, for example, a stu-
dent says how many inches long the pencil is, he or she is comparing it to 1 inch.
If it is described as being about as long as a hand, the comparison is being made
to a hand. In fact, the only way measurements can be described meaningfully is
through comparison.

The question is open in that it is completely up to the student to describe the
object.

To stress the concept that a comparison is being made, the teacher could
explicitly ask: What measurement comparison are you making when you say that?
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Describe three things that weigh less than a shoe. Tell how you know
they weigh less than a shoe.

CCSS: Measurement & Data: KMD BIG IDEA: 7.1
Mathematical Practices: 3,5

Asking for items that weigh less than a shoe provides a great deal of latitude
for students; they only need to think of very light items. Some students will think
of food items, others classroom supplies, others pieces of clothing, and others items
such as toys.

In asking how students know the item weighs less than a shoe, it does not
matter what items students chose. They will show their understanding or lack of
understanding about how to use a balance or scale to compare weights.

> Variations. Variations of the question can be created by suggesting an item other

than a shoe or by allowing students to find heavier items rather than lighter ones.

You are reading a clock with hands, and the hands are really close
together, but not on top of each other. What time might it be?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.1
Mathematical Practices: 5, 6

Students in this grade band learn to read analog clocks to various degrees of
precision. Asking the question in this way is likely to encourage students to think
of a lot of different possible times, providing a great deal of time-reading practice.
The phrase “not on top of each other” is included to ensure that misconceptions
about the placement of the hour hand (e.g., thinking the hour hand is precisely on
the 6 at 6:30) are not fostered. A student answering 6:30 would be correct, and the
teacher could point out how the hands are close, but not on top of each other. It is
just as likely a student would say 6:35, which would also be correct. There are many
reasonable responses, and many students can be successful.

Think of some objects in your house that are really long. Tell about
how long you think they are and why you think you are right.

CCSS: Measurement & Data: K.MD, 1.MD BIG IDEA: 7.1
Mathematical Practices: 1,3, 6

Using the phrase really long generally has the effect of encouraging students to
think deeply about the length comparisons they make. The fact that they are think-
ing about their own possessions makes the question more engaging. To describe
the lengths of the selected objects, students have a choice of using comparative
language, nonstandard units, or standard units; in this way, in particular, the ques-
tion becomes open to a broad range of learners.

Likely objects include garden hoses, sofas, beds, driveways, and so forth.
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> Variations. Instead of asking for very long items, a teacher could ask for items
that hold a lot, items that cover a lot of space, or particularly short items.

TEACHING TIP. Often using an ambiguous term such as really long makes
a mathematical question much less intimidating to students than using a
specific value.

One length looks shorter than another, but it really isn’t. How is that
possible?

CCSS: Measurement & Data: K.MD, 1.MD BIG IDEA: 7.2
Mathematical Practices: 2, 5,6

An important part of comparing lengths is recognizing that both items must
be “straightened out” before they can be compared. For example, a very long coiled
rope can look shorter than one that is straight but actually shorter.

Instead of setting out a coiled rope and a straight rope for students to compare,
an open question such as the one proposed allows students to imagine all sorts of
possible scenarios, providing access to a broader range of students. For example, a
student who might have difficulty with the idea of a coiled rope being shorter might
be able to imagine an object that is bent around a corner with only some of it
visible.

One container is MUCH taller than another but holds a LOT less.
How else might the measurements of the containers be related?

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.2
Mathematical Practices: 1,5

Students have a great deal of latitude in choosing dimensions for each con-
tainer. For example, a student might decide the tall container is 20" tall and the
short one 5" tall. But the tall container might be very, very narrow and the short
one very, very wide, for example, 1" wide vs. 100" wide.

Show a BAD way to decide how many pencils long a table is. What
makes that way a bad way?

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.2
Mathematical Practices: 3,5

There are many details that go into a correct length measurement. These in-
clude starting at the beginning and going to the end, leaving no gaps or overlaps,
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using equal size units throughout, measuring the correct attribute of an item, and
staying along the edge of the item.

By asking students to think of a bad way to measure, a teacher gets insight into
which of these issues about measurement students really focus on and which they
do not.

in? P
How can you measure a pumpkin? i ((,fg\\
ST 1 {“\\

[ f’?! Y

-7

CCSS: Measurement & Data: K.MD, 1.MD, 2.MD BIG IDEA: 7.3
Mathematical Practices: 4, 5

A student can think of many different ways to measure a pumpkin: width,
height, weight, the time it takes to grow, or how much pulp it has. Leaving the ques-
tion open allows each student to choose a measurement on which to concentrate.

Class discussion about the various types of measurements students used will
allow them to recognize the fact that there is usually more than one way to measure
an object.

> Variations. Rather than a pumpkin, another interesting object can be selected. For

example, students can be asked to measure a bag of popcorn, a car, or a container.

TEACHING TIP. Items to be measured can be chosen based on themes
being pursued in other subject areas of instruction, special occasions, or
holidays.

An object is big in one way but small in another way. What might the
object look like?

CCSS: Measurement & Data: 1.MD BIG IDEA: 7.3
Mathematical Practices: 1,3, 5

This task allows students to consider either 2-D shapes or 3-D objects and
offers great flexibility in the types of comparisons that can be made.

Some students might take the condition to mean that the object is big when
compared with another object but small when compared with a third object. For
example, a pencil is big when compared with a gnat, but small in relation to the
length of a hallway. Other students might consider different attributes of the same
object. For example, a very tall, very thin cylinder could be considered big in terms
of height but small in terms of width. Still other students might consider two dif-
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ferent types of measurement. For example, an object could be very heavy (i.e., big
in weight) but still very small in width or length or height.

The class discussion should provide the opportunity for the teacher to explic-
itly make the point that when the size of an object is described, it is important to
be very clear about what attribute of the object is being considered.

How many baby steps are there in a giant step?

CCSS: Measurement & Data: 1.MD BIG IDEA: 7.4
Mathematical Practices: 1,3, 5

In the earlier grades, students begin to understand how units can be used to
describe measurements by working with nonstandard units. Using a unit of a baby
step to measure a giant step is meaningful to students. Because of the diversity of
possible correct answers, this focus on nonstandard units provides the opportunity
for students to later value the usefulness of standard units.

In the short run, this question is easy for any student to act out. It also provides
some flexibility, because students are free to interpret baby steps and giant steps in
any way they wish.

> Variations. Variations of the question can be created by using other familiar mea-
sures that come in two sizes, for example, How many baby cups full of water do you
need to fill a large glass of water?

You measure your arm correctly twice, but one time it is 6 units
longer than another time. What units might you have been using
each time?

CCSS: Measurement & Data: 1.MD BIG IDEA: 7.4
Mathematical Practices: 3,5

One way to help students realize that the size of the unit affects the number of
units required to measure something is to have them measure the same thing using
different units. A more interesting approach, though, might be to tell them the
number of units required (or in this case the difference between two measured
values) and ask them to come up with the units.

Presenting the problem in this way leaves a great deal of latitude for students
to think of interesting units, but also to think about the relative sizes of those units.

> Variations. The number 6 can be changed to other values, and instead of measur-
ing an arm, some other item might be selected.
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You measured something in both inches and centimeters. One of the
measurements was 15. What might you have been measuring? What
could the other number have been?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.4
Mathematical Practices: 3,5

By not indicating whether the 15 units was 15 inches or 15 centimeters, stu-
dents must make a choice. One choice might make it easier for them to think of
an appropriately sized object than the other choice.

If they choose to make the 15 represent centimeters (perhaps suggesting they
were measuring a pencil), the number for inches will be smaller. If they choose to
make the 15 be inches (perhaps suggesting they were measuring a ruler; some do
come in 15 inch lengths), the number for centimeters would be greater.

The teacher might discuss how knowing whether one number is greater or less
than the other automatically indicates whether the unit used for the 15 was inches
or centimeters, and why.

Choice 1: You can pay for one of
these items with 6 coins. ﬁ,
Which item is it? U

Choice 2: Choose one of these items.
Tell 4 different ways to
use coins to pay for it.

CCSS: Measurement & Data: 2.MD BIG IDEAS: 7.3,7.5
Mathematical Practices: 1,2,4,5

Students who pursue Choice 1 are able to solve a problem involving represent-
ing numbers many different ways. They need to recognize, for example, that even
though 45¢ can be represented with 9 coins (4 dimes and 5 pennies), it can also be
represented with 6 coins (3 dimes and 3 nickels). They must consider all the options
for representing each amount.

Those who pursue Choice 2 need only to be able to represent a single number
in different ways; with the freedom to choose the number to represent, an even
greater likelihood of success for each student is ensured. A student might, for
example, choose the 75¢ teddy bear and suggest it could be paid for by using
75 coins (all pennies), 3 coins (3 quarters), 12 coins (7 dimes and 5 pennies), or
5 coins (2 quarters, 2 dimes, and 1 nickel).

Questions to ask all students, no matter which task they chose, would include:

e What item did you choose? Why did you choose that item?
e Could you have used two quarters?

e How many coins did you use?

e How did you figure out what coins to use?
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When would it be a good idea to figure out how many units long
something is by measuring it in pieces? Why would you do it that
way?

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.5
Mathematical Practices: 1,3

Different students are likely to come up with different reasons why they might
measure a length in pieces. One reason might be that they used a ruler and the
item was too long, so they had to measure as much as the ruler length would allow,
and then measure the remaining segment of the item. Another situation might
occur when an item is not straight and its different parts must be measured sepa-
rately, for example, a shape like this one:

Yet another situation might occur if the student had an orange Cuisenaire rod,
which is 10 cm long, as a measuring device; she or she might have to measure
several 10s and then some more.

When might it be a problem if you did not measure in units like
inches or centimeters, or feet or meters, where we all use exactly the
same tool size?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.6
Mathematical Practices: 1,3

Students might invent scenarios where they are describing to someone else a
particular length measurement that needs to be correct (e.g., talking over the phone
to Grandpa, who is making an item to replace a broken part of a toy, and its size
needs to be exactly right). If the teacher reads students the story How Big Is a Foot?
by Rolf Myller (Myller, 1991; also available on YouTube), students might get other
interesting ideas.

In this question, the openness is in the invention of the situations.

Draw a shape where if you know one side length of the shape, you
are sure you know at least one other side length, too.

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.7
Mathematical Practices: 1, 3,6

In responding to this question, students use geometric knowledge. They might
consider squares, rectangles, or perhaps equilateral triangles or isosceles trian-
gles even though they might not use that terminology.
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Choose a width for a rectangle. How do the perimeter and area of
that rectangle change if the width is increased by 2 units?

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.7
Mathematical Practices: 1,5, 6

Students have a choice of the original width and this will result in different
answers for how the perimeter and area change. For example, if the width changed
from 4 cm to 6 cm, the perimeter increases by 4 cm, but the area might increase
by any number, depending on the length of the rectangle. If the old rectangle had
been 4 cm x 9 cm, the new area would be increased by 18 cm?, but if the old rect-
angle had been 4 cm x 20 c¢m, the new area would be increased by 40 cm?. If the
width, though, changed from 8 cm to 10 cm, even though the perimeter still
increases by 4 cm, the area, again, can increase by any number of square centime-
ters, depending on the length.

[TO THE TEACHER: Using sorting materials of any type, choose four
items that are similar and different in various respects.]

Look at the items the teacher has placed in front of you. Which one
does not belong? Explain. Think about the items in a different way.
Try to find a different item that doesn’t belong if you think about
them in this new way.

CCSS: Measurement & Data: 1.MD BIG IDEA: 7.8
Mathematical Practices: 3,6

Many students are familiar with the game “Which Doesn’t Belong?” What
makes this an open question is that there is usually more than one correct response,
especially if the items are carefully chosen. For example, using the shapes below,
the most obvious response might be that the triangle does not belong because it is
the only white shape. Students might also suggest, however, that the circle does not
belong because it is the only round shape or that the second square does not belong
because it is the only small shape.

SN WA

> Variations. Other sets of items (drawings or concrete items) and other numbers

of items can be used to create new questions. Students can be allowed to create
their own groups of items and work with partners who will be asked to find the
item that does not belong.
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TEACHING TIP. The data strand is ripe for differentiation. It is the processes
of data collection, data display, and data description that are important

mathematically and not the specific data themselves. There is often no reason
not to let students collect data about something of personal interest to them.

Think about a question you might ask your classmates to which there
are three possible answers. Conduct a survey and then graph the
results by using either a concrete graph or a bar graph.

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.8
Mathematical Practices: 1,5

To collect useful data, students must learn to anticipate possible responses.
This question requires such planning by the students, yet allows great flexibility.
Students might, for example, ask which of three colors other students like most,
which of three television shows other students prefer, or which of three places
would be their favorite for a vacation. Students will quickly realize that they need
to be careful in how they pose their question. For example, a student might want
to ask, Which pet do you have—a dog, a cat, or a bird? With such a question, the
student would have to be prepared for respondents who want to select two or three
or no choices, as well as those who name other pets. Some students might be more
comfortable rephrasing the question in a less restrictive way and coming up with
their own strategies for dealing with nonstandard answers (e.g., adding an “other”
bar to the graph).

To accommodate students with a wide range of graphing abilities, a choice is
given for using either a concrete graph or a bar graph, depending on what is most
comfortable for each individual. Linking cubes can be provided to make creating
a concrete graph easier for students who would benefit.

> Variations. Variations of this task are not difficult to create. A different number
of categories can be requested, or students can be asked to collect data from some-
one other than classmates.

How could you sort a group of toys into two or three groups and
make a graph to show how many toys are in the different groups?

CCSS: Measurement & Data: 2.MD BIG IDEAS: 7.8,7.9
Mathematical Practice: 3

It is a good idea for the teacher to help get this activity started by suggesting
that students name some of their favorite toys and creating a list on the board. In
this way, it will be easier for students to come up with ideas for how they might
sort toys. Sorting criteria might be whether or not the toys are electronic, whether
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or not they are board games, whether younger or older children like to play with
them, how many people can play with them at one time, and so on.

Students could be encouraged to make a picture graph, a bar graph, or a con-
crete graph by using cubes or some other object, depending on student familiarity
with the different types of graphs. Because students are free to sort the way they
wish and to graph the way they wish, this task is accessible to many students. It
appeals to those who can use only simple sorting criteria and to those who can
employ more complex criteria. It suits those who can create only concrete graphs
as well as those who are comfortable with more abstract graphs.

TEACHING TIP. When young students are asked to collect data, it often
makes sense to have them work with items in their everyday life. However,
there may be times when it is beneficial to shift the focus to mathematical
items, such as numbers or shapes, to integrate different mathematics strands.

Work in pairs to decide what this graph |
might be about.

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9
Mathematical Practice: 3

Because the graph is deliberately vague, offering no title or labels, students have
a great deal of latitude in deciding what it might be representing. For example, one
pair might suggest that it is a graph showing the favorite kind of pizza for a group
of teens. The students should then have to explain what each bar represents (e.g.,
pizza with olives, pepperoni, or extra cheese, or vegetarian pizza) and why they
believe the values make sense (e.g., more people like pepperoni than anything else,
very few teens like olives, etc.). The students can also be encouraged to suggest the
values that they think each bar might represent. Although, of course, there is no
single correct answer, the teacher should steer the discussion, if necessary, to make
sure that students’ values make sense, for example, that the number for the longest
bar is about three or four times the number for the shortest bar.

In the follow-up discussion, the teacher should draw students’ attention to the
variety of responses about what was represented by the graph. The fact that a graph
without labels or a title could reasonably represent so many kinds of information
demonstrates what powerful tools graphs can be.
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TEACHING TIP. Discussion of a graph without titles and labels provides
the teacher with the opportunity to help students understand the difference
between a situation where many answers are desirable (e.g., an unlabeled
graph) and a situation where everyone is expected to draw the same
conclusion (e.g,, a graph that is clearly labeled).

Think of a favorite song or poem in which there are not too many
words, but some words are repeated. An example is “Itsy Bitsy
Spider,” where the words the, itsy, bitsy, spider, spout, rain, and and
are among the repeated words. Create a display to show each word
in the song or poem and how many times each word appears.

CCSS: Measurement & Data: 1.MD, 2.MD BIG IDEA: 7.9
Mathematical Practices: 5, 6

Allowing students to select their own song or poem is a first step toward dif-
ferentiating instruction. Further, allowing students to choose their own display
method, whether, for example, a tally chart or a graph, is another step.

Once the displays have been created, students should have an opportunity to
share their work, because doing so provides an opportunity to enhance their math-
ematical communication skills. For example, a teacher could ask:

e How did you decide what kind of display to use?
e How did you create your display?
e How do you know your data are correct?

> Variations. Instead of using a poem or rhyme, students can be asked to simply
select a page or a paragraph in a book and perform the same task. To keep the
project manageable, students can be asked to choose a limited number of specific
words to tally (ignoring the others) or to tally the most common words or the
words with a specific number of letters.

TEACHING TIP. When a suggestion is offered in an open question, as was
done by mentioning “Itsy Bitsy Spider,” students may feel that they must take
it. This can narrow the potential for differentiation because students feel less
in control of interpreting the question in their own way. Teachers should be
judicious about how often this type of scaffolding is provided, recognizing
that for some students who have a difficult time getting started, a suggestion
may be helpful, whereas for others it can limit expression.
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You are measuring 10 things using inches. When you make a line
plot, there are a few tall lines of x’s, then a break, and then a few
more tall lines of x’s. What might you be measuring and what might
the lengths be?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9
Mathematical Practice: 5

A student should realize that there are a lot of items of similar length and then
a lot of other items of a similar length that is greater than the length of the items in
the first set. The student has a great deal of choice in what those two sets of similar
lengths might be, what the specific items are, and how big the break between the
groups might be. For example, a student might measure the arm lengths of some
students in second grade and then the arm lengths of some teachers, all to the
nearest inch. Or they might measure typical heights of some paperback children’s
books and some larger textbooks or of small and large water bottles to the nearest
inch or the heights of a group of cars and a group of trucks to the nearest foot.

How are these graphs
alike and how are
they different?

F

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9
Mathematical Practices: 3,6

Asking students to compare two items and notice similarities and differences
always supports differentiation. There is deliberately no mention of what the bars
represent to extend the potential of the task to meet the needs of a broad range of
learners. Many students will focus on the colors of the bars, the number of bars,
or the orientation of the bars as either vertical or horizontal. These are useful fea-
tures to notice, but the teacher should encourage more attention to the underlying
mathematics by asking questions such as:

e How do the categories compare in size?

e Does one category have about twice as much as another on either graph?

e Can you tell how much more the biggest category is than the smallest one on
either graph?



Measurement & Data 155

OPEN QUESTIONS FOR GRADES 3-5

You want to measure the carpet you will need to fit under your
hamster’s cage. What do you need to measure and how would you
measure it?

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.1
Mathematical Practices: 1,5

The context suggested is one to which most students can easily relate, and it
allows for a variety of responses. Whereas some students might think about the
amount of space (or area) the cage occupies, others might consider length mea-
sures, for example, how long or how wide the cage is.

Students have flexibility because they can imagine the cage to be any size or
shape they want and can envision a carpet just fitting the cage or being much longer
or wider than the cage. No matter what decision they make, they will still be con-
sidering that the cage’s size can be described by using a measurement.

The perimeter of a shape is a little more than three times the length
of one side of the shape. What could the shape be? Sketch it and
show its dimensions.

CCSS: Measurement & Data: 3.MD, 4MD BIG IDEAS: 7.1,7.7
Mathematical Practices: 1,4, 5

There are different strategies students can use as starting points for this ques-
tion. Some students will begin with a shape—which might be a rectangle, a triangle,
or some other shape—and try to make the conditions work. Other students will
simply choose a side length, triple it, and then try to make the perimeter come out
to be that tripled number.

For example, a student could decide to use a triangle. If two sides are equal
and one is only slightly longer than the other two, the conditions are met. Or a
student could use a rectangle and make sure the width was just slightly more than
half the length (e.g., if = 10 and w = 6, the perimeter is 32, just a little more than
3 % 10).

Alternately, the student could decide one side
of a hexagon is 10 and the perimeter is almost 31
and create this shape: 6.5

It is primarily because the shape can be simple
or more complex that the question is open.

6

10

> Variations. The problem can be changed by altering the conditions on the perim-
eter. For example, the perimeter might be required to be slightly less than four
times one side length.
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Look at a page of a newspaper that has both advertising and news.
Which area is greater—the area for the ads or the area for the news?

CCSS: Measurement & Data: 3.MD, 4MD BIG IDEA: 7.1
Mathematical Practices: 1,4, 5,6

Area becomes a more important topic in this grade band. As with other mea-
surements, it makes sense to begin the study of area by directly or indirectly com-
paring measurements rather than using units. In this open question, students have
a choice of comparing the measurements in whatever way they wish. Some might
cut up the page and overlap the various parts. Others might, independently, come
up with the idea of using some sort of unit of measurement.

Follow-up conversation among all the students will allow each one to learn
how others approached the problem. In this way, all students are likely to expand
their understanding of the concept of area.

> Variations. Rather than comparing parts of a newspaper, students can be asked
to compare other areas that might be interesting to them, for example, parts of a
board game that are of different colors.

Make up a measurement problem to solve where you include some
measurement information that is not used in the solution. Then solve
the problem. Explain why some of the measurements were not
needed for solving the problem.

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.2
Mathematical Practices: 1,2, 3

It is fairly unusual to ask students to include irrelevant information, but it
makes sense to do so when trying to focus them on the notion that in measurement
situations, there is often both relevant and irrelevant information.

A student might create a situation such as this one:

My dad drives 20 miles to work each day; he also drives home that distance.
He goes to work 5 days a week. Each drive takes him about half an hour. How
far does he drive to and from work each week?

The student needs to realize that the time factor is irrelevant.

The areas of two shapes are almost the same, but the perimeters are
very different. What might the shapes be?

CCSS: Measurement & Data: 3.MD, 4MD BIG IDEA: 7.3
Mathematical Practices: 1, 3,7

It is not uncommon to have students compare the areas of two rectangles with
the same perimeter or the perimeter of two rectangles with the same area. By not
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specifying the shapes in the question and not requiring that the shapes be the same,
students have much more freedom to work with shapes of their own choice. Addi-
tional flexibility is provided by suggesting that the areas are almost the same, rather
than exactly the same.

As students create the required shapes, they will likely get a great deal of prac-
tice with calculating perimeters and areas. One solution is shown here:

20

A shape has an area of 200 square inches. What could its length and
width be?

CCSS: Measurement & Data: 4.MD, 5.MD BIG IDEAS: 7.3,7.7
Mathematical Practices: 3,7

By not specifying what the shape is, this question is much more open than it
would otherwise be. Some students will decide to use a square. They may struggle
a bit because 200 is not a perfect square, but they may recognize that the square’s
length and width would be about 14 inches. Other students will choose a simpler
strategy, using a rectangle of length 20 and width 10. Still other students will choose
a shape with more sides, particularly if grid paper is provided that would allow them
to experiment. Students should be encouraged to determine more than one answer
so that they use a variety of formulas or alternate methods to create shapes.

> Variations. The question can be varied by changing the area required or by adding
stipulations to the type of allowable shapes. For example, it could be specified that
the shape must have four or more sides or that at least two of its sides must be
congruent. Another way to vary the question is to give a volume measurement
rather than an area measurement.

TEACHING TIP. By providing the area of a shape and not specifying addi-
tional information about the shape, students are free to access area formulas
that are familiar to them. During the follow-up discussion, they may be
exposed to formulas with which they are less comfortable.

A container holds about 4 liters. Describe its size in other ways.

CCSS: Measurement & Data: 3.MD BIG IDEAS: 7.3,7.4,7.6
Mathematical Practice: 6

Some students will answer the question by relating the 4 liters to familiar,
known containers. For example, if a student knows that a pitcher at home holds

G—¢ sapeln J1oj suonsany uadp



Open Questions for Grades 3-5

158

Good Questions, Third Edition

1 liter, he or she can imagine a pot that holds 4 times as much. Other students will
answer the question by suggesting width, depth, or height measurements that are
reasonable for a container of this size.

Discussing the various approaches to the problem will help all students under-
stand how knowing the size of one item can assist in determining the size of other
items.

Choose a number of pattern blocks of the same color.

e How can you put them together
around a single point so that
there is no empty space? |

« What does that tell you about
how big the angles are that
you put together?

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.4
Mathematical Practice: 5

Many times the teaching of angles is introduced with standard units. There is
value, however, in thinking about nonstandard units to get across the concept of
angle measurement without the additional complication of trying to convey what
a degree is. Putting together many copies of the same angle, as is suggested in this
task, helps students think about an angle as a nonstandard unit.

Allowing students to choose which shape they use gives them the chance to
pick a simple angle (such as a right angle in the square) or a more complex angle
(e.g., one of the trapezoid angles). A connection to degrees can also be made.
Students will notice that 3 hexagons can be put together, so the angle measure is
360 + 3 = 120 6 triangles can be put together, for an angle measure of 360 + 6 = 60°;
4 squares can be put together, so the angle measure is 360 + 4 = 90°; either 3 or 6
rhombuses can be put together, depending on which angles are used; and 12 of the
thin kites can be put together if the small angles are used, for an angle measure of
360 + 12 = 30°.

You draw a letter E, and it has an area of about
4 square units. Draw another letter and
estimate its area.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.4
Mathematical Practice: 5

There are many possible responses students might come up with. A student
might choose a much smaller or much larger letter or might try to draw some-
thing very close in size to the E. A student might even turn the E sideways and
callita W.
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By allowing the student to choose the second letter and its size, there is much
less risk to the student of being wrong. Yet the student still applies his or her under-
standing of what area means.

TEACHING TIP. Differentiated instruction depends on providing some
student choice. In this particular task, the student is allowed to choose the
letter with which to compare the E.

What might be units that would make this true? (Each blank is the
name of a unit.)

6.2 = 6200

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.4
Mathematical Practices: 6, 7

Hopefully, students will see that metric units might be useful to solve this
problem. Any kilo. . . /base unit combination (e.g., kilometers and meters, kilo-
grams and grams, etc.) would work, as would any base unit/milli. . . combination
(e.g., grams and milligrams, meters and millimeters, etc.).

Describe a situation where you would wish to convert a measurement
in millimeters to a measurement in meters.

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.4
Mathematical Practice: 4

There are a number of different situations a student might come up with. For
example, it might be a matter of calculating a perimeter where some side lengths
are given in meters and others in millimeters. Or it might be a situation where
someone is comparing a measurement given in millimeters to a measurement
given in meters, or where someone is asked to figure out the length of a line of
pennies, if each penny’s width is given in millimeters.

Draw an angle. What size angle unit (other than 1°) could you use to
make your angle measure 6 of those units?

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.4
Mathematical Practices: 1,3, 5

Often the only experience in measuring angles that students get is measuring
with degrees. But other nonstandard units (wedges of different sizes) could also be
used to measure angles. This open question will provide students with the op-
portunity to explore this idea. They will see that with angles, just as with lengths,
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areas, masses, and so forth, we need more of a smaller unit and fewer of a larger
unit to describe the size of an object. For example, the angle below, to the left, is
about six units if the unit is the angle to the right.

-

Create a shape that is unusual but whose area you could figure out
by cutting it up into rectangles.

CCSS: Measurement & Data: 3.MD, 4.MD BIG IDEA: 7.5
Mathematical Practices: 1,5

Students can apply what they know about the formula for the area of a rect-
angle, or they might superimpose a transparent grid on top of the shape to deter-
mine the area of each part and add the parts together.

The interesting part of the problem comes in the student justifying the areas
and ensuring there are no gaps or overlaps.

Students enjoy creating unusual shapes, such as the ones below. The shape
could be relatively simple, like the one on the left, or somewhat more complex, like
the one on the right.

)
I

Choose a time that is between [_]:30 and [_]:45 as the start time for
an activity. Choose a time that is between [_]:00 and [_]:10 as the end
time for an activity. Tell how long the activity went on.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.5
Mathematical Practices: 1,2, 5

It is highly likely that as students determine the elapsed time from the start to
the end of an activity, they will add pieces of hours together to determine the total
time. For example, to determine the time between 10:35 a.m. and 12:06 p.m., stu-
dents are likely to go 1 hour to get to 11:35, another 25 minutes to get to noon, and
then 6 more minutes.
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Allowing students an opportunity to choose their own start and end times
provides useful differentiation.

> Variations. Students might be given a more open choice in selecting start and end
times, which could simplify the problem for struggling students.

Two rectangular prisms with the same size base are put together to
make a larger solid. One of the prisms is VERY short and one is VERY
tall. Choose values for the areas of the bases and the two heights and
figure out the total volume of the larger shape.

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.5
Mathematical Practice: 5

Students have an opportunity to practice the formula for the volume of a rect-
angular prism in solving this problem. However, they can choose numbers that are
comfortable for them to work with. Suggesting that the heights are very short and
very tall will give students the opportunity to have some fun with what these
heights might be and allows for practice in either the metric or Imperial system.

Students also get the opportunity to see, again, that we often calculate the
measurement of one shape by calculating measurements of parts of that shape and
putting those values together.

> Variations. A simple variation is to have different bases but the same height.

A shape is made up of two rectangles. The area of the full shape is 50
square inches. What might the side lengths of the two rectangles be?
What might the full shape look like?

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.5
Mathematical Practices: 1, 4,5

Students have a great deal of latitude in deciding what the two rectangles and
the full shape might look like. But no matter what decision is made, most students
are likely to use the formula for the area of a rectangle in working through the
problem.

For example, a student might decide that the rectangles are
equal in area and are both squares, and use two side-by-side
squares, as shown at the upper right, each with side length of
5 inches.

But another student might randomly choose a 4" x 6" rect-
angle for one of the two rectangles, realize that the other rect-
angle needs an area of 26 square inches, and might then use a
2" x 13" rectangle, as shown at the lower right.
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You build two structures using snap cubes. Their volumes are close
to the same, but not exactly the same. One is much wider than the
other. What could the shapes look like? What could their volumes be?

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.5
Mathematical Practice: 5

Initially students learn that the volume of an object is described by the number
of unit cubes it takes to build it. A question like this one emphasizes that idea.

Students are free to choose the volume they wish, whether great or small. They
are free to choose how close to make the two volumes. They are free to decide what
“much wider” means. They might choose to build only rectangular prisms and
informally or more formally use a formula to determine the volumes, or they
could choose to use no formula at all.

One possible solution is to use one structure of volume 10 cubic units and one
of volume 11 cubic units. The first structure could be short and wide and the second
one tall and narrow.

Another student, though, might imagine one prism 1 cube high with a base
of 20 cubes by 2 cubes and a second prism 13 cubes high with a base of 1 cube by
3 cubes, using multiplication to help choose those sizes.

> Variations. Conditions of the problem can be altered. For example, one volume
could be exactly twice the other.

A structure is made up of three separate pieces; each is a rectangular
prism. It turns out that if you know the volume of one of those prisms,
you automatically know the volume of the other two. How is that
possible?

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.7
Mathematical Practices: 1,3

One student might decide that all three pieces are identical and thus would
suggest that knowing the volume of one of the pieces also tells about the other two.
The structure at the left on the next page illustrates one such possibility.
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But a different student might decide that two pieces are identical and the third
is the same size as putting the first two pieces together, as illustrated at the right
below. In this case, as well, only one piece needs to be known to figure out all three.

Other solutions are also possible.

Choose a width for a rectangle. Make the length a little more than
twice as much as the width. Figure out the perimeter. Explain why
you didn’t need to measure all four sides to figure it out.

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.7
Mathematical Practices: 1,2, 4

The problem is made open by allowing students to choose the width as well as
what “a little more” might mean. All students, regardless of choice, get practice in
determining perimeter. All students, too, explicitly recognize that because opposite
sides of rectangles are equal, knowing one length and one width actually yields all
four measurements.

Imagine a pizza order from your school. Students were able to choose
among vegetarian, pepperoni, cheese, or meat pizzas. What do you
think the bar graph might look like? What scale makes sense to use
and why? Pose and solve two problems related to your graph.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9
Mathematical Practices: 4, 5

There are many aspects to this question that make it open. Students can choose
the total number of students, choose the scale of the bar graph, and choose the
distribution of the data. The topic is also one that is of interest to many students;
in fact, the teacher could offer more choice by allowing the students to choose the
pizza types.

No matter which choices students make, they will be examining how bar
graphs with scales are constructed and will be solving problems related to their
graphs. The problems could be simple comparisons (e.g., how many more people
chose pepperoni than vegetarian) or they could be multiplicative comparisons (e.g.,
how many times as many people chose pepperoni than chose vegetarian).
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The data below show a student’s number of hours online each week
over the course of 4 weeks. How would you describe her pattern of
online time? If another graph on the same topic looked different,
what might it look like?

Average Weekly Online Hours

Week 1 |
Week 2 |
Week 3 |
Week 4 |
0 7 14 21 28 35  Hours
CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9

Mathematical Practice: 6

This question is open in that how much students describe or what they focus
on is purely up to them. One student might focus on how the values increase or
decrease over the 4 weeks, another on the fact that the time spent online is consid-
erable for certain weeks, and others on the fact that the values are all greater or less
than a certain amount.

In creating a graph that looks different, students have many options. Some
students might simply use a different type of graph to display the same data, or
they might use a similar graph but with a different scale or a different orienta-
tion. Other students might generate data they see as substantively different from
the data provided, and then present the new data in a graph similar to the one
shown or in a different format.

> Variations. Different data or a different type of graph can be provided. Students
can also be instructed to create a graph that is similar to the given one, rather than
different from: it.

Seljct all graﬁh tyé)e you hwould use Favorite Dinosaurs

to display these data. Why is your

. play Yy Tyrannosaurus Rex 25

choice a good way to show the data? .

Triceratops 3
Stegosaurus 8
Brachiosaurus 2

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9

Mathematical Practice: 5

It is important for students to learn that different types of graphs are appropri-
ate in different situations. By allowing students to choose their own graph type,
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instead of telling them what graph to use, it is likely that they will think more deeply
about the reasons behind using different types of graphs in different situations.
In addition, allowing students to choose the type of graph to use provides
opportunities for students with different levels of knowledge to succeed at the task.
If, for example, students are asked to create a particular type of graph, those who
are less comfortable with that graph type will have less chance for success. With
the more open approach, as other students describe their work, even struggling
students will gain experience with graph types they might otherwise avoid.

A picture graph has been created, and these two symbols appear
somewhere on the graph. Describe as much as you can about what
each symbol probably represents. Explain your thinking.

B 4>

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9
Mathematical Practice: 3

Learning to use a scale indicator in a graph is a big step for this grade band.
Students need to recognize that the use of partial symbols is often necessary
when a scale is used. In this case, students can use visual skills to surmise that
the scale is probably a multiple of 4 because a quarter symbol and a half symbol
were used. Some students will assume that the scale must be 4; others will realize
it could be a multiple of 4. Some more advanced students may realize that there is
no way to know. For example, if a whole circle represents 3, the half symbol could
represent half that amount and the quarter symbol one fourth of that amount,
assuming that the data represent fractions and not whole numbers.

TEACHING TIP. Many students struggle with picture graph symbols
involved in scales. For example, rather than using a circle to represent four
items, they might use a shape with four marked sections if they are
uncomfortable using a single item to represent 4.

A line plot shows the distances children in a group can jump, each
distance to the nearest quarter of a yard. Draw a line plot that you
think is reasonable. Tell why you think it is reasonable by describing
why you used the data you did.

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.9
Mathematical Practices: 3,5

By asking the question in this way, students are required to actually experiment
to see what distances are reasonable. In addition, they get practice in creating line
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plots and give some thought to the need for the data to be somewhat variable. They
might consider factors such as gender or how athletic the group might be (e.g., is
this a group of athletes or just a random group of children?). This kind of thinking
is a preview of more deliberate investigation of the notion of variability in the next
grade band.

Create a line plot that might show the measurements of finger lengths
to the nearest 1§ of an inch. Ask and answer two questions about your
plot—one that would require you to multiply and one that would
require you to divide.

CCSS: Measurement & Data: 5.MD BIG IDEA: 7.9
Mathematical Practices: 3,5

Rather than starting with data, this task gives students the opportunity to use
a sufficient sample to generate what they would see as reasonable data.

A further level of choice makes for an even more open question—students get
to decide what questions to ask about the plot. The requirement that they use certain
operations forces them to think about situations that match each operation. For
example, division might be used to calculate an average (a mean); multiplication
might be used if the students speculated on what would happen if there were
another measure that had as many pieces of data as one already present in the graph.

You create a line plot that is based on measuring items to the nearest
quarter of an inch. You notice that your plot looks a lot like a steep
mountain. What might the measurements be and what might you be
measuring? Why does it make sense that your plot would look like a
steep mountain?

CCSS: Measurement & Data: 3.MD, 4MD BIG IDEA: 7.9
Mathematical Practices: 2, 3

A question like this makes the most sense after students have had a number
of opportunities to see line plots of various shapes and line plots based on
measurements to the nearest quarter of an inch. They then have a sense of how
these plots look alike and different and what measurements might be reasonable.
The interpretation of a “steep mountain” is flexible, but the interesting part is why
students think there might be many items with a single measurement with rela-
tively little variation.

> Variations. A different shape might be suggested, rather than a steep mountain,

for example, a shape that is almost a rectangle or a very spread-out shape.
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PARALLEL TASKS FOR PREKINDERGARTEN-GRADE 2

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Decide which is longer.

Choice 1: The distance from your shoulder to your wrist or the
distance around your head

Choice 2: The distance from your elbow to your wrist or the length
of your foot

CCSS: Measurement & Data: K.MD, 1.MD, 2.MD BIG IDEA: 7.1
Mathematical Practice: 5

These tasks differ in that students can literally move their foot up to their arm
to compare lengths for Choice 2 but need to use an indirect method to compare
measurements (e.g., using a string) for Choice 1.

Whichever choice was selected, students could be asked:

e Can you just look to decide which is longer?

e What do you have to do to check?

e What other length comparisons would be easy to make?
e Which would be trickier?

TEACHING TIP. When numbered choices are offered, the “simpler” option
should sometimes be presented as Choice 1 and other times as Choice 2.
The unpredictability will ensure that students consider both possibilities
when they choose their tasks.

Choice 1: Find five items in the room that are between 10 cm and
25 cm long.

Choice 2: Find five items in the room that are shorter than your
pencil.

CCSS: Measurement & Data: K.MD, 1.MD, 2.MD BIG IDEAS: 7.1,7.4,7.6
Mathematical Practices: 5,6

Some students will be comfortable with standard units of measure, whereas
others will still be at the stage where comparison, rather than the use of units, is
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more meaningful. The two choices offered allow each group of students to attack
a problem at an appropriate level.

Rulers can be provided for Choice 1, although students might first estimate
without using a ruler and then check their estimates. Similarly, students might take
a pencil with them as they attempt Choice 2 or they might, instead, estimate and
then check once they have chosen their items.

Questions that would be appropriate for both groups include:

e What items did you find?
e How do you know that your items meet the required rule?

TEACHING TIP. Questions that build on students’ everyday lives help them
see the value of understanding mathematical ideas.

Lucy was measuring the length of the board. What do you think
about her strategy?

Choice 1: _ = —
(= LW

B — —

The board is 5 paperclips long.

Choice 2: _ = —
L@ x|
& —— . == ~ p

c ) (CC— ) (CC— ) (CC— ) (C— ) (C— D

This board is 7 paperclips long.

CCSS: Measurement & Data: 1.MD BIG IDEA: 7.2
Mathematical Practices: 3,5

In each situation presented, errors were made in making the measurement,
thus decreasing the accuracy. In Choice 1, Lucy used different unit sizes and did
not measure quite end to end. In Choice 2, Lucy included more than one linear
measurement in the description of the length and also extended her measurement
a bit beyond the board.

Students can select the “problem” they see more easily. However, in discussing
their chosen situation, students will begin to think about the other situation as well.

Questions that apply to students engaging in either task include:

e What does it mean to find the length of the board?

e What parts of the board do you not care about when you measure the length?
e Which parts do you care about?

e Did Lucy measure well or did she make mistakes?

e How would you tell Lucy what she might do differently?
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Choice 1: What are some ways you can describe
the size of this shape?

Choice 2: What are some ways you can describe
the size of this shape?

CCSS: Measurement & Data: KMD BIG IDEA: 7.3
Mathematical Practice: 4

Some students will be more comfortable describing the size of a 2-D shape,
whereas others will be more comfortable with a 3-D shape. In the case of the hexa-
gon, students might consider the width, the height, the lengths of diagonals, the
space it occupies, or the length of each side. In the case of the cylinder, students
might consider the height, the width, the distance around, or maybe even the thick-
ness of the shape if it is seen as hollow.

Whichever choice students select, it would be meaningful to ask:

e Would you consider the size large or small or neither?
e How could you compare the size of this shape with other shapes you know?
e How could you decide if your shape is bigger or smaller than another shape?

> Variations. This question can be reused by specifying other pairs of shapes: one
3-D and the other 2-D, or perhaps two 2-D shapes with one more complex than
the other.

Choice 1: Describe an object that is small but might weigh a lot.

Choice 2: Describe an object that is very tall, but is not very wide.

CCSS: Measurement & Data: K.MD, 1.MD BIG IDEA: 7.3
Mathematical Practices: 3,5

Both of these tasks help students to see that an individual object can be mea-
sured in more than one way. Choice 2 involves only length measures, whereas
Choice 1 one involves both weight and another measure (e.g., length).

Providing a choice allows the student who might find it difficult to visualize a
heavy or light object to focus only on length.

In either case, students can build on their everyday life experience to help them
answer the question. Potential objects for Choice 1 might be a heavy metal ball or
a small rock. Objects for Choice 2 might include a length of string or ribbon or the
crack between the two parts of a folding door.

No matter which choice was selected, a student could be asked:

e What object did you choose? How does it fit the rule for its size?
e Why is it probably not a good idea to tell someone “I'm thinking of something
small” and assume they will know what you mean?
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What coin combinations can you use to show your amount?

Choice 1: 12¢ Choice 2: 60¢

CCSS: Measurement & Data: 2.MD BIG IDEAS: 7.4,7.6
Mathematical Practices: 2, 4

Frequently, in a math class, a single task is assigned to all students. For exam-
ple, all students might be asked to represent 32¢ with coins. By allowing a choice
that provides for different levels of complexity, more students can achieve success.
The student who is really only comfortable with dimes and pennies can be as suc-
cessful in his or her task as another student who can deal with a broader range of
coins and more combinations.

There are only four combinations that will yield 12¢ (12 pennies, 7 pennies
and 1 nickel, 2 pennies and 1 dime, or 2 pennies and 2 nickels), whereas many more
combinations will produce 60¢ (e.g., 6 dimes; 5 dimes and 10 pennies; 5 dimes,
1 nickel, and 5 pennies; 2 quarters and 10 pennies; etc.).

Questions that would be appropriate to ask all students, no matter which task
they chose, include:

 Did you use any dimes?

¢ Did you need to use pennies?

e What coins did you use?

e Were there other possible combinations?

Choice 1: Ella has 1 quarter, 2 dimes, and 1 nickel. What's a good
way to figure out how much her money is worth?

Choice 2: Andrea has 3 quarters, 3 nickels, and 6 pennies. What's a
good way to figure out how much her money is worth?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.5
Mathematical Practices: 2, 4,5

Students have options about how to count the money efficiently, but in each
case, they can be led to see that we usually group money to make counting/adding
more efficient.

For Choice 1, students might realize the 2 dimes and a nickel are equivalent
to a quarter and count 25, 50. However, they might also count 25, 35, 45, 50. For
Choice 2, students might realize that a combination of a quarter and a nickel makes
30¢ and might count 30, 60, 90, 96. However, they might also count 25, 50, 75, 80,
85, 90, 96.

> Variations. The coin combinations can be altered to make other problems where

students are likely to determine alternative efficient ways to count.
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[TO THE TEACHER: Provide a set of sortable material. It might be
attribute blocks; it might be buttons; it might be pictures of various
colors and types of flowers.]

The teacher has set out some items that differ in various ways.
Choice 1: Sort the items. Describe your sorting rule.

Choice 2: Sort the items into two groups so that one group has two
more items in it than the other group. Describe your
sorting rule or rules.

CCSS: Measurement & Data: K.MD, 1.MD BIG IDEA: 7.8
Mathematical Practice: 3

These tasks differ in that students can use any sorting rule at all in the first
instance, but in the second instance, they must use a rule that leads to a certain
result. For example, if four green and two blue attribute blocks were provided, stu-
dents could sort by color and solve either task correctly. If there were four green
and four blue blocks, the students who selected Choice 2 would need to determine
a sorting rule involving something other than color.

Whichever choice was selected, in follow-up discussion students could be asked:

e How did you sort your items?

o Why was your sorting rule an appropriate one for these items?

Where would this object go (as another object is held up) if we used your
sorting rule?

How many items fit your sorting rule(s)?

TEACHING TIP. When numbered choices are offered, the “simpler” option
should sometimes be presented as Choice 1 and other times as Choice 2.
The unpredictability will ensure that students consider both possibilities
when they choose their tasks.

Choice 1: Favorite Flavor
How many students Vanila [ TTT T
chose each flavor?
. Chocolate [ TTTTTTTT]
Choice 2:
How many students Other [ T [ T]
does this graph describe? Number of students
CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9

Mathematical Practice: 2

Some students will be able to read individual bits of information from the
graph but will have more difficulty drawing conclusions from it, as is required to
answer Choice 2.
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Whichever choice students selected, a teacher could ask:

What is this graph all about?

How do you know that more students chose chocolate than vanilla?
How do you know that more than nine students chose a favorite flavor?
What other information does the graph tell you?

> Variations. Any graph can be substituted that is conducive to creation of one
choice that has students read information directly from the graph and another
choice that has students infer information.

This line plot shows

X
the numbers of
. X
students in a class
. X
who have different
numbers of siblings XX
: Number X X
of
students X X
X X X
X X X X
X X X X
X X X X X X
0 1 2 3 4 5 Numberof

siblings

Choice 1: Choose a number of siblings. How many students have
that number of siblings?

Choice 2: How many students are in the class? How many have
fewer than 3 siblings?

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9
Mathematical Practice: 5

Both of the tasks require students to understand what a line plot is and how it

works. Choice 1 asks students to read information directly off of the line plot,
whereas Choice 2 requires them to infer information by recognizing which catego-
ries are relevant and how they need to be combined.

Students completing either task could be asked questions such as:

What is this line plot all about?

Were there more students with 0 siblings or 1 sibling?

Do you think that you would get the same data if you asked students in a
different class?

How many students had each number of siblings?

Did any students have 6 siblings?

How do you know that there were more than 10 students who answered the
question?
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The final question may be somewhat more difficult than the other questions
for students who have difficulty inferring information. However, it is probably
simple enough (because there were 10 students in one category) that even they will
be able to figure it out, and the process of working out the answer may help move
them along the path toward making inferences more easily.

What might this graph be about? Why do you think that?

Choice 1; [TTTTTTTITITITITITTITI

Choice 2: [TTTTTTT]

CCSS: Measurement & Data: 2.MD BIG IDEA: 7.9
Mathematical Practice: 3

Although students are taught how important it is to label a graph and provide
titles, it can be very useful on occasion to provide an unlabeled, untitled graph for
consideration. Deciding for themselves what the graph might be about, and hearing
the diverse opinions of other students during class discussion, will help students
understand why labels and titles are important.

For Choice 1, students need to think about a situation involving two groups
that are quite different in size. For Choice 2, students need to think about a situa-
tion involving two groups that are about the same size. Students are likely to, and
should, consider everyday contexts where these situations might occur.

Questions appropriate for both groups could include:

e What title would you give the graph? Why?

e What labels that are missing now should be on the graph?

e What information does the graph tell you?

e Why do you think that your suggestions for the title and labels for this graph
make sense?
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PARALLEL TASKS FOR GRADES 3-5

Use this grid of dots. )

Choice 1: Make as many shapes as you can on the grid with an area
of 12 square units. The corners of the shapes must be dots
on the grid.

Choice 2: Make as many rectangles as you can on the grid with an
area of 12 square units. The corners of the rectangles
must be dots on the grid.

CCSS: Measurement & Data: 3.MD, 4.MD BIG IDEAS: 7.1,7.4
Mathematical Practice: 5

Both of these tasks require students to consider area. Both allow for some lati-
tude by asking students to construct as many shapes as they can, rather than a fixed
number. In this way, a student who can find only one or two shapes will still feel
successful.

Some students may decide not to use congruent shapes. For example, if they
place a 4 by 3 rectangle in one position, they are not likely to create another 4 by
3 rectangle in another position. Encourage them to do this to help build their
spatial skills.

Some students might find Choice 1 easier because they have latitude in the
shape they can form. They can simply connect 12 squares in some fashion to make
a shape. However, it will be hard for them to be organized to produce as many
shapes as possible. Other students will recognize that the rectangles required in
Choice 2 must be 4 by 3 rectangles and will spend their energy on ensuring that
they consider all the possible placements of the rectangles.

Students could be asked:

How did you find your first shape?

e How did you use that first shape to help you get other shapes?

e How do you know that your shape has area 12 square units?

e Are there other shapes with area 12 square units? How do you know?
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Choice 1: Some water fills a very small part of a VERY WIDE
container. Some water also fills most of a VERY TALL
container. Can you already tell which container has more
water in it? If you can, explain why. If you cannot, explain
what you would do to figure it out.

Choice 2: You are trying to decide whether a VERY BIG balloon or a
VERY SMALL plastic ball weighs more. What would you do?

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.2
Mathematical Practices: 1,3

Although one choice involves liquid volume, or capacity, and the other involves
mass, both tasks require that students realize that certain aspects of the measure-
ments of objects may be irrelevant in particular situations. In the first case, the
exact values of the linear dimensions of the container are irrelevant to the prob-
lem at hand, even though they do affect the height of the water. In the second
case, the relative volumes of the objects might not relate to their relative masses.

Questions that suit both tasks include:

e What do you call the type of measurement you want to know about?

« Do the sizes of the containers or objects matter in deciding what you need to
do? Why or why not?

e What strategy can you use to answer your problem?

For each puzzle, the set of all the missing numbers is listed below the
puzzle. It is your job to figure out which number goes in which spot.
Complete the puzzle.

Choice 1: A cereal box is cm high, mm
deep, and cm wide. It holds about
. CEREAL
pieces of cereal.
19 30 73 950
Choice 2: A jet can fly miles each hour. This is times the
distance a car on a highway travels in the same amount
of time. It can fly as high as about miles in the air.

This is about the height of Empire State Buildings.
7 9 25 550

CCSS: Measurement & Data: 4.MD BIG IDEAS: 7.3,7.6
Mathematical Practice: 3

Both of these tasks require students to use proportional thinking. Choice 1
might be easier for many students because it is a more concrete task; they can more
easily imagine the size of the cereal box from their own life experience and can use
the visual to help as well. On the other hand, Choice 1 involves measurement
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conversions, in this case centimeters to millimeters. Choice 2 might be more inter-
esting to students, however, because it provides them with new information.

The solution to Choice 1 is (in order) 30, 73, 19, and 950; the solution to
Choice 2 is 550, 9, 7, and 25.

Both groups could be asked questions such as:

e What number were you sure of first2 Why?

e Which number was hardest for you to get? Why?

e How could you be sure that your numbers made sense when you placed them
in the blanks?

> Variations. It is not difficult to find other objects with multiple measurements
that will be familiar to students and to make up other fill-in-the-blank questions
involving those measurements.

Choice 1: A rectangle has sides that are whole numbers of inches
long. The perimeter is 44 inches. Draw five possible shapes.

Choice 2: A polygon has a perimeter of 44 inches. Draw five possible
shapes.

CCSS: Measurement & Data: 3.MD, 4MD BIG IDEA: 7.3
Mathematical Practices: 5, 6

Clearly, Choice 2 provides more choice than Choice 1. Some students will appre-
ciate the choice, recognizing that they need only take a piece of string 44 inches
long and reshape it into various polygons. Other students will feel more comfort-
able working with rectangles only. Once they realize that the length and width are
each represented twice in a perimeter and that therefore the length plus the width
must be 22, students can simply use arithmetic skills to build their rectangles.

All students could be asked:

e What does it mean to know that the perimeter of a shape is 44 units?

e How did you select your first shape?

e How do you know that your perimeter is 44 inches?

e How did you use your first shape to help you find other possible shapes?

Choice 1: About how much is a line of pennies that is 1 mile long
worth?

Choice 2: About how much is a line of pennies that is 1 yard long
worth?

CCSS: Measurement & Data: 4.MD, 5.MD BIG IDEAS: 7.4,7.6
Mathematical Practices: 2, 4

Students can line up real pennies against a ruler to get a sense of how much a
line of pennies that is 1 foot long is worth. Then they can use calculations to help
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them respond to one of the given tasks. Clearly, Choice 2 is easier because students
need only to multiply a relatively small number by 3, rather than by 5,280.
For either choice, students could respond to questions such as these:

e About how wide is one penny? Is that information usefulz How?
e About how much would a line of 1,000 pennies be worth? How do you know?
e How could you check your results without actually lining up all the pennies?

Estimate the size of each footprint.

N
B

~ 1 A3
L~
[l
I~

Choice 1: Count the number of squares that the footprint fully
covers. Count the number of squares that the footprint
partially or fully covers. Select the number halfway
between the two.

Choice 2: Count the number of squares that are more than half
covered by the footprint.

Choice 3: Cover the footprint with aquarium gravel, one layer thick.
Rearrange the gravel into a rectangle to estimate the area
of the footprint.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.4
Mathematical Practice: 5

All three choices require students to consider what it means to estimate area.
Choice 3 is more labor intensive but is probably the most comfortable for students
because it relates the area of something irregular to something with which they are
much more comfortable, a rectangle. Choices 1 and 2 merely require counting.
Choice 2 demands that students estimate whether each square is more than half
covered or not; many students will find this repeated decisionmaking uncomfort-
able. Choice 1 is somewhat more straightforward, but why a number halfway
between the two values is chosen may be somewhat of a mystery.

All three groups of students could be asked:

Is it easy to tell which of the footprints is larger just by looking at the grid?
« Did your estimates help you decide which was larger?

e What was your estimate for each?

Why did those values seem reasonable to you?
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TEACHING TIP. It is important that students get a lot of experience in
measuring irregular shapes, and not just regular shapes. Real life is full of
both.

Choice 1: Jennifer is 5,000 days old. Describe her age in a way that is
more understandable.

Choice 2: Leah is 5,000,000 minutes old. Describe her age in a way
that is more understandable.

CCSS: Measurement & Data: 4.MD, 5.MD BIG IDEAS: 7.4,7.6
Mathematical Practices: 2, 3

In both situations, students must use time relationships, whether it is the num-
ber of days in a year or the number of minutes in a day, week, month, or year.
Although one situation is somewhat simpler than the other, both problems help
students realize that the reason we use different measurement units is so that when
we express a measurement, it is meaningful. In these cases, exact ages are given,
but the problem is that the unit used makes the meaning of the measurement inac-
cessible at first glance.

Calculators should be provided as students work on this problem.

Questions that are useful for students performing either task include:

e Why is it hard to tell how old the girl is right away?
Do you think she is a baby? Explain.

Do you think the girl is older or younger than you are?
What unit will you use to describe her age? Why?

e How did you change the description to the new unit?

Choice 1: A structure has a volume of 80 unit cubes. It is made up of
two prisms. The smaller prism is a 4 cube x 1 cube x 3 cube
prism. What could the dimensions of the other prism be?

Choice 2: A prism with a height of 10 cubes and a base of 6 cubes is
created by putting together two other prisms that are not
the same size. What could the dimensions of those prisms
be? Explain.

CCSS: Measurement & Data: 5.MD BIG IDEAS: 7.5,7.7
Mathematical Practices: 1,4, 5,7

Both tasks involve students using the formula for the volume of a right rect-
angular prism.

In Choice 1, students know the volume of the smaller prism and can calculate
the volume of the other. Then they use what they know about factoring to figure
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out possible dimensions for the second prism. Since the second volume must be
68 unit cubes, dimensions will be factors of 68, and they could have, for example,
a2 x2x17 prism.

In Choice 2, students can calculate the volume of the full structure and have
more latitude than in Choice 1 in determining the dimensions of the smaller prisms.
For example, the student could decide that since the prism could be a 2 x 3 x 10
prism, it could be made up of a 2 x 1 x 10 prism beside a 2 x 2 x 10 prism, or
perhaps a 2 x 3 x 6 prism atop a 2 X 3 X 4 prism.

In each case, students also use visualization skills.

Questions suitable to students engaged in either task include:

e Is your big structure a prism or not? Does it have to be?

e What did you need to know about the relationship between the volume of a
prism and its length, width, and height?

e Did you need to know the volume of your smaller prisms in order to figure out
their dimensions?

> Variations. Adjustments can easily be made in the details of either the smaller or
larger prisms.

Choice 1: A certain angle D can be broken up into three smaller
angles, called angles A, B, and C. Angle B is twice as big as
angle A, and angle C is twice as big as angle B. What could
the measurement of angle D be? Explain.

Choice 2: A certain angle D can be broken up into two smaller angles,
called angles A and B. Angle B is twice as big as angle A.
What could the measurement of angle D be? Explain.

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.5
Mathematical Practice: 4

Both of the provided tasks afford students an opportunity to think of one
measure, in this case the measure of angle D, as being made up of submeasures.
Both involve a bit of proportional thinking as well.

Students who attempt Choice 1 might realize that angle D is actually 7 times
as big as angle A. If the measurement were a whole number value, it would be a
multiple of 7°. But if fractional values were allowed (and they certainly could be),
angle D could be any measure at all, so long as angle A is L of its size, angle B is ¢
of its size, and angle C is % of its size.

Students who attempt Choice 2 might realize that angle D is actually 3 times
as big as angle A. If the measurement were a whole number value, it would be a
multiple of 3°. But if fractional values were allowed, angle D could be any measure
at all, so long as angle A is 1 of its size and angle B is % of its size.

> Variations. The relationships among the parts that make up angle D can cer-
tainly be varied.
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Choice 1: Choose the length and width for a rectangle. Now double
each dimension. How does the new area compare to the
old one?

Choice 2: Choose the length and width for a rectangle. Now add
2 units to the length and 2 units to the width. How does
the new area compare to the old one?

CCSS: Measurement & Data: 4.MD BIG IDEA: 7.7
Mathematical Practices: 1, 3, 4

On the surface, these problems look fairly similar; the only difference is whether
multiplication or addition was performed. Mathematically, however, the problems
turn out to be quite different. In the first instance, the new area is always four times
the old one; that is because, physically, the new rectangle is made up of four of the
old ones.

In the second instance, the relationship depends on the original length and
width. Notice that in the first situation below, where the length and width are fairly
large initially, the new area is barely more than the old one, but in the situation at
the right, it is significantly more.

20 units ‘ 4 units

5 units
4 units

The set of data below describes the ages of a group of people at a
family party.

32,30,5,2, 1,62, 58,28, 26, 25, 24, 2, 4, 39, 16
Choice 1: Create a line plot to display the data.

Choice 2: Create a bar graph to display the data.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9
Mathematical Practice: 5

Both of the suggested graph types are suitable for displaying the data given. A
student is more likely to use intervals for a bar graph than for a line plot, and thus
Choice 2 may be perceived to be the more difficult task (to figure out what intervals
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to use). On the other hand, it may be perceived to be simpler than creating a line
plot because bar graphs are more familiar to some students.
Whichever task was selected, all students could be asked:

e How does your graph show how many people at the party are under 20?
Between 30 and 40?

e How does your graph show the range of ages at the party?

e Why is your graph an appropriate way to show the data?

Choice 1: You collected the following data about the number of
paper clips some students were able to link together in
2 minutes:

16, 18, 19, 20, 21, 21, 22, 24, 24, 25, 26, 26,
28, 29, 29, 30, 31, 32, 34, 36

Create a bar graph with four or five bars to display the
data.

Choice 2: The bar graph shown Paper Clips in 2 Minutes
describes the number
of paper clips some 1
students were able
to link together in

2 minutes. List three 47

different sets of 20 2

possible data values

this graph might describe. 1220  21-29 30 or more
CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9

Mathematical Practice: 5

Both of these tasks require students to work with bar graphs with intervals and
a scale. In one case students must create such a graph, and in the other case they
must interpret a graph. By requiring four or five intervals in Choice 1, rather than
only three, students cannot simply rely on place value concepts to define their
intervals. Choice 2 emphasizes the notion that once data have been grouped into
intervals, it is no longer possible to know what the exact original data were.
Students who selected either choice could be asked:

e Why do you think someone might use graphs that are based on intervals
instead of having separate bars for each value?

e Are the intervals for your graph the same size? Why is that a good idea?

e Which interval had the greatest number of values in it?

e How does the graph show this?

o If different intervals had been used, would the graph have looked the same?
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Use the data below that describe the total number of times students
in two classes had been to these places:

Disney World 25 Disneyland 11
Statue of Liberty 6 Alamo 3
Grand Canyon 5 Washington Monument 4

Choice 1: Draw a picture graph where the scale is 2, that is, one
symbol represents 2 people.

Choice 2: Draw a picture graph where you choose a scale, but the
scale cannot be 2.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9
Mathematical Practice: 5

Many students default to a scale of 2 when creating a picture graph with a scale,
making it easier to count and easier to use a partial symbol if required. However,
often that is not the most efficient scale to use. This parallel task allows students
the chance to be successful if they do choose a scale of 2, but it also encourages
students who are ready to make more informed decisions about what scale would
be a good choice.

Questions that would be suitable for all students include:

e How could we use your graph to see how many more visits there were to
Disney World than Disneyland in these two classes?

e Why might it be hard to be sure how many more of the students visited Disney
World than Disneyland?

e Why did you choose the symbol that you did for your graph?

e How many symbols did you use for the Disneyland visits? Why that many?

e Why are there some partial symbols in your graphs?

e What does each partial symbol represent?

You are going to measure 10 things at home, all between 10" and 20"
long, using one of the rules below (either Choice 1 or Choice 2). You
will record your measurements and bring them to school. Tomorrow,
in class, you will make a line plot of your measurements. Then you
will create and solve two problems based on your line plot.

Choice 1: Measure to the nearest inch.

Choice 2: Measure to the nearest quarter of an inch.

CCSS: Measurement & Data: 3.MD BIG IDEA: 7.9
Mathematical Practice: 5

Although the Common Core State Standards for this grade band would expect
students to measure to the nearest quarter of an inch and solve problems based on
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those fractions, some students whose fraction sense is poor may benefit from the
opportunity to measure to the nearest inch but be part of a discussion including
students who measured to the nearest quarter of an inch. Even the student selecting
Choice 1 will have experiences working with line plots and understanding what
the visual display quickly communicates about the shape of the data. Allowing
students to measure their own choices of items adds to the interest value as students
discuss their graphs. Invariably they will talk about the items they measured and
why they measured those items. The task also may provide a positive way to involve
families in the student’s math learning.

Questions suitable for all students involve asking them about the spread of the
data, what the shape of the plot tells them about the data, what problems they posed
and why those were chosen, and how they solved those problems.

TEACHING TIP. One of the most important things to consider when
creating parallel tasks is that it may be necessary to use standards from
earlier grades to provide success opportunities for struggling students. These
students will still benefit from the discussion, which is at grade level.

SUMMING UP

MY OWN QUESTIONS AND TASKS

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.

Lesson Goal: Grade Level:

The nine big ideas that underpin work in mea-
surement and data were explored in this chap-
ter through about 75 examples of open ques-
tions and parallel tasks, as well as variations
of them. The instructional examples provided
were designed to support differentiated in-
struction for students in the Pre-K-Grade 2
and Grades 3-5 grade bands.

The examples presented in this chapter
are only a sampling of the many possible
questions and tasks that can be used to dif-
ferentiate instruction in measurement and
data. Other questions and tasks can be created
by, for example, using alternate measurements
or alternate graphs. A form such as the one
shown here can be a convenient template for
creating your own open questions and parallel
tasks. Appendix B includes a full-size blank
form and tips for using it to design your own
teaching materials.
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DIFFERENTIATED LEARNING activities in geometry are derived from apply-
ing the Common Core Standards for Mathematical Practice to the content goals
that appear in the Geometry domain for three grade bands: Prekindergarten—
Grade 2, Grades 3-5, and Grades 6-8.

TOPICS

Before differentiating instruction in geometry, it is useful for a teacher to have a
sense of how work in geometry develops over the grades in the curriculum.

Prekindergarten-Grade 2

Within this grade band, students begin by informally describing the shapes around
them and naming 2-D and 3-D shapes. They begin to build structures and observe
how large shapes or structures can be made up of smaller shapes. By combining
shapes, students are building a foundation for later work on area and with fractions.

Grades 3-5

Within this grade band, students extend their use of specific properties of 2-D
and 3-D shapes—such as side relationships, angle relationships, or types of faces—
to classify them. They build, represent, and analyze both 2-D and 3-D shapes to
better understand them. Students specifically consider line symmetry in 2-D
shapes, as well as classification of shapes based on their shared attributes and
the introduction of the Cartesian coordinate grid. They explore how shapes can
be combined and dissected to support later work with area and fractions in two
dimensions and volume in three dimensions.

Grades 6-8

Within this grade band, students focus on composing and decomposing shapes in
two dimensions and three dimensions to support work in area and volume. They
also solve more complex geometry problems than younger students would, includ-
ing ones using the Pythagorean theorem, which relates lengths of sides in a right
triangle.
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Scale drawings are introduced, as are transformations (rotations, reflections,
translations, and dilatations). Transformations also become the vehicle for explor-
ing congruence and similarity.

Angle properties involving shapes and parallel lines are explored. Students
perform constructions, particularly of triangles, to meet specific conditions.

Students create nets of 3-D shapes and explore cross-sections of prisms and
pyramids.

THE BIG IDEAS FOR GEOMETRY

In order to differentiate instruction in geometry, it is important to have a sense of
the bigger ideas that students need to learn. A focus on these big ideas, rather than
on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

8.1. Different attributes of shapes and figures can be used to sort and
classify these shapes in different ways.

8.2. Different tests can often be used to determine if an object is a certain
kind of shape; many of these tests require measuring.

8.3. Much of what we want to find out about shapes involves measuring
them.

8.4. Any shape can be represented in many ways. Each way highlights
something different about the shape.

8.5. Composing and decomposing a shape can provide information about
the shape.

8.6. Shapes can be transformed in a variety of ways without affecting
either their size or their proportions.

8.7. Different transformations of shapes affect how the points on that
shape move on the coordinate plane.

8.8. Different systems can be used to describe the location of objects.

The tasks set out and the questions asked about them while teaching geometry
should be developed to reinforce the big ideas listed above. The following sections
present numerous examples of application of open questions and parallel tasks in
development of differentiated instruction in these big ideas across the Prekinder-
garten—Grade 2, Grades 3-5, and Grades 6-8 grade bands.

CHAPTER CONTENTS

Open Questions: Pre-K-Grade 2 187 | Parallel Tasks: Pre-K-Grade 2 215
Open Questions: Grades 3-5 194 | Parallel Tasks: Grades 3-5 219
Open Questions: Grades 6-8 202 | Parallel Tasks: Grades 6-8 224
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OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

You are making a book about yourself. Draw a shape for the cover of
your book that tells something about you. Why did you choose that
shape?

CCSS: Geometry: K.G BIG IDEA: 8.1

Mathematical Practice: 5

A question such as this one provides the opportunity to explore what students
know about properties of shapes. As they talk about why they chose the shape they
did, students may reveal a lot about themselves (an added bonus), but it is possible

to direct the conversation toward geometric attributes of shapes by reminding

students to describe what aspects of the shape make the selection sensible.

The question is suitable for a broad range of students because students who
need to can choose a simple shape so that they will be able to explain their choice

effectively.

Use shape stickers to make a shape picture. Try to use as many
different shapes as you can. Describe your picture and the shapes in
it. Tell why you used those shapes.

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.1

Mathematical Practice: 5

A task such as this one provides the opportunity to see what students know

about shapes, and it allows the teacher to see how students combine shapes to make

other shapes. As students talk about why they chose the shapes they did, the teacher
can elicit their understanding of where various shapes appear in their environment

and build on that.

Again, students have the option of using simple shapes if that is all they are

comfortable with, or they can use very complex shapes if they wish to.

> Variations. 1t is possible to reuse this task by adding stipulations, for example, by

indicating what shapes can be used, how many shapes can be used, what the picture

must be about, and so on.
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How are these shapes alike?

How are they different?

CCSS: Geometry: K.G, 1.G BIG IDEAS: 8.1,8.2
Mathematical Practices: 3,6

This question is open in that students can choose any aspects of the shape to
focus on. When they make their choice, it becomes clear what they do or do not
know about triangles. Some may talk about line symmetry or lack of symmetry;
some will use geometry vocabulary, for example, They are both triangles. Others will
notice that both shapes have three sides without using the term triangle. Some
students may even think about how the shapes can be divided or what other shape
each one is a part of.

> Variations. 1t is possible to reuse this question with other pairs of shapes: for
example, a triangle can be paired with a quadrilateral, a 2-D shape with a 3-D
shape, or two different 3-D shapes (e.g., a cube and a long thin rectangular prism)
can be compared.

TEACHING TIP. Some questions can be varied quite simply to be used over
and over again. The question here is just one example.

Choose a type of shape. Tell as many things about it as you can.

CCSS: Geometry: K.G, 1.G BIG IDEAS: 8.1,8.2
Mathematical Practice: 6

This very open question allows students to tell whatever they know about a
shape, whether it is 2-D or 3-D. Students who describe a shape reveal what they
understand about the attributes or properties of the shape. Students should be
encouraged to focus on geometric attributes rather than other attributes such as
color or texture if the discussion begins to shift in that direction.

A student who picks a circle might say that it is round, that it is curved, or that
there are no ends to it. A teacher can build on what the student has said by asking
further questions. For example, a teacher might ask:

e Can you think of a shape that does have ends?
e What do the ends look like?
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TEACHING TIP. One of the easiest ways to frame an open question is to
mention an object, a property, a number, a measurement unit, a type of
pattern, a type of graph, and so on, and ask students to tell everything they
know about it.

A certain shape makes you think of a rectangle, but it is not a
rectangle. What could it be? Why?

CCSS: Geometry: K.G, 1.G, 2.G BIG IDEAS: 8.1,8.2
Mathematical Practices: 3,6

There are many possible responses students might come up with. A few are
shown here:

—

i

Because the question asks for a shape that makes the student think of a rect-
angle, there is no risk in responding—anything would be acceptable as long as stu-
dents offer a reason as to why they see a connection. But the question does allow
for a rich discussion of shapes in which all students can take part. Students could
discuss the relationship between 2-D and 3-D shapes if a student chooses, for exam-
ple, a rectangular prism. Or a student might bring out the relationship between
parallelograms and rectangles (affording the opportunity for the teacher to explain
that a rectangle is a parallelogram). Ideas of symmetry might be discussed if a stu-
dent chooses a shape with the same kind of symmetry a rectangle has.

> Variations. The question can be varied by asking about other connections, for
example, shapes that make the student think of a circle but are not circles.

TEACHING TIP. Differentiated instruction is supported when the
environment encourages risk taking. It is only when students really feel that
their teacher is open to many ideas that they start to focus on the
mathematics rather than spending their time guessing what it is their
teacher wants to hear.
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A shape is made with linking cubes. When you
look at it from one side, it looks like this:

What might the structure look like?

CCSS: Geometry: K.G, 1.G, 2.G BIG IDEAS: 8.1,8.3
Mathematical Practice: 6

This task is an open one in that students are not told how many cubes to use
or what the shape might look like from other perspectives. This allows all students
to find an appropriate entry point. Some students will assume that the structure
has only the five displayed cubes in it, whereas others will realize that there can be
other cubes as well:

One way to vary the complexity of this question is to decide whether or not to
provide linking cubes for the students to manipulate. More advanced students
might be asked to visualize without actually having the cubes, although most stu-
dents would benefit by having the concrete materials available.

The question can be made more complex by telling students how many linking
cubes are used. If there are no conditions stated, as above, the question is much
simpler than if, for example, it is stipulated that there are 11 cubes in the structure.

Build or draw a shape with 5 angles.

CCSS: Geometry: 1.G, 2.G BIG IDEA: 8.2
Mathematical Practice: 5

By defining only one criterion that a shape must meet, the task is more open-
ended than it might be otherwise. In this case, students must realize that if there
are 5 angles, assuming a two-dimensional shape, there must be 5 sides, but the
relationship between the sides is not specified. Students might be given strips of
different lengths to use to create their shapes.

Some possibilities include:

O O &
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Build or draw a shape with more than 6 faces.

CCSS: Geometry: 1.G, 2.G BIG IDEA: 8.2
Mathematical Practice: 5

Again, by defining only one criterion that a shape must meet, the task is open-
ended. Students might be provided with straws to build a skeleton or a variety of
plastic shapes to serve as faces, or they might simply locate a shape in the room
that meets the criterion and attempt to represent that located shape in some
fashion.

Clearly the shape must be three-dimensional (since the word faces was used),
but many shapes are possible, including hexagonal and octagonal prisms, hexago-
nal pyramids, and so forth.

You made a 3-D shape using toothpicks and small balls of clay.
You used a lot of small balls. What might the shape have looked like?
What was easiest for you to see about the shape?

CCSS: Geometry: K.G BIG IDEA: 8.4
Mathematical Practice: 5

There is no restriction on the type of 3-D shape that is created, so the question
is very open-ended. For example, students might create prisms, pyramids, or more
irregular shapes. No matter what shape is created, students are likely to realize that
what is easiest to see in this type of representation are the number of vertices and
the number of edges, but seeing the number of faces is a bit more difficult.

Draw two pictures of this box
that look different.

CCSS: Geometry: K.G, 2.G BIG IDEA: 8.4
Mathematical Practice: 5

Students will, of course, have varied drawing abilities, but mathematically the
focus of the question is on how students might represent the shape. The fact that
the shape must be drawn in two different ways will ensure that students consider
what the shape will look like if it is turned or viewed from above.

Some students might draw only the front face; others might draw all six faces.
Still others might try to draw a sketch that makes the shape look 3-D or might
draw only the skeleton. Observing how students consider the representations of
the shape will provide the teacher insight into what aspects of the shape are clear
to students and what aspects need to be brought out in further instruction.

> Variations. Instead of a rectangular prism box, a triangular prism or hexagonal
prism box could be used.

¢ 3peIn-y-31d 10§ suonssny usdo



Open Questions for Pre-K-Grade 2

192 Good Questions, Third Edition

Arrange tiles to form a rectangle. Make sure you use more than 30
tiles. Is it easy to tell how many tiles make up half of your rectangle?

CCSS: Geometry: 2.G BIG IDEAS: 8.4, 8.5
Mathematical Practices: 3,5

Students are free to create a partitioned rectangle of any area greater than 30
that they wish. Some might find it easy to identify half of the rectangle because
they use an even number of either rows or columns in their shapes. Others might
find it more difficult.

Use 18 linking cubes in six blocks
of three like this one:

What shapes can you make?

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.5
Mathematical Practices: 3,5

Often geometry instruction focuses on 2-D geometry rather than 3-D ge-
ometry because that is more convenient in a classroom where there are many
students but relatively few manipulatives available. However, instruction in 3-D
geometry is extremely important to help students develop spatial sense. Questions
such as the one above require only simple materials and are useful for geometric
development.

In this case, it will be interesting for the teacher to see whether some students
create only flat shapes (one layer high) or think only of traditional shapes, such as
prisms. Students who are ready might use problem-solving strategies such as an
organized list to come up with more options.

> Variations. Similar questions can be created by changing the number of small
structures being combined, as well as the number of cubes or arrangement of cubes
within the small structures.

Begin with a shape of your choice. Cut it into three pieces. Give it to
a partner to put together.

CCSS: Geometry: K.G, 1.G, 2.G BIG IDEA: 8.5
Mathematical Practice: 5

Not only should students have experience composing shapes to make new
ones, they should also have experience decomposing shapes into other shapes.
These skills will support later work with fractions, area, and volume, and they will
also help students make sense of more complex shapes they might meet.
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In this situation, a student might start with, for example, a square and see that
it can be cut into three pieces that are familiar shapes or three pieces that may be
more unusual. Students might be surprised to learn that sometimes it is easier to
put the pieces back together if the shapes are unusual (how pieces fit together is
sometimes more obvious in these cases).

This task may be less intimidating to some students than other tasks would be
because they have the freedom to cut wherever they wish.

TEACHING TIP. When handling discussion in a whole group setting, the
teacher should call on some of the weaker students first to make sure that all
of their ideas have not already been stated by the time they are called on.

Here is one tangram animal.

Make your own tangram animal.

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.5
Mathematical Practice: 5

To answer this question, students would need to have been introduced to the
tangram puzzle in advance. The tangram is a set of seven pieces that make a square,
as shown at the right.

By providing the animal example, the question allows
even the weaker student to succeed by copying the animal
given. However, by opening up the task to allow students to
create their own animals, all students can be appropriately
challenged. Tangrams are widely used, and there are many
sources for other ideas for animals, as well as for numerals,
letters of the alphabet, and so on (Tompert, 1990).
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Use any four tangram pieces to build a shape that looks like a house.
Use geometry words to describe your house.

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.5
Mathematical Practice: 5

By not showing the shape the student must achieve, the question is much more
open. A student can claim that his or her shape is like a house no matter what it
looks like and be correct. The important part is for the student to use geometry
language when he or she describes the shape. The language the student uses can be
as simple or as complex as suits the individual. For example, some students will
name their final shape (e.g., as a heptagon, a shape with seven sides), whereas oth-
ers will simply describe the shapes that make up their house (e.g., a square and
three triangles).

Draw one picture that shows something above something else,
something next to something else, and something in front of
something else.

CCSS: Geometry: K.G BIG IDEA: 838
Mathematical Practice: 6

Students at this level do not use grids, but they do use positional vocabulary
to describe relative location. Asking for several positional situations in the same
picture gives a great deal of leeway to students and certainly allows them to use
their creativity.

> Variations. Other positional terms could replace the ones used in the given
question.

OPEN QUESTIONS FOR GRADES 3-5

What shapes can you build with two identical short straws and two
identical long straws?

CCSS: Geometry: 3.G BIG IDEA: 8.1
Mathematical Practice: 5

Students can be given two short and
two long straws. Some of them will con-
sider only polygons, whereas others may
allow for other sorts of shapes as well.

Some students will investigate what
they can do only with the given straw
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lengths. For example, given two 10-cm and two 12-cm straws, they could make
a parallelogram of specific dimensions. However, other students might generalize
to what happens with any two pairs of side lengths. Some students will assume
that all four straws must be used, and others will consider the possibility of using
only three of the straws or maybe even only two of them (to create angles). Every
student in the class will be able to attack the problem at some level.

> Variations. The question can be varied by changing the number of straws or the
numbers of pairs of straws that are congruent.

A 3-D shape has exactly 12 edges. What could the shape look like?
How do you know?

CCSS: Geometry: 3.G, 4.G BIG IDEAS: 8.1,8.2
Mathematical Practices: 3,5

Visualization skills are called up on as students imagine shapes with 12 edges.
The number 12 was stipulated because one of the most obvious shapes, the rectan-
gular prism, would be a possible response for students who cannot think of other
things. The interesting question becomes whether or not there are other shapes
and, indeed, there are.

The base of the prism could

be any quadrilateral, for example,
a kite or a trapezoid, instead of a
rectangle.
But the shape could also be a -

pyramid with a 6-sided base.

> Variations. Rather than indicating the number of edges, the number of vertices
or faces could be given.

There are at least three different names you could use for a shape.
What could that shape be?

CCSS: Geometry: 3.G, 5.G BIG IDEAS: 8.1,8.2
Mathematical Practices: 3,6

In this grade band, there is attention to the notion that some shapes are special
cases of other shapes. For example, a square is also a parallelogram and a quadri-
lateral. (It is also a rhombus and a rectangle.) An equilateral triangle is also a tri-
angle, a polygon, and a regular shape.

A question like this one helps students focus on the fact that most shapes have
many names.
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A shape might have some pairs of perpendicular sides and definitely
has some pairs of parallel sides. There are more pairs of parallel sides.
What could the shape be?

CCSS: Geometry: 4.G, 5.G BIG IDEAS: 8.1,8.2
Mathematical Practices: 3,6

Addressing this question is likely to encourage students to think about all the
shapes they know and the attributes of those shapes, making it a nice review sort
of question. Students will realize that triangles cannot have parallel sides, so the
shape could not be a triangle. Rectangles have two pairs of parallel sides, but four
pairs of perpendicular sides, so they cannot be used. Parallelograms and trapezoids
are possibilities, but not necessarily if they also have perpendicular sides. Regular
octagons or regular hexagons would definitely meet the criteria.

> Variations. The relationship between the number of pairs of perpendicular and
parallel sides could be changed.

Prove that this shape has symmetry. You can use a transparent
mirror or a ruler.

CCSS: Geometry: 4.G BIG IDEA: 8.2
Mathematical Practice: 5

Research has indicated that using a ruler to test for symmetry is a more devel-
opmentally demanding task than using a transparent mirror (Small, 2007). Using
a ruler requires students to understand that the perpendicular distance to any
point on one side of the reflection line is equal to the distance to its matching point

on the other side.
By allowing students their choice of tool, the needs of students at different
developmental levels are being considered.
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TEACHING TIP. If students who should be working at a more challenging
level consistently opt for the simpler task, the teacher should suggest to
individual students or individual groups of students which tool they should

use.
Exactly three sides of a shape are equal in length. What could the
shape look like? How do you know?
CCSS: Geometry: 3.G, 4.G, 5.G BIG IDEA: 8.2

Mathematical Practices: 1,5, 6

This question can be answered simply or in more complicated ways. Some
students will immediately think of an equilateral triangle, which is a completely
appropriate answer. Others will imagine shapes with more sides, only three of
which are equal in length.

Some possible shapes include the ones shown below.

>

The important part of this activity is the discussion. The question is how the
student created the shape and how he or she knows, for sure, that three sides, and
no more than three, are identical in length. The students might be asked why par-
ticular shapes, such as parallelograms, kites, or regular hexagons, were excluded.

> Variations. The number of sides of equal length can be varied. Alternately, the
number of unequal sides could be stipulated.

Fill the blanks with geometric vocabulary to make one of these
statements true:

All have . OR Al are

CCsS: Geometry: 5.G BIG IDEA: 8.2
Mathematical Practices: 3,6

Students need to recognize that although shapes have attributes, they also have
properties. When a shape has a property, there is something that is true about every
example of that shape. For example, all rectangles have the property that there are
4 right angles. Properties might have to do with equal sides, equal angles, angle
sizes, parallelism, and so forth.
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To fill in the first set of blanks, students need to think about properties of
shapes. Possible ideas are: All rhombuses have 4 equal sides. OR All triangles have
3 angles.

To fill in the second set of blanks, students need to think about hierarchies of
shapes. Possible ideas are: All rectangles are parallelograms. OR All triangles are

polygons.

We use different words to describe triangles. For example, we might
call them acute, obtuse, right, equilateral, isosceles, or scalene. What
combinations of two words can be used to describe a triangle?

CCSS: Geometry: 5.G BIG IDEAS: 8.2,8.3
Mathematical Practices: 5, 6

Because the question asks for which combinations are possible, and does not
insist on all possible combinations, the question is appropriate for struggling learn-
ers as well as students with more developed understanding. For example, a strug-
gling student might simply draw a triangle, notice that it is both right and isosceles
and list this single combination as a possibility. Other students may want to con-
sider all possible combinations.

In follow-up questions, students can be asked which combinations are not
possible and why.

A shape has six sides and two 90° angles. What could it look like?

CCSS: Geometry: 4.G BIG IDEA: 8.3
Mathematical Practices: 2,5

Some possible shapes are shown below:

o (©) o o o

o o

Some students will focus on starting with a line segment with two right angles
at either end, then making sure there are six sides altogether, whereas others might
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recognize that the right angles do not need to be attached to the same side of the
shape. Again, the question provides students the opportunity to offer more and less
standard responses.

The teacher could follow up by asking what would happen if there were only
four sides. Some students will recognize that the types of shapes then become much
more limited, such as the one shown below.

> Variations. The question can be varied by changing the conditions on the number
of sides, the number of angles given, or the sizes of the angles given.

You create a shape and split it up into 6 shapes of equal area. Show
how this is possible.

CCSS: Geometry: 3.G BIG IDEA: 8.5
Mathematical Practices: 5, 6

Students have more options when asked to subdivide into 6 equal pieces than
they would if they were asked, for example, for 7 equal pieces or even for 3 equal
pieces. To get the 6 pieces requested, they might begin with a rectangle of any size,
halve it and then cut the halves into thirds in a variety of ways, as shown below.

Instead of beginning with a rectangle, they might also start with a regular
hexagon.
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Create a shape on a coordinate grid that has a lot of sides and one
vertex at (3,1). Name the other vertices.

CCSS: Geometry: 5.G BIG IDEA: 838
Mathematical Practices: 4, 5

Students have a great deal of freedom in choosing the type of shape created. It
might be a typical shape like a parallelogram (if a student decides that 4 is a lot of
sides), but it might also be an irregular shape with any number of sides (6, 7, 9, 12,
etc.), such as the one shown below.

y
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Draw a quadrilateral that is not a rectangle on a coordinate grid.
Name the vertices with ordered pairs.

CCSS: Geometry: 5.G BIG IDEA: 8.8
Mathematical Practice: 4

Students are given a great deal of freedom in deciding whether to start with
the ordered pairs (four of them) to create the quadrilateral, or to start with a quad-
rilateral and then name the points. The placement of the quadrilateral on the grid
will, in many instances, reflect properties of the shape, particularly if there are
parallel, perpendicular, or equal side lengths.

An isosceles triangle is drawn on a coordinate grid. One of the
vertices is at the point (4,5). Where might the other vertices be?

CCSS: Geometry: 5.G BIG IDEA: 838
Mathematical Practices: 5,6

At this level, students begin to use the first quadrant of a coordinate grid to
locate objects in space. Asking students to create isosceles triangles on a grid is an
interesting way to have them practice their coordinate graphing skills, while still
supporting other geometric concepts.
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There are many possible solutions with (4,5) as the vertex where the equal
sides meet; one is shown at the left below, but the baseline could easily be extended
the same amount on both sides of the vertex. However, (4,5) need not be the place
where equal sides meet, as shown at the right below.

y y
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> Variations. Instead of an isosceles triangle, some other shape could easily be
selected.

A shape with some parallel sides goes through both the points (4,3)
and (5,6) on a coordinate grid. What could the shape look like and
what might the coordinates of its vertices be?

CCsS: Geometry: 5.G BIG IDEA: 8.8
Mathematical Practices: 5, 6

Part of the openness in this question is that the parallel lines could be hori-
zontal or vertical (which makes the task easier) or diagonal (which makes it more
challenging). For example, a student might draw a simple shape, such as the one
shown at the left below. Another student might create a more complicated shape,

such as the one shown at the right below.

> Variations. The coordinate values can be changed, and the requirement could be
for perpendicular sides rather than parallel ones.
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OPEN QUESTIONS FOR GRADES 6-8

Draw different-looking triangles where one of the angles measures
100° and one of the sides is 3" long. What else do the triangles have
in common?

CCSS: Geometry: 7.G BIG IDEAS: 8.1,8.3
Mathematical Practices: 1,5

Students will, of course, draw only obtuse triangles because one of the angles
must be 100°. Some will realize this right away, but others will need to actually do
the drawings to see it.

Because no other angle or side length is specified, there will be great diversity
in what the students draw. This experience will set them up for the realization that
two pieces of information are never enough to define a triangle and that three
pieces of information may or may not define a single triangle, depending on what
pieces of information are offered.

You draw a net of a 3-D shape in order to calculate its surface area.
When you look at the net, there are only two face sizes. What shape
might it be a net of?

CCSS: Geometry: 6.G BIG IDEAS: 8.2,8.3,84
Mathematical Practice: 3

This question is designed to focus students on what sorts of nets they might
see when they want to use a net to calculate surface area.

If, for example, the shape is a rectangular prism but not a cube, a student might
see only two face sizes if the base is a square. Students might also see two face sizes
if the shape is any pyramid where the base is a regular shape that is not an equilateral
triangle. Students might also see only two face sizes for a non-rectangular prism.

A right triangle has two side lengths of 6" and 8". A mathematically
similar triangle has one side length of 24". What could all three side
lengths of each shape be?

CCSS: Geometry: 8.G BIG IDEAS: 8.2,8.3,86
Mathematical Practices: 3,6

What makes this question interesting is that there is no diagram, so the student
does not know which of the original side lengths matches the new 24" side length.
It could be the 6" that matches the 24" and all of the original side lengths are mul-
tiplied by 4. But it could be the 8" that matches the 24" and all of the original side
lengths are multiplied by 3. Or it could actually be the third side of the original
right triangle, which is either 10” (V62+82) or V28" (¥82-62) long, in which case the
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scale factor is 24 divided by either amount. Thus, the question might be viewed as
either simple or complicated.

It is because the triangle is a right triangle and the Pythagorean theorem can
be applied that the third side is actually known.

> Variations. Instead of using a common multiple of the two given side lengths in
the smaller triangle, like 24, a number that is a multiple of only one of the provided
length measures, or of neither measure, could be used.

Create a parallelogram and a triangle so that the parallelogram area is
half the triangle area.

CCSS: Geometry: 6.G BIG IDEA: 8.3
Mathematical Practices: 2,5, 7

By realizing that the area of a triangle is half of the area of a parallelogram with
the same base and height, some students will realize that they can simply ensure
the triangle has the same base as the parallelogram and four times the height, or
the same height and four times the base, or double the base and double the height.

They might, too, use a grid rather than a formula and simply work out a
possibility.

The surface area of a rectangular prism is 300 square inches. What
might the length, width, and height of the prism be?

CCSS: Geometry: 6.G BIG IDEA: 8.3
Mathematical Practices: 1,4, 7

There are many prisms that would work, so long as Iw + wh + lh = 150, where
I is the length of a base, w is the width, and h is the height of the prism. Students
can select values for / and w and find the corresponding value of , or values for
I'and h and find the corresponding value of w, or values for w and / and find the
corresponding value of I. One example is [ = 5", w = 5", and h = 12.5".

> Variations. The value for the surface area can easily be altered.

One of the measurements of a circle is 10 cm. What might the other
measurements be?

CCSS: Geometry: 7.G BIG IDEA: 83
Mathematical Practices: 4, 5

Students have a choice of using the 10 cm to represent the radius, the diameter,
or the circumference of the circle. Based on that choice, other measurements will
vary. It is interesting that although the 10 cm cannot be the area of the circle, the
area can be determined regardless of whether the 10 cm represents the radius, the
diameter, or the circumference.
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The volume of a prism is 4 cubic inches, but the length, width, and
height involve fractions of inches. What could they be?

CCSS: Geometry: 6.G BIG IDEA: 83
Mathematical Practices: 4, 6

To solve this problem, students need to think of 4 (or a fraction equivalent to
4) as the product of three fractions. For example, if a student thinks of 4 as 12 the
dimensions could be 3" x 3 x §" or, perhaps, 2" x " x 3".

Alternately, some students can randomly choose two fractions as the length
and width, divide 4 by the product of those two fractions, and then figure out the
height. For example, 4 + (35 x ‘") results in a third dimension of %"

An object has a volume of 1 cubic yard. What might it be?

CCSS: Geometry: 6.G, 7.G, 8.G BIG IDEA: 8.3
Mathematical Practice: 3

By encouraging students to become aware of some familiar volume measure-
ments, the teacher will make it easier for them to estimate the volumes of other
objects. For example, if a student knows that 1 cubic yard might be the volume of
a box that holds a large TV set, they will be in a much better position to estimate,
for example, the volume of a room.

The question is open in that students are free to think of any object they wish.
Some might think of a pile of leaves or the space inside a car or truck; or others
might use yardsticks and measure a space in the classroom.

> Variations. Other values, not 1 cubic yard, can also be used.

You create the net of a 3-D figure
and calculate its area. Then you
fold the shape into the 3-D figure
and calculate its volume.

For example, for this net, the area
is 16 square units and the volume
is 4 cubic units.

e Which is usually greater—the number for the area or the number
for the volume? (This time the number for the area is greater.)

e Why does that make sense?

CCSS: Geometry: 6.G BIG IDEA: 83
Mathematical Practices: 3, 5,7
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This open question requires students to make a conjecture. Some will try per-
haps one other shape, others will recognize the value of trying many more shapes,
and a few students may apply algebraic thinking to solve the problem. To think
about why their answer makes sense, students need to either visualize a variety of
situations or use formulas to help them understand.

Students might learn that if one of the dimensions of a prism is 1 unit, the
surface area is always a greater number. Otherwise, either value can be greater. For
example, for a 10 x 10 x 20 prism, the volume is 2,000 cubic units, but the surface
area is only 1,000 square units. For a 3 x 4 x 5 prism, the volume is 60 cubic units,
but the surface area is 94 square units.

You start with a parallelogram. You increase its height by the same
amount as you decrease its base length. How does the area change?

CCSS: Geometry: 6.G BIG IDEA: 83
Mathematical Practices: 2, 5,6

To respond to this question, some students will use a formula. For example,
a student who realizes that A = bh might try various number combinations
for b and h to see what happens. In the table below, students can see that the
area seems to go down as b and h become more
different, but they are likely to try other combi- b 4 3 2| 1
nations.

Other students will simply draw parallelo-
grams on a grid and determine what happens to
the area.

Some students will increase the height and decrease the base by a fixed amount,
whether 1 unit or some other amount, whereas other students will try different
amounts of increase and decrease. Some students will start with parallelograms
with base and height dimensions that are close to one another, whereas others will
start with a base much greater than the height or a height much greater than the
base. Regardless of how many examples they try or what method they use, all stu-
dents will practice the measurement of area and all will have the opportunity to
learn that something different can happen depending on the value of b — h.

h 3 4 5 6
A 12 | 12 | 10 6

Choose an angle size and construct that angle. What could you do to
create an angle of the same size and the angle’s supplement without
using a protractor?

CCSS: Geometry: 7.G, 8.G BIG IDEA: 83
Mathematical Practices: 5, 6

Although it may be necessary to ensure that students recognize that the supple-
ment of an angle is the one with a measure equal to 180° less the original angle
measure, students can take different directions to accomplish the task.
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Some students might draw the angle and extend both rays to form both the
supplement and an equal vertical angle.

supplement
> -

Other students will extend each ray and add a parallel line to create parallel
lines cut by a transversal.

==
supplement

Still others might choose to create a triangle with that angle, trace it, and
duplicate it to create a congruent angle and put the other two angles in the triangle
together to make the supplement.

A circle is placed inside a square so that it touches / \
the square on all four sides. About how much of

the square does the circle take up? k /

CCSS: Geometry: 7.G BIG IDEA: 8.3
Mathematical Practices: 4, 5,6

This question is open in that it allows a variety of approaches. Some students
might use the formulas for the area of a circle and a square. They will realize they
are comparing nir2 to (2r)?, so the ratio is %, or about % Other students might
cut out a figure like the one shown, transfer it to a grid, and count grid squares.
Still other students might estimate that the pieces at the corner look like about one
fourth of the total area of the square, and therefore estimate the circle to be 3 of the
total area.

Students might record the ratio as a fraction, a decimal, or a percentage. They
might try many circles and squares or might assume that what is true in one case
is more generally true.

TEACHING TIP. Questions that have students compare measurements

are often more valuable for students than questions involving only one
measurement. They get double the practice, and the notion of measurement
as a comparison is reinforced.
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You are required to construct a triangle where one side is 10 cm long,
one side is a lot longer, and one angle is obtuse. Decide first on the
long side length and the angle measure. Then construct the triangle.

CCSS: Geometry: 7.G BIG IDEA: 8.3
Mathematical Practice: 5

Rather than instructing students as to what side and angle measures to use,
there is value in letting students choose. One advantage is that students can include
the angle between the two sides to make the task less difficult if they need to. That
said, some students should probably be challenged to make the angle one of the
non-included angles. Another advantage is that students will discover that certain
combinations of side lengths may not be possible, for example, 10-30-10. Even
more importantly, the diversity of triangles produced will allow for a rich class
discussion.

If, for example, a student chooses a longer length of 20 cm and an angle of
120°, he or she might proceed as shown below:

20 cm 20 cm
120°

10 cm 10cm

If, though, the angle is not included, a possible triangle is this one:

20 cm
120°

10cm 10cm

> Variations. Instead, the conditions might vary, for example, the student might be
asked to construct an acute triangle where one side length is double another or
where one angle is double another.

You are given a shape and most of its dimensions. You need the
Pythagorean theorem to figure out the area of the shape. What could
the shape be and what dimensions would you already have?

CCSS: Geometry: 8.G BIG IDEA: 83
Mathematical Practices: 3,6

To respond to this question, students need to visualize what sort of shape to
use. Initially, most will choose a right triangle, triggered by the phrase Pythagorean
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theorem, but if the values of the two legs of that triangle are given (rather than the
value of one leg and the hypotenuse), the Pythagorean theorem is actually not
required to determine the area.
Students who are ready should be encouraged to think of
other shapes as well. One possibility is a trapezoid like the one
shown at the right, where all four side lengths are given and
the height is determined using the Pythagorean theorem.
Another possibility is a regular hexagon, with the side
lengths given. Again, the Pythagorean theorem is useful for
determining the height of each of the six triangles making up
the hexagon. This is possible because the triangles are all equi-
lateral, so the hypotenuse lengths are also known.
Students can be challenged to think of other shapes as well.

You are drawing a map of your state on a piece of notebook paper.
What would be a reasonable scale for that drawing? Why?

CCSS: Geometry: 7.G BIG IDEA: 8.3
Mathematical Practices: 3,5, 6

This very open-ended question allows students to make decisions about what
makes a scale reasonable, as well as doing some actual calculations to make a case
for that scale. Students are likely to think of the orientation and size of the state
being drawn, as well as the size of the piece of paper.

TEACHING TIP. As students are working, the teacher might ask questions
such as What makes a map on a piece of paper look “good”?

A shape has the same area as this one.
What could its dimensions be?

CCSS: Geometry: 6.G BIG IDEAS: 8.3, 8.5
Mathematical Practices: 4, 5, 7

Students are free to calculate the area of the triangle in a variety of ways. Some
might measure the base and height and use the formula for area; others might
superimpose the triangle on a grid and calculate the area that way.

Some students will realize that they do not need to measure at all. They could
simply trace and cut the triangle into two pieces and rearrange the pieces to create
a new shape.
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Other students will think more algebraically and recognize that they do not
need to measure. They could consider the formula A = bh + 2 and realize they could
simply double the base and halve the height to end up with the same area.

In discussing the use of the formula, the teacher could emphasize how simple
it is to measure the length of the base or height as opposed to needing a grid to
determine the triangle’s area. This emphasis helps reinforce for students the power
of measurement formulas.

> Variations. Instead of showing a right triangle, a different sort of triangle or a
parallelogram might be used.

Draw a right triangle. Build another shape on the hypotenuse so that
one side of the shape is the hypotenuse of the original right triangle.

Now build shapes mathematically similar to the one you created on
the other sides of the original right triangle.

Calculate the areas of the three shapes you created. What do you
notice?

CCSS: Geometry: 8.G BIG IDEAS: 8.3,8.7
Mathematical Practices: 3,5

One of the interesting extensions of the Pythagorean theorem is that if similar
shapes (not just squares) are built on the three sides of a right triangle, the largest
area is the sum of the areas of the two smaller shapes built. By posing the question
in this way, so that students can choose the shape to build, they can make the work
more or less challenging, as is appropriate.

Some students might build a rectangle or a simple isosceles right triangle on
each side of the original right triangle, as shown below. This makes the calcula-
tions for similarity as well as for determining area much simpler.

L

Other students might choose to put semicircles on each side of the original
right triangle, and still others might choose much more challenging, unusual shapes.
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Draw several polygons on a coordinate grid to make a picture. The
only conditions are that somewhere there is a side with a length of
3 coordinate units, somewhere a side with a length of 5 coordinate
units, and somewhere a side with a length of 10 coordinate units.

CCSS: Geometry: 6.G, 8.G BIG IDEA: 8.3
Mathematical Practices: 5, 6

This question is designed to provide an opportunity for students to show their
understanding of how to measure horizontal and vertical distances on a coordinate
grid, although some students who are ready might choose to measure diagonal
distances, either using a ruler and relating the measures to the measures on the
grid or using knowledge of the Pythagorean theorem. The question is posed in such
a way that students can use simple shapes if they wish or more complex ones.

Making a picture is clearly not a critical part of the mathematics learning, but
it does tend to make the activity more engaging for students.

Choose a 3-D shape. Describe all the possible cross-sections you
could create.

CCSS: Geometry: 7.G BIG IDEA: 8.4
Mathematical Practices: 3,6

Allowing students a choice of the shape to cut can make the problem simple
or more complex. Some students might choose shapes with curved surfaces, such
as spheres, cylinders, or cones, whereas others might choose cubes, square pyra-
mids, or triangular pyramids. If the shapes are made of materials that can be cut
with dental floss, students can investigate the possibilities directly, which is much
clearer to some students than using drawings or simply visualizing.

A shape has a triangle for a cross-section. What could the shape be?

CCSS: Geometry: 7.G BIG IDEA: 8.4
Mathematical Practice: 3

This question is suitable once students know what a cross-section is. Some
students will assume that a pyramid is the logical shape to try and will find that it
is not as easy as they thought to get a triangle cross-section. It is possible, for
example, if a triangle-based pyramid is cut parallel to a base or at a vertex.

Other students will recognize that if a cut is made whenever
three faces meet at a vertex, a triangle can be formed. Thus,acube /., y
could be cut to create a triangular cross-section, as shown here. R i

The question is suitable for a broader group of students if
modeling clay is provided for students to make shapes and dental
floss to allow them to cut cross-sections.
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TEACHING TIP. It might be useful to use clear plastic containers filled with
water to help students see cross-sections.

Can you usually divide a shape up into one or more similar shapes?

CCSS: Geometry: 8.G BIG IDEAS: 82,85
Mathematical Practices: 3, 5,6

To approach this problem, students will need to know that shapes that are
similar are enlargements of or reductions of (or identical to) a given shape. A stu-
dent is likely to begin with a simple shape such as a circle and try to divide it up.
They will see that it is not possible to divide up a circle into only circles that are
smaller.

If they try a square, they will see that it can be divided into more squares, in
more than one way:

v

Some students will quit there, but others will investigate further, to see for
which types of shapes this kind of division is possible and for which it is not.
Because a simple shape like a square provides a solution, the problem should be
accessible to all students in the class.

A shape is completely in the first quadrant. Where could it be after a
translation?

CCSS: Geometry: 8.G BIG IDEAS: 8.6,8.7
Mathematical Practices: 3,5

Some students will try one shape and one translation and come up with an
answer. For example, a student might draw a square and move it up or to the right
and correctly point out that the shape has stayed in the first quadrant. Other stu-
dents will realize that they could translate sufficiently to the left to end up in the
second quadrant, sufficiently down to end up in the fourth quadrant, or sufficiently
left and down to end up in the third quadrant. Still other students will look for all
the possible combinations, showing that the shape could end up in one, two, three,
or even all four quadrants.

Variations. Similar questions can be created by changing the transformation (to
rotations, reflections, or even dilatations) or by stipulating the shape with which to
start.
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You draw a shape on a coordinate grid. After you rotate the shape,
you draw the image. You remove evidence of the center of rotation,
but someone else has to prove it was a rotation. What could he or
she do?

CCSS: Geometry: 8.G BIG IDEAS: 8.6, 8.7
Mathematical Practices: 5, 7

As students are introduced to transformations, the focus should be on the
effects of those transformations. Students should understand that linear, area, and
angle measures are unchanged, as are relationships of parallelism and perpen-
dicularity.

In the case of a rotation, students can observe the turn, but they need to rec-
ognize that there is a center of rotation that can be determined by locating the
center of a circle on which pairs of corresponding points sit.

Using these ideas, a student can measure to see that no angle or linear measure-
ments have changed. But the student can also locate a point equally distant from
pairs of corresponding points.

i ‘\\

The openness in the question lies in allowing the students to choose the shape,
the center of rotation, and the amount of rotation, which can simplify the task.

> Variations. Instead of a rotation, a reflection could be used.

Draw a shape of your choice. Draw an exact copy of it. Prove that
you can get from the first shape to the copy by using a sequence of
translations, reflections, or rotations.

CCSS: Geometry: 8.G BIG IDEAS: 8.6, 8.7
Mathematical Practices: 5, 6

Some students may choose a very simple shape, one that is easy to reflect or
rotate. Others will choose more complicated shapes. Because any of the three trans-
formations is allowed, students will likely experience success in this task. Some
students may be challenged to use only reflections to move from the first position
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to the second position. It turns out that this is always possible in no more than
three reflections, although some students may use more.

Two examples are shown below. In the first case, an isosceles trapezoid can be
moved by reflecting once and then translating.

A
N

In the second case, a triangle is rotated and then translated.

TEACHING TIP. Some students will benefit from working on a geoboard or
perhaps using a transparency on which a copy of the shape can be drawn.

Two dilatations are performed in sequence and a triangle’s area
becomes 36 times its original area. Show a possible set of dilatations.

CCSS: Geometry: 8.G BIG IDEAS: 8.6, 8.7
Mathematical Practices: 1,5, 6

Students might or might not choose to use a coordinate grid to perform the
dilatations. They need to realize that if the area of a shape becomes 36 times as
great, the linear dimensions have become 6 times as great. That means there might
have been a dilatation that doubled the linear dimensions followed by one that
tripled those linear dimensions. Other ratios are also possible, for example, a dilata-
tion that took half of each linear dimension followed by one that multiplied each
linear dimension by 12.

Students have the additional freedom to use any triangle they wish to show
their set of dilatations.
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One vertex of a triangle is at the point (1,2). After a reflection, one
vertex is at the point (5,8). Name all three vertices of the original and
final triangles.

CCSS: Geometry: 8.G BIG IDEAS: 8.6,8.7,88
Mathematical Practices: 3,6, 7

Some students will only be comfortable with either horizontal or vertical
reflection lines. The way the question is posed allows them success even with this
limitation.

For example, the original triangle could have been positioned with vertices at
(1,2), (1,8), and (3,8) and the new triangle with vertices at (5,2), (5,8), and (3,8), as
shown at the left below.

Other students will assume that it was the point (1,2) that moved to (5,8). They
will look for a “diagonal” reflection line that accomplishes this task. In fact, they
could use such a line and the original vertices (1,2), (3,5), and (6,3) move to (5,8),
(3,5), and (6,3). This reflection is shown at the right below.

(5,8) (5,8)

(1,2) (1,2)

Still other students will recognize that there are even more possibilities than
that. For example, the original triangle could have been positioned with vertices at
(1,2), (0,3), and (-2,1) that move to (5,8), (6,7), and (7,10).

Draw two similar triangles. Show the geometric transformations you
would need to perform to prove that the triangles are similar.

CCSS: Geometry: 8.G BIG IDEA: 8.7
Mathematical Practices: 4, 5,6

An important idea for students to learn is that, just as two shapes are congruent
only if there is a set of transformations that will move one precisely to the other, the
same is true for shapes that are similar, although a dilatation must also be involved.

Some students can “play it safe” and nest one polygon into another, sharing a
vertex that turns out to be the dilatation center. Others might simply draw two
similar shapes, even in different orientations, and see that using dilatations, rota-
tions, reflections, and translations will move one triangle to the other location.
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PARALLEL TASKS FOR PREKINDERGARTEN-GRADE 2

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Tell which two shapes you think are most alike and why.

Choice 1: O i
Choice 2: i <> \

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.1
Mathematical Practice: 3

In this set of tasks, the choice is less about the developmental levels at which
students are operating than it is about their comfort with a broad variety of shapes.
Some students may prefer Choice 2 because they see a similarity in the shapes:
all are polyhedra (they may not use that word, of course), or shapes with faces that
are all polygons. They might focus on the fact that the second and third shapes both
have triangular faces or that the first and third shapes both have rectangular faces.

On the other hand, some students might prefer Choice 1 because they see two
squarish shapes. Other students might see the square and circle as more similar
because both are flat.

In follow-up discussion, regardless of which choice was selected, in addition
to asking which shapes the student chose and why, the teacher could ask for addi-
tional observations from classmates, leading to a lively exchange to which students
of all levels could contribute.

TEACHING TIP. Observing the choice a student makes when a choice is
offered provides important diagnostic information to the teacher.
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Choice 1: Choose 2-D shapes to make two different creatures.
Describe the two creatures you made.

Choice 2: Choose 3-D shapes to make two different creatures.
Describe the two creatures you made.

CCSS: Geometry: K.G, 1.G BIG IDEA: 8.1
Mathematical Practice: 5

By providing the option of working with 2-D or 3-D shapes, the problem
becomes accessible to more students. Because there are no rules for what a creature
looks like, there is also great freedom in which shapes are used and how they are
used.

No matter which task the students selected, a teacher could ask:

e What are the names of the shapes you used?

e How many of each did you use?

e Why did you decide those would be good shapes to use?

e How did you decide which shapes would be next to which other ones?

Choice 1: Draw a triangle that looks a little different from most
triangles.

Choice 2: Draw a hexagon that looks a little different from most
hexagons.

CCSS: Geometry: K.G,2.G BIG IDEA: 8.1
Mathematical Practices: 3,5

It is important that students realize that a triangle or hexagon can be oriented
in unusual positions and, as well, need not be standard in look. The task also forces
students to think about what the essential features of a triangle or hexagon are.

No matter which task students select, a teacher could ask:

e How do you know your shape is correct?
e What makes it different from other shapes with the same name?

Choice 1: A prism and pyramid have the same number of vertices.
Draw what they could look like or build them.

Choice 2: A prism and pyramid have the same number of edges.
Draw what they could look like or build them.

CCSS: Geometry: 2.G BIG IDEA: 8.3
Mathematical Practices: 3,5

Providing students with small balls of clay or marshmallows to serve as the
corners, and straws or toothpicks to serve as the edges, enables them to model the
shapes by building skeletons.
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Students who select Choice 1 will likely build the prism first. Then, once they
realize that there is only one corner at the top of the pyramid, they will know
exactly how many corners the base must have. For example, if a student builds a
triangle-based prism (which has six corners), he or she will realize that a pentagon
must form the base for the pyramid. If students start with the pyramid first, the
problem may be more challenging unless they happen to realize that it is essential
to start with an even number of corners on the pyramid.

Students who select Choice 2 may begin with the prism or the pyramid. Because
it turns out that the number of edges on a prism is always triple the number on the
base and the number of edges on a pyramid is always double the number on the
base, students will discover that the problem can only be solved if the number of
edges used is a multiple of both 3 and 2.

Both of these problems are challenging but manageable. The second is clearly
more complex than the first.

No matter which task was selected, students could be asked:

e How would you name your prism and pyramid?

e How did you count the corners or edges?

e How could you have predicted that your shape would have that many corners
or edges?

Pick one of these shapes. Represent it as many ways as you can. Use
pictures, words, numbers, and objects.

Choices: cube square cylinder hexagon

CCSS: Geometry: K.G, 1.G, 2.G BIG IDEA: 8.4
Mathematical Practice: 5

In posing these parallel tasks, the teacher should have a variety of materials
available, including molding clay, drawing materials, paper that can be cut or
rolled, pattern blocks that can be used or traced, 3-D models, straws and connec-
tors, and polydrons (plastic shapes that can be connected to form 3-D shapes).
These can be supplemented with other found items in the classroom; for example,
a student might use a book with a front cover in the shape of a square as a model
for the square. The choice in this task allows students more comfortable with 2-D
to work in that realm, whereas other students can choose 3-D shapes.

A student who selects the cube might simply find models of cubes in the class-
room (e.g., dice), might draw a picture of a cube, or might draw all of the indi-
vidual faces of a cube. A student who chooses the hexagon may not initially realize
that there are many types of hexagons—not all of them the standard regular
hexagon—but may come to recognize that fact as he or she searches for six-sided
objects. A student who chooses the cylinder might roll a piece of paper to make
a cylinder, thereby setting up a future connection that will be useful in exploring
the surface area of cylinders.
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Use your tangrams.

Choice 1:
Fill in the pieces:

Choice 2: Choice 3:
Use five tangram pieces Make this design:
to make a square.

CCSS: Geometry: K.G, 1.G, 2.G BIG IDEA: 8.5
Mathematical Practice: 5

Choice 1 is most suitable for students whose
geometric concepts are less highly developed. If the
diagram is made life size, students can simply ex-
periment and try different pieces in different spots.
In discussion at the conclusion of the work, those
students are able to talk about how they fit the
shapes in, what clues they used, and so on.

Choice 3 is a mathematically more sophisti-
cated activity than Choice 1 because no internal
lines are presented. Its complexity, too, can be var-
ied based on whether the diagram is life size. A
life-size diagram will always be easier to work with
because students will be able to fit pieces into the
outline. The diagram at the right shows the tan-
gram candle with outlines of the component pieces.

Choice 2 is the most open. An even more open alternative would be to simply
ask students to use any number of tangram pieces to make a square, offering
some very simple solutions. By requiring exactly five pieces, the task poses more
challenge to students than it would in its simplest form. The diagram above shows
a square made up of five tangram pieces, with outlines.

The follow-up discussion could invite students, no matter what task they
chose, to describe how they went about solving their problem.

> Variations. Choice 1 can be adjusted to be slightly more difficult by using a life-size
diagram with no internal lines shown.
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Choice 1:
Divide this shape into 4 equal parts:

Choice 2:
Divide this shape into 12 equal parts:

CCSS: Geometry: 1.G, 2.G BIG IDEA: 8.5
Mathematical Practices: 5,6

Many students will find it easier to divide the rectangle than the hexagon; they
can think about folding the rectangle, but might find folding the hexagon more
complex. On the other hand, the hexagon task is not overly difficult because the
student might realize that he or she could first create the six triangles that make up
the hexagon and then divide each one. Recognizing this possibility is more likely
if students have had prior experience working with pattern blocks.

Both tasks focus on the idea that a shape can be divided into many smaller
shapes. The follow-up for either task could involve asking students to talk about
alternate ways to divide the shape.

Variations. The tasks can be adapted by using other shapes and other numbers of
parts.

PARALLEL TASKS FOR GRADES 3-5

Choice 1: Describe and apply two different strategies you could use
to draw a pair of parallel lines. How do you know, for sure,
that the lines are parallel?

Choice 2: Describe and apply two different strategies you could use
to draw a pair of perpendicular lines. How do you know,
for sure, that the lines are perpendicular?

CCSS: Geometry: 4.G BIG IDEA: 8.2
Mathematical Practices: 4, 5

The choice provided might appeal to students’ personal notions of whether
parallelism or perpendicularity is easier to create. A variety of methods can be em-
ployed, including tracing available materials, using a straightedge and compass,
using dynamic geometry software, or using a transparent mirror.

The important part of the discussion is how the students know that their lines
are either parallel or perpendicular. The teacher can ask for evidence beyond “They
look right.” The evidence will likely involve measuring distances or measuring
angles. For example, two lines can be tested for parallelism by drawing a line that
looks perpendicular to both and checking to see if it is. Two lines can be tested for
perpendicularity by using one line as a mirror line to see if the image of one side
of the other line matches the other side of the other line.
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Choice 1: Create two shapes with different names that each have
two pairs of equal sides. Tell how else they are alike and
how they are different.

Choice 2: Create two shapes with different names that each have
two pairs of parallel sides. Tell how else they are alike and
how they are different.

CCSS: Geometry: 4.G, 5.G BIG IDEAS: 8.1,8.2
Mathematical Practice: 5

There are several options for each task. For the first task, a student might
create a rectangle and a parallelogram, a “house”-shaped pentagon and a kite, or
perhaps an irregular pentagon and an irregular seven-sided shape.

R

For the second task, a student might use a parallelogram and a rectangle, a
seven-sided shape and a square, or perhaps a rhombus and a long parallelogram.

T 300

<>AL S

Questions suitable for both tasks include:

e What names would you give to your two shapes?

e How are your shapes similar beyond having the pairs of parallel (or equal)
sides?

e What about your shapes makes them seem the most different?
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These two dots are the *
corners of a given shape:

[
Choice 1: Make a square with these corners.
Choice 2: Make a parallelogram with these corners.

Choice 3: Make an isosceles triangle with these corners.

CCSS: Geometry: 3.G, 4.G BIG IDEAS: 8.2,8.3
Mathematical Practice: 5

Some students will favor Choice 3 because they only need to place one more
point. The fact that the triangle must be isosceles makes the task appropriately
challenging, however.

Some students who choose Choice 1 will choose to make the dots the end-
points of a diagonal so that the sides can be horizontal and vertical. Others will
realize that the square can be on a slant and will use the dots as the endpoints of
one side.

Still other students will see the slant inherent in the segment joining the two
points and use horizontal lines to make the parallelogram specified in Choice 2.

No matter which task was selected, the student could be asked:

e Describe your shape.
e What name would you give your shape? Isiita . .. ? [e.g., a polygon]
e How do you know it is the shape you say it is?
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Choice 1: A rectangle on a coordinate grid has two vertices at (1,5)
and (3,5). Where could the other vertices be?

Choice 2: A rhombus on a coordinate grid has two vertices at (1,5)
and (3,5). Where could the other vertices be?

CCSS: Geometry: 5.G BIG IDEAS: 8.2,8.3,8.8
Mathematical Practice: 5

Using a coordinate grid is new to students in this grade band. It makes sense
to combine the use of the grid with exploring other geometric concepts as well. In
this case, students are combining the study of properties of shapes with the use of
the grid. They need to address what makes a rectangle a rectangle or a rhombus a
rhombus in order to figure out where the other vertices are.

Questions that suit both tasks include:

e Why might the shapes be either big or small?
e Could the shapes be oriented in different directions?
e Are you sure where the lines of symmetry of the shapes are?

TEACHING TIP. Using a grid to prove geometric properties in earlier grades
will help prepare students for later work they meet in secondary schools.

Choice 1: Draw a rectangle. Divide it into four sections of % Dot
two more times, but divide it a different way each time.

Choice 2: Draw a rectangle. Divide it into four sections of % so that
the sections are not all exactly the same.

CCSS: Geometry: 3.G BIG IDEA: 8.5
Mathematical Practices: 5,6

Each choice presents an interesting challenge for students. In the first case, the
student might fold horizontally twice, vertically twice, or horizontally and verti-
cally to create the four sections. Some students might incidentally also solve the
problem posed in Choice 2, but they might not. In the second case, the student
cannot do the obvious and must think about other options. A few possibilities
are shown here:

Questions a teacher might ask could include:

e Why is each section called %?
e How can you be sure they are the same size (area)?
e What process did you use? Why was that a good idea?
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Choice 1: Show how to build a rhombus by putting together three
quadrilaterals. Name the shapes you used.
Choice 2: Show how to build a rectangle by putting together three
quadrilaterals. Name the shapes you used.
CCSS: Geometry: 3.G, 4.G BIG IDEA: 8.5

Mathematical Practice: 5

The focus of these activities is on decomposing shapes, but at the same time
students think about the different types of quadrilaterals there are. In naming the
quadrilaterals they use, a teacher can draw out the fact that many quadrilaterals
have several names and can explore, with students, the hierarchy of quadrilateral
types. The second task might be viewed as more accessible because students are
much more familiar with the rectangle shape.

In responding to Choice 1, a student might use three parallelograms to create
the rhombus (or might call it two rhombuses and a parallelogram) or perhaps an
irregular quadrilateral (the chevron) and two trapezoids.

In responding to Choice 2, a student might use three smaller rectangles or
perhaps a square and two other rectangles.
Questions suitable for both tasks include:

e How would you name your three quadrilaterals?

e What strategy did you use to break up your original shape?

e Are there other possible ways to break up your shape into quadrilaterals? How
do you know?

TEACHING TIP. Although it might benefit some students to have concrete
shapes to work with, this level of specificity does limit students in terms of
the sizes and variations of size that they can use.
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PARALLEL TASKS FOR GRADES 6-8

Each prism has whole number unit side lengths.

Choice 1: A prism has a surface area of 126 square units and a
volume of 90 cubic units. What could the dimensions be?

Choice 2: A prism has a volume of 48 cubic units and a width of
4 units. What could the dimensions be?

CCSS: Geometry: 6.G, 7.G BIG IDEAS: 82,83
Mathematical Practice: 4

Choice 2 will be easier for many students than Choice 1 because one of the three
dimensions is provided. Students choosing Choice 2 will realize that the product
of the length and height must be 12 square units and can simply list some possibili-
ties. The challenge of Choice 1 requires students to simultaneously apply formulas
for both surface area and volume.

Regardless of which choice the students selected, it would be meaningful to ask:

e What is the relationship between the dimensions and the volume?

e What does the volume tell you about the shape?

e Why would there have been even more possibilities if only the volume had
been given?

e Can you be sure whether or not there are other possible dimensions?

Choice 1:

Two of the lines shown are parallel.
One angle measure is provided.
Determine all of the other angle
measures in the picture without
using a protractor.

Choice 2:

Two of the lines shown are almost,
but not quite, parallel. One angle
measure is provided. Estimate all
of the other angle measures in the
picture without using a protractor.

CCSS: Geometry: 7.G, 8.G BIG IDEAS: 82,83
Mathematical Practice: 7

Many students are unaware that one of the reasons we explore the angle mea-
sure as a transversal cuts a pair of parallel lines is as a test for parallelism. If students
understand the relationship of angles when the transversal cuts a pair of parallel
lines, they should be successful with Choice 1. What makes Choice 2 interesting,
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though, is that they have to extend their thinking so that their angle choices are
reasonable.
Questions that might be asked of both groups of students include:

e Which angle did you figure out first2 Why that one?
e Which angles in the picture must be equal? Which can’t be equal?
e Can you be sure of all of your angle measures? Why or why not?

Choice 1: One circle has a greater area than another. Does its
circumference also have to be greater?

Choice 2: One rectangle has a greater area than another. Does its
perimeter also have to be greater?

CCSS: Geometry: 8.G BIG IDEAS: 8.2,8.3,8.7
Mathematical Practices: 3,5

Some students who are new to the formulas involving circumference and area
of a circle are likely to be attracted to Choice 2, using rectangles. What is interesting,
however, is that the answer to Choice 1 is clearer than the answer to Choice 2. If
one circle has a greater area than another, it has a greater radius and therefore a
greater circumference. On the other hand, a rectangle with a greater area can some-
times have a greater perimeter and sometimes not. For example, a 6 by 10 rectangle
has more area but less perimeter than a 1 by 30 rectangle, but a 4 by 5 rectangle
has more area and more perimeter than a 1 by 2 rectangle.

Students completing either task could be asked:

e How many combinations did you try?

e Can you be sure of the result with that many trials?

How could a picture help someone understand your thinking?
e How might you have predicted what you found out?

Choice 1: You want to prove that two triangles are similar. You
know the angle and length measurements of the first one.
What is the fewest number of measurements you need in
the second one? How do you know?

Choice 2: You want to prove that two rectangles are similar. You
know the angle and length measurements of the first one.
What is the fewest number of measurements you need in
the second one? How do you know?

CCSS: Geometry: 8.G BIG IDEAS: 8.2,8.3,8.7
Mathematical Practices: 1,5

The intention of this question is to bring out the idea that only two angle mea-
surements are required to decide if two triangles are similar, but that length measure-
ments, and not angle measurements, are required to decide if two rectangles are
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similar. Of course, length measurements can be used with the triangle, as well, but
the point is that they are not essential.
Regardless of the task selected, students could be asked:

e How many measures are there associated with your second shape?

e Are there some measures you know automatically if you know other measures?
Which ones?

e Why do you have to take measurements in both shapes?

e Which measurements did you decide you absolutely needed? Why those?

TEACHING TIP. When students are given some choice in which task to
perform, they are more likely to persevere with the task than when they are
not given a choice.

Compare the surface areas and volumes of the two shapes.
Choice 1: Choice 2:
7II 7"
10" 7II 10"
10}
10"
n -10"
7 7II

CCSS: Geometry: 8.G BIG IDEA: 8.3
Mathematical Practice: 4

In both cases, students need to know how to calculate surface area and volume,
but in one case they must be able to deal with cylinders and in the other case only
with rectangular prisms. Many students will assume that the volumes are equal in
Choice 1 because they see 7 and 10 on both shapes, but this is not the case. They
may be less sure of how the surface areas compare.

In fact, for Choice 1, the volumes are 1757 cubic inches for the short cylinder
compared to 122.5m cubic inches for the tall one, and the surface areas are 120m
square inches compared to 94.57 square inches. For Choice 2, the volumes are 490
cubic inches and 700 cubic inches, respectively, and the surface areas are 378 square
inches and 480 square inches, respectively.

Whichever choice was selected, a teacher could ask:

Is it possible for the volumes to be the same but the surface areas to be

different?

e Is it possible for the surface areas to be the same but the volumes to be
different?

e Are either the same in your pair of shapes?

e How did you calculate the volumes?

e How did you calculate the surface areas?



Geometry

227

Both triangles are right triangles. You must solve the problem
without using a ruler.
Choice 1: Choice 2:
What is the area What is the perimeter
of the triangle? of the triangle?
4
5 12
13 3
CCSS: Geometry: 8.G BIG IDEA: 8.3

Mathematical Practices: 2, 4

Choice 1 is set up with all of the required information provided, as long as
students recognize that orientation is irrelevant in describing the base and height
of a triangle. Here the base could be viewed as the side with length 5 and the height
as length 12; the area, therefore, is 30 square units. Choice 2 requires application of
the Pythagorean theorem.

Whichever task was completed, students could be asked:

e You calculated one measure of the shape. How did you do the calculation?

e Why does that method make sense?

e What if you had been asked to calculate a different measure? Would it have
been equally easy?

Circular targets often are made up of circles
of alternating colors.

Choice 1: What could be the widths of the rings if the black ring is 7
of the area of the whole circle?

Choice 2: The inner white circle, the outer white ring and the black
ring all have equal areas. What are the widths of the white
and black rings if the inner circle has a radius of 5”2

CCSS: Geometry: 7.G BIG IDEA: 8.3
Mathematical Practices: 1,2, 4

Both of these choices require that students use the formula for the area of a
circle. There are many more possible answers for Choice 1 than for Choice 2 par-
tially, because no specific sizes are listed and partially because there are no require-
ments for how the two white sections relate. Because there are more potential
answers, Choice 1 may be more accessible to students. However, some students may
prefer Choice 2 because it is specific.
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Whichever choice was selected, a teacher could ask:

e How could the area of the black ring be thought of as the difference between
the areas of two circles?

e Could the area of the outer white ring be thought of as the difference between
the areas of two circles?

e Could the area of the inside white circle be half of the area of the whole circle?

e What did you decide the widths of the rings were?

Choice 1: Create a triangle where one side is 4" long, one side is 6"
long, and there is an angle of 60°.

Choice 2: Create a triangle where one angle is 40°, another angle is
60°, and the side between those angles is 4" long.

CCSS: Geometry: 7.G BIG IDEA: 83
Mathematical Practice: 5

The two choices differ in that, in the first case, there is not a unique triangle
determined because the 60° angle can be between the 4” side and the 6” side or
not. In the second case, only one triangle is possible.

In both instances, students receive practice in drawing triangles to meet given
conditions, but in one case there is more to explore than in the other. The discus-
sion can bring out how certain conditions force a particular triangle and certain
conditions do not.

Questions a teacher might ask could include:

e Which parts of the description did you use firstz Why?
e What were the other measures of your triangle?
e Do you think another triangle would have been possible2 Why or why not?

A prism has a volume of about 200 cm?.

Choice 1: Describe the dimensions of a different prism with about
the same volume.

Choice 2: Describe the dimensions of a cylinder with about the
same volume.

CCSS: Geometry: 8.G BIG IDEA: 8.3
Mathematical Practice: 4

Both choices require that students have an understanding of the formula for
the volume of a prism, but Choice 2 also requires that students have either a formal
or informal understanding of the formula for the volume of a cylinder. A student
who chooses Choice 1 could look for groups of three numbers that multiply to
produce 200, for example, 10 by 20 by 1, or 4 by 10 by 5. A student who chooses
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Choice 2 might recognize that a prism with a base area of 20 cm? and a height of
10 cm would have the desired volume. They might then choose a cylinder with a
slightly larger base and similar height, figuring that the cylinder needs to be a bit
wider to make up for the fact that a circle takes up less space than a square of
the same width.

Both groups of students could be asked:

e Can you be sure of the dimensions of the original prism? Why not?
e Is there a maximum height it could be? A minimum height? Why not?
e Is it helpful to know volume formulas to help you solve the problem? How?

What are the volume and surface area of the prism?
Choice 1: Choice 2:
4II
2II
10" 30
8II
CCSS: Geometry: 8.G BIG IDEA: 83

Mathematical Practice: 4

To complete Choice 2, students not only need to know what volume and sur-
face area mean and how to calculate them, but they also need to be able to use the
Pythagorean theorem to determine the side length of the side rectangles. For
Choice 1, they need to know how to calculate surface area and volume of rectan-
gular shapes only. The volume and surface area for Choice 1 are 80 cubic inches
and 136 square inches; the volume and surface area for Choice 2 are 84 cubic inches
and 128.4 square inches.

Whichever choice was selected, a teacher could ask:

e Which face has the greatest area?

e How do you know?

e Why is it hard to tell which has the greatest volume by just looking at the
pictures?

e Does a shape that is taller always have a greater volume? A greater surface
area?

e How did you calculate the volume? The surface area?
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Choice 1: One of the angles in a triangle is less than 40°. Another
interior angle is double that size. What could be the
measure of all three angles in the triangle? What sort of
triangle could it be?

Choice 2: One of the angles in a triangle is less than 40°. An exterior
angle is double that size. What could be the measure of
all three angles in the triangle? What sort of triangle could
it be?

CCSS: Geometry: 8.G BIG IDEA: 83
Mathematical Practice: 4

In this grade band, students learn that the sum of the interior angles of a tri-
angle is 180° and might learn that the sum of the exterior angles is 360°. Some
students are less comfortable working with exterior angles than interior angles, so
this parallel task is designed to support those students. Both questions have an
equal degree of openness about them.

For Choice 1, the student might select angles of 30° and 60° and realize that
the triangle would be a right triangle. Or the angles could be 39° and 78°; the last
angle would be 63°, and the angle would be an acute triangle. The triangle cannot
be obtuse, and the students would need to reason about why.

For Choice 2, the student might select an interior angle of 30°, an exterior angle
of 60° (creating an interior angle of 120°), and a final angle of 30° an isosceles
obtuse triangle is created. In fact, neither an acute triangle nor a right triangle can
be created.

Students can be asked about their strategies and about both the interior and
exterior angle measures no matter which task they pursue.

Choice 1: The volume of a cylinder is about 20 cubic inches. What
could its radius and height be?

Choice 2: The volume of a cone is about 20 cubic inches. What could
its radius and height be?

CCSS: Geometry: 8.G BIG IDEA: 8.3
Mathematical Practice: 4

Many students are more comfortable with cylinders than with cones; this par-
allel task affords them the opportunity to choose the shape that makes them more
comfortable. But the tasks are so similar that assigning them at the same time
should lead to no difficulties.

Questions a teacher might ask all students include:

e Can your shape be very short?

e Could your shape be very tall? If it is tall, can it also be wide?

e Which did you decide on first—the radius or the height? Could you have done
it the other way?
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Choice 1: A net made up of 2 triangles and 3 rectangles has a total
area between 100 in? and 200 in% Draw the net and
indicate the dimensions. Prove that the total area is in the
correct range.

Choice 2: A net made up of 4 triangles and 1 rectangle has a total
area between 100 in? and 200 inZ Draw the net and
indicate the dimensions. Prove that the total area is in the
correct range.

CCSS: Geometry: 6.G BIG IDEAS: 83, 8.4
Mathematical Practice: 5

Using nets is an effective approach to determining surface area so that the
student ensures that all faces are accounted for. For Choice 1, students must realize
that the shape could be a triangular prism and must recognize that, in that case,
the triangles would be the same size and the rectangles could be different sizes. The
shape for Choice 2 might be a rectangular pyramid with pairs of triangle faces equal.
Students must also apply what they know about calculating the areas of triangles.

Questions could focus on how students knew what the 3-D shape looked like,
which (if any) faces they believed had to have the same size, and which measure-
ments they decided on first and why.

What fraction of the area of the rectangle is black?
Choice 1: Choice 2:
CCSS: Geometry: 7.G BIG IDEAS: 8.3,8.5

Mathematical Practices: 4, 5

Students need to know how to calculate the area of a circle to complete
Choice 1 (the fraction of black is actually about 3) but only the areas of triangles
and squares to complete Choice 2 (the fraction of black is actually 1). In either case,
students can apply their knowledge of area formulas; all that differs is which for-
mulas they must focus on.

Whichever choice was selected, a teacher could ask:

e Is the black area more or less than half the total area? Why do you think that?
e What formulas did you use to help you?
e How much of the rectangle do you think is black?
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Choice 1: Use three transformations to move shape A to position B.

—~Z

Choice 2: Use as many transformations as you wish to move shape
A to position B.

CCSS: Geometry: 8.G BIG IDEA: 8.7
Mathematical Practice: 5

Both tasks require students to use transformations. Choice 1 stipulates the
number of transformations to be used, which adds to the complexity of the prob-
lem. Three reflections can be used to accomplish the first task; the first moves one
point on the original shape to its image, and the next two together result in the
required turn:

Whichever task was performed, in follow-up discussion students could be
asked how they recognized which transformations to try and how they tested their
predictions. Further, they could be asked to describe, using appropriate mathemati-
cal language, the transformations they used.
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SUMMING UP

MY OWN QUESTIONS AND TASKS

Lesson Goal: Grade Level:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.
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The eight big ideas that underpin work in ge-
ometry were explored in this chapter through
more than 80 examples of open questions and
parallel tasks, as well as variations of them. The
instructional examples provided were designed
to support differentiated instruction for stu-
dents in the Pre-K-Grade 2, Grades 3-5, and
Grades 6-8 grade bands.

The examples presented in this chapter are
only a sampling of the many possible ques-
tions and tasks that can be used to differentiate
instruction in geometry. Other questions and
tasks can be created by, for example, using al-
ternate shapes or measurements. A form such
as the one shown here can be a convenient
template for creating your own open questions
and parallel tasks. Appendix B includes a
full-size blank form and tips for using it to
design your own teaching materials.
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Statistics & Probability

DIFFERENTIATED LEARNING activities focused on statistics and probability
are derived from applying the Common Core Standards for Mathematical Practice
to the content goals in the Statistics & Probability domain for Grades 6-8.

TOPICS

Before differentiating instruction in work with statistics and probability, it is useful
for a teacher to have a sense of how data and probability topics develop over the
grades.

Prekindergarten-Grade 2

Within this grade band, students work with data by sorting objects and answering
questions about those sorts.

Grades 3-5

Students within this grade band explore data mostly through measurements they
collect. They interpret and answer questions about the collected data.

Grades 6-8

Within this grade band, there is significantly increased attention to statistics and
probability. Students think about what statistical questions are. They consider
issues of sampling and compare univariate data distributions, often using measures
of center, such as mean and median, and of spread, such as inter-quartile range,
mean absolute variation, and standard deviation. They begin to consider the rela-
tionship between two variables, using measures of association and linear models.
New data displays at this level include dot plots, histograms, box plots, scatter
plots, and two-way tables.

Probability is formally introduced in this grade band. Students initially
consider experimental probability, and move to theoretical probability involving
single and then compound events. They also design and use simulations to esti-
mate probabilities.
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THE BIG IDEAS FOR STATISTICS & PROBABILITY

In order to differentiate instruction in statistics and probability, it is important to
have a sense of the bigger ideas that students need to learn. A focus on these big
ideas, rather than on very tight standards, allows for better differentiation.

It is possible to structure all learning in the topics covered in this chapter
around these big ideas, or essential understandings:

9.1. Sometimes a large set of data can be usefully described by using
a summary statistic, which is a single meaningful number that
describes the entire set of data. The number might describe either
the values of pieces of data or how the data are distributed or spread
out.

9.2. Sometimes a set of data or a relationship between data can be
estimated using an algebraic or graphic representation.

9.3. Sometimes data about an entire population can be estimated by using
a representative sample.

9.4. An experimental probability is based on past events, and a theoretical
probability is based on analyzing what could happen. The value of an
experimental probability approaches that of a theoretical one when
enough random samples are used.

9.5. In probability situations, one can never be sure what will happen next.
This is different from most other mathematical situations.

9.6. Sometimes a probability can be estimated by using an appropriate
model and by conducting an experiment.

The tasks set out and the questions asked about them while teaching statistics
and probability should be developed to reinforce the big ideas listed above. The
following sections present numerous examples of application of open questions
and parallel tasks in development of differentiated instruction in these big ideas
across the Grades 6-8 grade band.
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OPEN QUESTIONS FOR GRADES 6-8

OPEN QUESTIONS are broad-based questions that invite meaningful
responses from students at many developmental levels.

The mean of a set of numbers is 8. What might the numbers be?

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 1,4, 5

This is a very open question. Students are free to select how many numbers to
use in their set as well as the size of the numbers. Struggling students might pick
a very simple set such as {7, 8, 9} or even the single number 8. But other students
might select much larger data sets with more diverse values.

By providing sets of linking cubes, the teacher can make the task accessible to
all students. Students might begin with any number of groups of 8 and simply move
cubes around to discover new sets with the required mean. In the example shown
below, the original set of {8, 8, 8, 8} cubes has been rearranged to create the new
set of {7, 10, 10, 5} (mean 8).

EEREEEEN EEEEEEN
HEEEEEEN il
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In class discussion of the different data sets students generate, the teacher can
point out how, in each case, the sum of the data values is a multiple of 8. In fact,
the multiple of 8 that the data values total equals the number of values in the set.
For example, the sum for {7, 8, 9} is 24, which is 3 x 8 (i.e., the number of values
in the set x the mean value for the set).

> Variations. Rather than indicating a particular value for the mean, a range of
values could be allowed, for example, a mean between 10 and 20.

TEACHING TIP. Use of manipulatives is good for all students and can
provide valuable scaffolding for differentiated instruction.

§—9 sapeln 10J suonsanp uadQ



Open Questions for Grades 6-8

238

Good Questions, Third Edition

Create a situation where you think the median is a better description
of a data set than the mean. Tell why it is better.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 2, 3, 4

Students have a great deal of freedom in developing a situation that fits the
rule here. Most likely all students will think of a situation where there are extreme
values at one end of the distribution that make the mean unusually high or low.
But the nature of the situation and how many extreme values there are is not
specified and students might think of some interesting real-life examples.

Create a set of data in which the mean is greater than the median.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 1, 4

Once students have become familiar with concepts of both the mean and the
median, they can handle a task such as this one. The question is open in that it
allows students to operate at their own comfort and knowledge levels to create
either simple or complex sets of data. Yet it still requires that all students deal with
the concepts that a median is the middle piece of data, that a mean is a description
of how a data total can be distributed evenly, and that a mean is more likely to
exceed the median if there are only one or two pieces of data with high values.

To very simply perform the task, a student might begin with a set of data such
as {4, 5, 6}, for which the mean is equal to the median, and then substitute a number
greater than 6 for the 6.

> Variations. Students could be asked to create data where the mean is a specified

amount more than the median, or perhaps only slightly more than the median.

Jane and Missy are in two different classes. Each had a history test.
Describe possible data showing the marks in each class if Jane’s mark
of 83% might actually be viewed as better than Missy’s mark of 90%.
Explain what about your data makes this a reasonable claim.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 1,3

In examining a set of data, students need to consider many factors, including
the center of the data and the spread of the data. A student can make choices about
what it means to be “better;” but will still have to describe either the spread or the
center of the data. The openness is not only in the interpretation of what “better”
means but also in creating the data set.

As students share their thinking, they could be asked about outliers in the data
and about means, medians, inter-quartile ranges, and/or standard deviations.
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A box plot looks like this: []
What could the data have been? l_l
CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1

Mathematical Practices: 2, 6

Often an open question is the perfect way to determine whether students have
a conceptual understanding of an idea. In this case, the facts that the whiskers are
of different lengths and that the box is narrow provide a way to see if students really
understand that a box plot is a picture of how data are distributed.

In the particular case shown, students should realize that the middle 50% of
the data lie in a quite narrow range relative to the range of the whole data set. They
should also realize that the lowest 25% of the data are much more spread out than
the upper 25% of the data.

> Variations. Different-shaped box plots could be used instead. The middle box
could be narrower or wider than the one shown, or the whiskers could be equal in
length, or the upper whisker could be considerably longer than the lower one. An
alternate box plot that is either more symmetric or even more extremely asym-
metric could be used.

TEACHING TIP. Often an open question with no numbers provided is an
excellent tool for assessing understanding.

You gather data about how long it takes various people of your age
to walk 1 mile. How spread out might the data be? What might
cause some of the data to be very unusual? How should that affect
your sample?

CCSS: Statistics & Probability: 6.SP BIG IDEAS: 9.1,9.3
Mathematical Practices: 2, 3,6

The notion of outliers is an important one for students to consider as they
examine data that have already been gathered, but might be considered even
before the data are gathered, in terms of whether outliers should be avoided or
should be deliberately included. Although this question is framed around a par-
ticular type of data, there is still some latitude in terms of what factors students
might think of and how that might influence their sample.

TEACHING TIP. Questions can and probably should vary in the degree
of openness. It is usually a good idea to have a mix of open questions—
some that are very, very open and others that are somewhat less open—
to accommodate the differences among students’ comfort with these types
of questions.
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Create a scatter plot that relates two variables that shows a VERY
negative association. What might these variables be? Why does it
make sense that the association might be negative?

CCSS: Statistics & Probability: 8.SP BIG IDEA: 9.2
Mathematical Practices: 2, 4, 5

It is likely that students will think of real-life situations where one variable is
likely to decrease when the other one increases. For example, the number of
hours spent playing video games might be negatively associated with academic
performance. Students then create data that make sense for the given variables and
justify their choice.

There are likely students who will simply draw a scatter plot with a negative
association and not associate the variables with anything real. This is an entry
point, so it should not be disallowed, but the teacher should encourage students,
if they can, to consider what those variables might represent.

> Variations. Instead of a negative association, no association might be suggested.

A scatter plot has a couple of outliers, but the two variables that
are graphed seem to have an almost linear relationship. Draw two
possible scatter plots.

CCSS: Statistics & Probability: 8.SP BIG IDEA: 9.2
Mathematical Practices: 4, 5,6

This question requires students to think about what outliers are and what a
linear association means. At the same time, by stipulating that the association be
“almost linear;” the question makes students think more deeply about linearity;
they have to consider both when things are linear and when they are not. The
request that two scatter plots be drawn prompts students to think harder about
options they might have.

Create a two-way table of frequencies that might suggest that
students who play a lot of sports do better in school. Then create
a different table where the relationship does not seem as strong.

CCSS: Statistics & Probability: 8.SP BIG IDEA: 9.2
Mathematical Practices: 2, 4, 5

Allowing students to decide how many data to present and what the data actu-
ally look like provides opportunities for students at different levels of mathemati-
cal comfort to access the question. Some students might use a relatively small set
of data, whereas others might use a much more fulsome set of data. There may be
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students who need clarification of what a two-way table of frequencies is, but this
question would not likely be posed until that type of information had been pre-
sented to students.

It would be interesting to see how students view a strong or not as strong
relationship, and this question will help make that apparent.

The line y = 4x — 10 describes a scatter plot fairly well, but not exactly.
Create a table of values to show the possible points on the plot.

CCSS: Statistics & Probability: 8.SP BIG IDEA: 9.2
Mathematical Practices: 4, 5

Most students are likely to graph the line y = 4x - 10 and then move a few
points up or down off the line, and this is an appropriate response. The teacher
might encourage some students to start with the table of values directly, rather than
the graph. Those students might realize that, although they might normally qua-
druple the x value and subtract 10, they won’t always do that.

It would be interesting to discuss how varied the responses to this actually are.
Do most students stay very close to the line or do some veer off more?

> Variations. A line with a negative slope might be suggested instead.

Think of a situation you are interested in where someone might use
information from a survey to make a decision that affects many more
people than were surveyed. For example, a commercial gym might ask
just some clients about what hours they would prefer and assume
other clients would agree. Once you have decided on your situation,
discuss how many people and what people you would survey to have
a representative sample.

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.3
Mathematical Practices: 3,6

The notion of sampling is something that is increasingly part of every citi-
zen’s need to understand his or her surroundings. With the Internet, society is
bombarded with data, often from samples, all the time. Critical questions are
always how the data were collected and whether the sample is representative.

To better engage students, they can be encouraged to investigate a topic of
interest to them rather than a topic predetermined by the teacher. The important
concept dealt with in this question, regardless of the topic investigated, is what
makes a sample representative. Students will need to consider either sample size
or sample constitution or both. A class discussion will, no doubt, be interesting
because of the variety in what will be discussed.
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In testing voters’ opinions, one pollster got results that showed 35%
of the people in a certain area supported a particular political party.
Another pollster got results that showed that 37% supported that
party. A third got results showing that 52% supported that party.
How could that happen? What can you conclude?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.3
Mathematical Practice: 3

Most students will initially suggest that the last pollster must be wrong since
the other two are close. This can lead to an interesting discussion about whether
this conclusion is actually warranted.

Encourage students to think of lots of reasons why results might vary, for
example, how many people were polled, the “randomness” of the make-up of the
samples, or other factors such as time of polling and so forth.

Hopefully, students realize that one can't conclude much without a lot more
information.

Imagine that a new student is about to join the class. Decide which
of these statements is likely, which is certain, which is unlikely, and
which is impossible.

e The student is a boy.

e The student is the same age as many other students in the class.
e The student is 20 years old.

e The student has a head.

e The student lives in the local area.

e The student likes school.

e The student has very few close friends.

Add your own statements that other students can judge as likely,
unlikely, certain, or impossible.

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 3, 4

When first learning about probability, students are much more successful
using qualitative terms such as likely, unlikely, certain, and impossible rather than
numerical ratios or fractions. The task posed in this question is accessible to many
students because it is grounded in their everyday experience. It also allows for dif-
ferentiation because the students are asked to make up their own statements. The
statements they make up could have to do with age, gender, habits, preferences,
family relationships, and so on.

> Variations. The task can be varied by offering statements about a sports figure or

musical artist, but care must be taken to not make the question inaccessible to some
students by requiring too much specialized knowledge.
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Describe an event that fits each word:

Impossible Certain Unlikely

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practice: 3

With such a general question, students have a lot of opportunity to be success-
ful. They can draw on personal, everyday experience or school knowledge. For
example, a student might say that it is certain that an even number does not end
in 3, or that it is unlikely that a number less than 100 describes the number of
people in a town.

A tree diagram showing the outcome of an experiment has 12
branches when it is complete. To what problem might the tree
diagram represent the solution?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 2, 4, 5

Naturally, this question is only appropriate once students have become familiar
with tree diagrams. With that knowledge base in place, the question is open because
the complexity of the tree diagram that is considered is up to each individual
student.

Some students will draw a tree diagram representing a simple experiment, for
example, spinning a spinner with 12 sections labeled A-L and letting each branch
of the tree diagram represent one of those 12 outcomes. Other students will think
of 12 as the product of 2 and 6 and use a tree diagram to represent an experiment
involving two aspects, one of which has 2 possibilities and one of which has 6 pos-
sibilities, for example, flipping a coin and rolling a die.

1 1

Heads Tails
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Still other students will think of a combination of two events with 3 and 4 pos-
sible outcomes, or a combination of three events with 2, 2, and 3 possible outcomes,
for example, flipping two coins and spinning a spinner with three equal sections.

The discussion about the diverse tree diagrams and problems created by the
students will be a rich one and will benefit a broad range of individuals.

> Variations. The number of branches can be varied, although it is helpful to ensure
that it is a number with several factors.
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Imagine that you are selecting colored cubes out of a bag. What
colors of cubes and how many of each color might be in the bag if
the probability of selecting a green one is close to %?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 2, 3

Students have a great deal of freedom to determine the various colors of cubes
in the bag as well as the numbers of cubes. The response could range from some-
thing as simple as a bag with three cubes, where only one is green, to a situation in
which there are 100 cubes, 30 are green, and the rest are distributed evenly among
four other colors.

In addition, students are allowed to decide what “close to” means in this con-
text. Some might argue that a 1 in 4 probability is close enough, whereas other
students might demand a fraction that is closer to 1 in 3. The mathematical concept
of estimation is an important one for all students. Class discussion of this task will
help students understand that estimation is not a science, but an art.

TEACHING TIP. There can never be too much discussion about estimation.
It is important for students to become comfortable with deciding when to
estimate and what ranges of estimates are appropriate in different situations.

You will be placing identical groups of at least
two colored marbles in two opaque bags.
You can choose how many marbles and
what colors of marbles to place in each bag.

Imagine a situation where Rebecca chooses OO
a marble from one bag and Aaron chooses OOO
a marble from the other bag.
Calculate the probability that Rebecca and OOO
Aaron choose the same color. O)C)
CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4

Mathematical Practices: 2, 4

Students select the number of marbles in each bag as well as their colors. The
response might be as simple as placing two blue marbles in each bag; then the
probability of both students choosing the same color would be 100%. Many stu-
dents, however, will select marbles of different colors. For example, if 2 green and
3 blue marbles were placed in each bag, the probability of selecting two marbles of
the same color would be % (i.e., the probability of selecting two greens, % X % = 2%,

plus the probability of selecting two blues, % X % = 2%).
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TEACHING TIP. When a sufficiently open question is asked, the discussion
will be a rich one because there will be so many directions in which students
might go and so many possible results to discuss. Inevitably, students will
learn more about the concept at hand than if a more closed question is
asked.

You have just rolled one 6-sided die ten times. Your results were:
5551,51,245,5.

How likely do you think it is that you will get a 5 on the next roll?
Explain.

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.5
Mathematical Practice: 3

One of the most uncomfortable aspects of probability for students is that what
you expect does not always happen. Some students will look at the rolls above and
not believe it could happen; how could you have so many fives? Others will assume
that with all of those fives, there is no way of getting another five for a while. Still
others, ideally most, will realize that you really can’t be sure what will happen next.
The probability for a five is still ¢, like it always was.

An experiment involves using this spinner and die. Create a situation
for which the combined probability is % or more.

4 1 e ©
® 0|
3 2 o o
CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.6

Mathematical Practices: 2, 5

This question is open in that students have a fair bit of latitude in what the
probability could be. They also have freedom in deciding what the events might
be. For example, a student might decide that the spinner could land on 2 or 3
(which has a probability of D along with any value on the die. The combined prob-
ability would be % (i.e., % x 1), and the problem would be solved. Another student
might decide that the combined probability of landing on a number less than 4 on
the spinner and a number less than 6 on a die (i.e., % X % = %) is a possible solution.
A very simple solution would be allowing for any roll and any spin, for a combined
probability of 1, which does satisfy the problem requirements.
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A certain pizza place advertises a special deal if you let them choose
the toppings. They use a random 3 ingredients out of the following:
pepperoni, mushroom, sausage, green pepper, ham, pineapple,
ground beef, and onion. How could you set up an experiment to see
the probability that you will get pepperoni on each of the next three
pizzas you order?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.6
Mathematical Practices: 4, 5

Simulations are a useful tool for students to solve real-life problems involv-
ing probability. In this situation, students need to think about how to best model
“mathematically” the real-life situation. Students need to realize that some device
with 8 equal sections is needed and then need to think about how to model buying
three pizzas (most likely selecting 3 out of 8 cubes 3 times or spinning 3 sections
on an 8-section spinner, etc.).

PARALLEL TASKS FOR GRADES 6-8

PARALLEL TASKS are sets of two or more related tasks that explore the
same big idea but are designed to suit the needs of students at different
developmental levels. The tasks are similar enough in context that all students
can participate fully in a single follow-up discussion.

Choice 1: A set of nine pieces of data, all of which are different, has
a mean of 30 and a median of 10. What could the data
values be?

Choice 2: A set of nine pieces of data, all of which are different, has
a median of 10. What could the data values be?

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 4, 5

For Choice 2, students need only to realize that the median is the middle num-
ber of the data set. They could simply write down the number 10 and list four
different numbers less than 10 and four different numbers greater than 10. For
Choice 1, the student must negotiate two pieces of information. Not only does the
median have to be 10, but the mean has to be 30. The student might realize that
the sum of the data values must be 270 (i.e., 9 values x 30 for the mean) or might
simply guess and test to find values that work.
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In a discussion about the tasks, all students will demonstrate their understand-
ing of the concept of median, but even the students who elect Choice 2 will be

reminded about how means are calculated. Students who complete either task
could be asked:

e How do you know your median is 10?

e What is the least value you had? Did it have to be less than 102 Why?

e What was the greatest value you had? Did it have to be greater than 10?
e How did you determine your set of data values?

Choice 1: Create a set of five pieces of data with a mean of 6.
No more than one of the values can be 6.

Choice 2: Create a set of five pieces of data including the values
4,2, and 2, and where the mean is 20.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 5, 6

Both tasks require that students understand the concept of mean. Choice 1 is
less restrictive. Students can use any values they wish to create the data set. A stu-
dent with a good understanding of the concept of mean might begin with {6, 6, 6,
6, 6} and increase two of the values and decrease two others in the same way. This
approach might yield a solution of {2, 4, 6, 8, 10} (increasing and decreasing values
by 2 and 4). Choice 2 requires the student to recognize the need for greater num-
bers in the remainder of the data set. He or she might recognize that the five values
must total 100 (i.e., 5 values x 20 for the mean) and thus that the two remaining
values must total 92 (i.e., 100 — 4 — 2 — 2). Another student might employ an
alternate strategy.

No matter which choice or approach was selected, students could be asked:

e What is a mean?
e How do you know that your mean is correct?
e How did you figure out the other numbers?

TEACHING TIP. This question was set up to require working backward.
Rather than giving data and asking for the summary statistic, the statistic is
provided and the data are requested. This approach results in a more open
question.
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Choice 1: Create two sets of 12 data values each so that the mean
deviation for the first set of data is 3 more than for the
second set of data.

Choice 2: Create two sets of 12 data values each so that the mean
deviation for the first set of data is 3 times as much as for
the second set of data.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.1
Mathematical Practices: 4, 6

Some students who select Choice 2 will realize that tripling the set of data
provides a simple way to satisfy the requirement; others will attempt to meet the
condition in more unusual ways. Students who select Choice 1 might originally
decide to add 3 to each data value (which will not change the mean deviation) or
to one or two data values (which will also not solve the problem). Those students
will have to do more thinking about how to solve the problem.

Students working on either task could be asked:

e How do you calculate the mean deviation?

e Could you have changed just one data value? If so, how?

e Is the problem solved simply by changing all the data values? If so, how?

e What does a greater mean deviation actually mean? Does your second data set
reflect this?

Choice 1: Create a set of data that can be appropriately described
by using a histogram. Create that histogram.

Choice 2: Create a set of data that can be appropriately described
by using a box plot. Describe that plot.

CCSS: Statistics & Probability: 6.SP BIG IDEA: 9.2
Mathematical Practice: 5

Both choices require students to consider a type of graph and when it is best
used. In the case of the histogram (Choice 1), the student needs to recognize that
the data should describe a continuous measure where it makes sense to count
frequencies of data in different intervals. For example, the data could be heights of
students in different age groups. In the case of the box plot (Choice 2), the student
needs to recognize that the data must be organized into quartiles and the middle
50% of the data must be separated from the top and bottom 25%.

Regardless of which choice a student selected, a teacher could ask:

e How did you organize your data?
e Why did it make sense to use that type of graph for these data?
e Looking at the graph, what picture of the data does it give the viewer?



Statistics & Probability

Two teenage girls sell jewelry. Their monthly income for each of eight
months is shown below.

Month Sept | Oct | Nov | Dec | Jan | Feb | Mar [ Apr
::?me’ 45 | 60 | 85 | 110 | 130 | 145 | 170 | 190

Choice 1: Create a scatter plot and describe how the income seems
to change as the number of months grows.

Choice 2: Create an equation that you think closely represents the
relationship between the income and the number of
months the girls have been selling jewelry.

CCSS: Statistics & Probability: 8.SP

Mathematical Practices: 4, 5

BIG IDEA: 9.2

249

Choice 1 might be more attractive to students who choose to graph and esti-
mate a rough line of best fit, while Choice 2 might be more attractive to students
who are comfortable with algebraic/technological methods for determining lines
of best fit. No matter which choice students make, they are exploring the descrip-
tion of a set of data mathematically.

Questions suitable to students in both groups include:

e Do you think that the income values will continue to rise? Can you be sure?

e Is the rise from month to month relatively constant? How can you tell from
your graph or your equation?

e Why might it be useful to the girls to have a description of this relationship?

each set be?

Choice 1: Determine the data values by using a graph.

Choice 2: Determine the data values without using a graph.

The line y = 3x + 2 is a good, but not perfect, model to describe
how two sets of data are related. What could the data values in

CCSS: Statistics & Probability: 8.SP
Mathematical Practices: 4, 5

BIG IDEA: 9.2

Often, bivariate data are provided and students are asked to determine a line
of best fit. By providing the equation of a line of good fit, but not best fit, and asking
for the data, the teacher gains greater insight into student understanding of what

a line of fit does.

The look-fors here include whether the data represented by the y-values
increase at about three times the rate as the data represented by the x-values, how
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the y-intercept of 2 is made reasonable, and how the student ensures that the line
is not a perfect fit. Choice 1 allows students to use a graph; typically students plot
the graph and then move a few points off of the graph. Choice 2 forces students to
think more algebraically about what the relationship actually means.

Questions that suit both tasks include:

e If x increases, does y increase? How do you know?

e Which variable increases more quickly: x or y2 How do you know?

e Why is it useful to use the equation of a line to describe how two variables
are related?

e How did you solve the problem?

Choice 1: You are interested in planning a pizza party for your
school. What sort of sample would you use to decide how
many of what sorts of pizza to order?

Choice 2: You are interested in planning what sports events to
include in a school sports day. What sample would you
use to decide which events to include?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.3
Mathematical Practice: 3

The two tasks are similar in difficulty level, and it is more a matter of personal
interest as to which might be more appealing to specific students. In both cases,
students need to think about what the overall population is, what an appropriate
sample size would be, and whether a random or a more organized sample would
be more useful.

> Variations. Sampling related to social justice issues rather than everyday life

might be considered instead, for example, finding out how people feel about allow-
ing refugees into the country or offering medical services to people overseas.

Choice 1: Describe what 10 colored cubes you would put in a bag
so that the probability of selecting a red one is high but
not certain.

Choice 2: Describe what 10 colored cubes you would put in a bag
so that the probability of selecting a red one is %

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 1,2, 3

Before students are comfortable using fractions to describe probability, they
are comfortable using qualitative language to describe it (words such as “probably”
or a “high probability”). With two choices, students who are not ready to use frac-
tions to describe probability can be successful, and students who can use fractions
have the opportunity to do so.
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In some ways, Choice 1 can promote richer conversation, even though it may
seem to be the simpler task. Students might debate how high is high enough. For
example, could there be 8 reds and 2 other colors, or must there be 9 reds? Could
there even be 6 reds? Is any probability greater than 3 considered high?

Whichever task was chosen, students could be asked:

e How many red cubes did you put in your bag?

e Why did you choose that number?

e Could you have chosen a different number of red cubes?
o What colors did the other cubes have to be?

e Do the other colors matter?

> Variations. The task can be adapted by using an alternate qualitative description
of a probability for one task and a quantitative description of a probability for the
other task. For example, Choice 1 might ask students to fill a bag so that the prob-
ability of picking a blue cube is a little higher than the probability of choosing a
red cube, while Choice 2 might ask that the probability of picking a blue cube be
& more than the probability of choosing a red cube.

You spun one of these spinners 10 times. The results were
4,4,3,1,4,2,4,1,3, 1.
Choice 1: Choice 2:
Which of these two spinners Which of these two spinners
did you use? did you use?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4

Mathematical Practices: 3, 4

The choice about which spinner is the likely one is somewhat more obvious in
Choice 1 than in Choice 2. However, in either case, students must evaluate what
happened and recognize that outcomes are not completely predictable, even though
they tend to mirror theoretical probabilities to a certain extent.

In the case of Choice 1, it seems highly unlikely that the two most frequent
outcomes, 1 and 4, would occur if those were the two smallest sections. It is not
certain, however, and students need to realize this. The decision is more difficult in
Choice 2. In both cases, the 1 and 4 sections are the biggest ones, as might be antici-
pated. Even though the fact that there was no result of 5 might dissuade a student
from choosing the right-hand spinner in Choice 2, the fact that the 2 section of the
right spinner is smaller than the 2 section on the left might make them reconsider.

Students who completed either task could be asked:

e Which outcomes influenced you the most in deciding which spinner you used?
e Can you be sure you are right? Why or why not?
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TEACHING TIP. Students’ reasoning skills are fine-tuned more by providing
them a choice of which spinner they might have used than by simply asking
whether the results make sense for a particular spinner.

Choice 1: Use a tree diagram to show that the probability of

spinning a 3 on each spinner II

(together) is %
Choice 2: A tree diagram describing what happened when spinning
two spinners is shown below. What did the two spinners

look like?
1 1
2 2 2
1 2 3
3 3 3
4 4 4
CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4

Mathematical Practices: 2, 3,7

Both tasks require students to be familiar with tree diagrams. In Choice 1,
students must create a tree diagram from a situation. This may be a familiar prob-
lem to students, but it is a bit more challenging than the simplest cases they have
encountered because the sections of one of the spinners are not of equal size. They
will need to determine a way to represent this circumstance in their tree diagram.
Although Choice 2 is a less traditional type of question, the presence of the spinners
in Choice 1 will likely help students figure out what they might do in Choice 2.

Whichever choice was selected, a teacher could ask:

o Why are there two “columns” in the tree diagram?
e What do the numbers in the first column represent? In the second column?
e How many branches are there? Why does that make sense?

TEACHING TIP. Creating a situation and then posing a traditional question
as one choice and a possible answer to a similar question as another choice
often provides good options for parallel tasks. Each choice may serve to
provide an element of scaffolding for the alternative choice.
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The probability of an event occurring is 1

Choice 1: If you used a die, a spinner, or some other probability
device, what could the event be and what might the
device look like?

Choice 2: If you used two items in any combination of dice,
spinners, or other probability devices, what could the
event be and what might the devices look like?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 2, 3

The difference between Choices 1 and 2 is whether students can handle only
simple events or compound events (i.e., events involving two separate aspects). For
example, for Choice 1, students might simply choose a conventional six-sided die
and suggest that the event is rolling a number less than 3; alternately, they might
choose a spinner with three equal sections, one of which is red, and the event is
spinning a red. For Choice 2, students must consider combinations. They might
begin by thinking about how to write the fraction % as a product of two other frac-
tions that are less than 1; these two fractions would then help determine the two
devices needed. For example, the two fractions might be Jand 3, leading the stu-
dent to choose two spinners, one with two equal sections labeled 1 and 2 and the
other with three equal sections labeled 1, 2, and 3, and an event of getting an odd
number on both spinners.

Whichever choice was selected, a teacher could ask:

Is a probability of3l likely or unlikely? How do you know?

e What device did you choose? What probabilities are easy to describe with it?
e How did you decide on your event?

e How do you know that the probability of your event is actually %?

A bag contains 3 red cubes, 2 green ones, and 1 blue one.

Choice 1: You pull a cube out of the bag, record the color, and then
return it to the bag. Then you pick another cube. What is
the probability that the cubes are the same color?

Choice 2: You pull a cube out of the bag, record the color, and do
not return it to the bag. Then you pick another cube.
What is the probability that the cubes are the same color?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 3,5

It might be easier for students to calculate the probability in Choice 1 than in
Choice 2. In Choice 1, students can draw a traditional tree diagram to observe that
the total number of branches is 36 and that there are 14 branches that involve cubes
of the same color.
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Students may be less sure of how to proceed for Choice 2. They need to realize
that what happens on the second choice depends in part on what happened with
the first choice. Their tree diagram is not the normal symmetric type; in this case,
the letters for the second choice are different groups each time.

R R R
R R G G B R R G G B R R G G B
v v v v v v
R R R GB R R R G B R R R G G
v v

For example, if a red is chosen first, the possible colors for the second pick are
2 reds, 2 greens, and 1 blue, but if a blue is chosen first, the possible colors for the
second pick are 3 reds, 2 greens, and 0 blues.

Whichever choice was selected, a teacher could ask:

e Are you more likely to draw two cubes of the same color or two cubes of
different colorsz Why?

e Is the probability of drawing two cubes of the same color more or less than %?
How do you know?

e If you drew a tree diagram to represent your situation, what would it look like?

e What is the probability of choosing two cubes of the same color? How do you
know?

Choice 1: You roll two dice. Is it more likely that the sum is 8 or that
the difference is 2?

Choice 2: You roll two dice. You want an event that is only a bit less
likely than rolling a difference of 2. What could it be?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.4
Mathematical Practices: 2, 4, 5

In either case, students must consider the probabilities associated with rolling
two dice and might begin by creating a table or chart to list all of the possible out-
comes. Some students will be more comfortable with Choice 1; because the two
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events are listed, little decisionmaking is required. Other students, who want to be

more creative or are more comfortable with ambiguity, might prefer Choice 2, where

they must interpret what “a bit less” means and get to choose the second event.
Whichever choice was selected, a teacher could ask:

e How likely is it that the two rolls of a die differ by 22

e What would the probability of an event need to be for it to be greater than the
probability that the rolls differ by 22

e Is the probability of rolling a sum of 8 less than the probability of rolling a
difference of 22

e How did you solve the problem?

> Variations. One variation might be to use other criteria. For example, Choice 1
could be: Is it more likely that the sum is a prime number or that the difference is not
a prime number?

Choice 1: There are two bags in front of you.
One of them has 8 yellow cubes
and 2 blue cubes. The other one ondh B 0
oooo

has 8 blue cubes and 2 yellow cubes.

You pick one cube from one of the bags and it is blue. You
return the cube and pick again from the same bag. The
second cube is blue, and the one after that is yellow.

Do you think your bag has 8 yellow and 2 blue or 2 yellow
and 8 blue? Explain.

Choice 2: There are three bags in front of you. One of them has
8 yellow cubes and 2 blue cubes. The second one has
5 blue cubes and 5 yellow cubes. The last one has

8 blue cubes and

2 yellow cubes.
O o o O m O
oooo OoEOm ooEE
[S]=]s]s] [E]=]=[s] [E[=]=[s]

You pick one cube from one of the bags and it is blue. You
return the cube and pick again from the same bag. The
second cube is blue, and the one after that is yellow.

Do you think your bag has 8 yellow and 2 blue, 5 yellow
and 5 blue, or 2 yellow and 8 blue cubes? Explain.

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.5
Mathematical Practice: 3

In both instances, students cannot be sure of their answer, but they may be
more certain in one case than the other. For students who are less comfortable
taking risks, Choice 1 might be a more attractive task.
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All students could be asked:

e What color do you think would be picked on a fourth try?

e Why do you think that?

e Can you be sure?

e Suppose you got to choose what colors to put into two or three bags. What
colors would you put in the bags so that you could be sure which bag was
which once you saw one or two picks? Are there other possible answers, too?

Choice 1: To estimate the probability that a new baby will be a boy,
Tara rolls a die. She says that if she rolls a 1, 2, or 3, she will
predict a boy, and if she rolls a 4, 5, or 6, she will predict a
girl. Using Tara’s method, estimate the probability that, for
each of the next 10 days, the first two babies born in
Chicago will be boys?

Choice 2: Describe and use a method to estimate the probability
that a ball player who is batting 0.250 (getting 1 hit every
4 times at bat) will get 3 or more hits the next five times
he comes up to bat?

CCSS: Statistics & Probability: 7.SP BIG IDEA: 9.6
Mathematical Practices: 3,4, 5

Both of the suggested tasks require students to use a simulation. They involve
using a model that is a reasonable representation of a real-life situation to estimate
a probability that would be very difficult to determine otherwise.

In Choice 1, the model is described for the student. The student then needs to
figure out exactly how to set up the experiment. In Choice 2, the student must
determine both the model and the method for conducting the simulation; in that
sense, Choice 2 requires a bit more of the student.

In either case, a student could be asked:

e Why does your model for the real-life situation you are describing make sense?
e How did you set up your experiment? Why did it make sense to set it up
that way?
e How many trials did you do?
e Do you think there were enough trials?
e What is your estimated probability?
 Does that estimate make sense to you? Why or why not?
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SUMMING UP

MY OWN QUESTIONS AND TASKS

Lesson Goal: Grade Level:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:
Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a
variety of levels.

« Parallel tasks need to be created with variations that allow
struggling students to be successful and proficient
students to be challenged.

« Questions and tasks should be constructed in such a way
that will allow all students to participate together in
follow-up discussions.
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The six big ideas that underpin work in sta-
tistics and probability were explored in this
chapter through about 35 examples of open
questions and parallel tasks, as well as varia-
tions of them. The instructional examples pro-
vided were designed to support differentiated
instruction for students in the Grades 6-8
grade band.

The examples presented in this chapter
are only a sampling of the many possible ques-
tions and tasks that can be used to differen-
tiate instruction in working with statistics and
probability. Other questions and tasks can be
created by, for example, using alternate prob-
ability devices or data distributions. A form
such as the one shown here can be a conve-
nient template for creating your own open
questions and parallel tasks. Appendix B in-
cludes a full-size blank form and tips for using
it to design your own teaching materials.
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Conclusions

VIRTUALLY EVERY TEACHER of mathematics in the primary, elementary,
or middle-school grades is faced with students who vary in mathematical readi-
ness for what is being taught. The differences among students may be cognitive or
may relate to learning style or preferences. Regardless of the source or nature of
these differences, every teacher wants to help each student succeed in learning.
One of the best approaches to fostering this success within today’s classroom
environment is through differentiating instruction. This book was written to help
teachers accomplish this differentiation.

THE NEED FOR MANAGEABLE STRATEGIES

Realistically, teachers do not have the preparation time to develop or the instruc-
tional time to deliver alternative programs that specifically target the individual
learning levels of the many students with whom they work. What is needed is a
way for teachers to engage all students at an appropriate level with a single question
or set of related tasks. This book has modeled two core strategies that could be all
a teacher requires to meet the mathematical learning needs of most students. These
strategies are open questions and parallel tasks.

Open Questions

A question is open when it is framed in such a way that a variety of responses or
approaches are possible. To be useful in instruction, it is important that the ques-
tion focus on an important mathematical concept or skill, that the teacher has
considered the readiness of most of his or her students to deal with the question
at some level, and that the teacher is comfortable accepting a broad range of appro-
priate responses from class members.

Parallel Tasks

Two or more tasks are parallel when they are designed to meet the needs of students
at different development levels, yet address the same big idea and are close enough
in context that they can be discussed simultaneously. In implementing a lesson with
parallel tasks, it is important that the teacher be prepared with a series of at least
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two or three follow-up questions about student work that would be pertinent no
matter which task a student had completed. Sometimes the teacher should decide
which of the tasks each student is to complete, but at other times the students
should be allowed to choose.

DEVELOPING OPEN QUESTIONS AND PARALLEL TASKS

The same general approaches can be applied to developing open questions and
parallel tasks for mathematical instruction.

A Three-Step Process

Step 1: Review Examples. This book provides almost 400 open questions and
parallel tasks that can serve as models for new questions and tasks. A review of the
examples for a particular content strand at a particular grade band will give a good
sense of appropriate instructional material. By using the examples, and the varia-
tions proposed, a teacher will have a firm foundation upon which to build.

Step 2: Create the Question or Tasks. The form provided in Appendix B can
serve as a convenient template for creating new open questions and parallel tasks.
Among other things, the form offers a reminder that coherent instruction is served
through a focus on big ideas as a means of addressing content standards. Bearing
in mind how students differ with respect to specific behaviors related to the tar-
geted big idea, the teacher can create original questions and tasks or adapt them
from an existing resource. The objective in all cases should be to produce materials
that appropriately challenge a broad range of students, from those who are strug-
gling to those who are “average” to those who are particularly capable.

Step 3: Plan for Follow-Up. The teacher must ensure that the conversation result-
ing from class work with an open question or set of parallel tasks is inclusive.
Careful structuring of questions and coordination of tasks is crucial. In follow-up
discussion, the teacher should try to build connections among the various levels
of responses that students provide. Making these connections clear will help the
struggling student see how the answer that he or she provided can be an important
step toward a more sophisticated answer.

Creating an Open Question: An Example

Consider, for example, a situation in which the intent is to teach division of three-
digit numbers by one-digit numbers in a classroom where many students are still
struggling with their multiplication facts. Those struggling students might not be
ready for the types of questions that were initially planned. To adapt the lesson for
a differentiated approach, the teacher might choose a straightforward question
from a text, such as:
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Suppose 4 students were delivering 176 newspapers and decided to share the
task fairly. How many papers would each deliver?

Recognizing that some students were not ready for this question, the teacher might
ask, instead:

Choose a number of newspapers to be delivered and a number of students to
deliver them. The job should be shared fairly. How many papers should each
deliver?

The change is simple but important. Now every student can work at a level that
benefits him or her. In the discussion of the problem as students share their work,
every student in the class (no matter what numbers that person chose) gets to hear
how other students handled the situation with larger or smaller numbers. A
win-win!

Creating a Set of Parallel Tasks: An Example

Consider, again, the case of the division example posed earlier. It might be that the
original problem involving the 176 newspapers is posed, along with an alternate
problem in which two students share the work of delivering 24 newspapers. Stu-
dents might be directed to a specific problem or offered a choice of which problem
to complete. However, it is critical that the discussion of the problems be common
to both groups. For example, the teacher could ask:

e What operation did you do to decide how many papers each student would
deliver?

e Why would you use that operation?

e Is there another way you could have determined the answer?

e How did you know that each student had to deliver more than 10 papers?

e How do you know that each student had to deliver fewer than 100 papers?

e How did you figure out how many papers each student had to deliver?

There are two important points to note: (1) The context being the same is
important to making a common discussion possible. (2) It is also important to set
up the situation so that there could be common questions beyond simply What did
you do?

Fail-Safe Strategies

Open questions can be created relatively easily by strategies such as giving an answer
and asking for a question for which it is the answer, allowing students to choose
numbers within a question, or asking how two items are alike and different.
Parallel tasks can be generated from a single original task by strategies such as
changing the complexity of the numbers, shapes, graphs, patterns, equations, or mea-
surements being employed or the complexity of the situations being addressed.
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THE BENEFITS OF THESE STRATEGIES

Teachers may at first find it challenging to differentiate their teaching by incorpo-
rating open questions and parallel tasks. Before long, however, thinking about ways
to open up instruction will become a habit when content that might be too difficult
for some students must be taught. The techniques illustrated in this book will
become valuable tools for adjusting instruction to accommodate students at all
developmental levels.

In the beginning, it might make sense for a teacher to commit to using open
questions at least once a week, ultimately aiming to use such questions every one
or two class periods. And a teacher might commit to using parallel tasks at least
once a week, working toward employing them even more frequently. Eventually,
students might even be encouraged to create their own parallel tasks by changing
the complexity of situations they are asked to address.

The use of these straightforward but powerful differentiation strategies will
lead to a classroom with much higher engagement levels, much less frustration,
and much more math learning, thinking, and talking—promoting a much more
positive attitude toward math for most students.
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Appendix A

Mathematical Content Domains and
Mathematical Practices of the
Common Core State Standards

MATHEMATICAL CONTENT DOMAINS

Domain Grade Band Chapter
Counting & Cardinality (CC) Pre-K-Grade 2, Grades 3-5 1
Number & Operations in Base Ten (NBT) Pre-K-Grade 2, Grades 3-5 1
Number & Operations—Fractions (NF) Grades 3-5 2
Ratios & Proportional Relationships (RP) Grades 6-8 3
The Number System (NS) Grades 6-8 4
Operations & Algebraic Thinking (OA) Pre-K-Grade 2, Grades 3-5 5
Expressions & Equations (EE) Grades 6-8 6
Functions (F) Grades 6-8 6
Measurement & Data (MD) Pre-K-Grade 2, Grades 3-5 7
Geometry (G) Pre-K-Grade 2, Grades 3-5, 8
Grades 6-8
Statistics & Probability (SP) Grades 6-8 9

MATHEMATICAL PRACTICES

Making sense of problems and persevering in solving them
Reasoning abstractly and quantitatively

Constructing viable arguments and critiquing the reasoning of others
Modeling with mathematics

Using appropriate tools strategically

Attending to precision

Looking for and making use of structure

O NSOV AR WD

Looking for and expressing regularity in repeating reasoning
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Appendix B

Worksheet for Open Questions
and Parallel Tasks

STRATEGIES for developing open questions and parallel tasks are discussed in
the introductory chapter and in the Conclusions. The form that appears on the
next page can serve as a convenient template for creation of customized materi-
als to support differentiation of instruction in math. The form is also available for
download on the Teachers College Press website: www.tcpress.com.

The following fundamental principles should be kept in mind when developing
new questions and tasks:

« All open questions must allow for correct responses at a variety of levels.

o Parallel tasks need to be created with variations that allow struggling stu-
dents to be successful and proficient students to be challenged.

¢ Questions and tasks should be constructed in such a way that all students
can participate together in follow-up discussions.
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MY OWN QUESTIONS AND TASKS

Lesson Goal: Grade Level:

Standard(s) Addressed:

Underlying Big Idea(s):

Open Question(s):

Parallel Tasks:

Choice 1:

Choice 2:

Principles to Keep in Mind:

« All open questions must allow for correct responses at a variety of levels.

« Parallel tasks need to be created with variations that allow struggling students
to be successful and proficient students to be challenged.

¢ Questions and tasks should be constructed in such a way that will allow all
students to participate together in follow-up discussions.
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Glossary

For each Glossary entry, the chapter and page of first occurrence of the term are
given in brackets at the end of the definition.

10-frame. A model with 10 cells, usually 2 rows of 5 columns. [Chap. 1, p. 31]

100 chart. A chart with the numbers from 1 to 100 displayed in order in 10
rows of 10 [Chap. 1, p. 27]

absolute value. The undirected distance of a number on the number line from 0
[Chap. 4, p. 87]

acute triangle. A triangle with three angles less than 90° [Chap. 8, p. 198]
addend. One of the numbers used to create a sum. [Chap. 1, p. 30]

additive relationship. When two numbers are compared by determining their
difference, an additive relationship is being used [Chap. 3, p. 77]

algebraic expression. A combination of variables, operation signs, and numbers
(e.g., 2n + 4) [Chap. 6, p. 121]

algorithm. A standard procedure for performing a task (e.g., a standard
procedure for adding numbers) [Chap. 1, p. 17]

array. A rectangular arrangement of objects in rows of equal length and
columns of equal height [Chap. 5, p. 117]

attribute. A feature of an object (e.g., one of the attributes of a triangle is the
relationship between its side lengths) [Chap. 7, p. 141]

attribute blocks. A set of blocks that vary by shape, color, size, and sometimes
thickness [Chap. 7, p. 171]

axis. One of the two lines used as a reference in a Cartesian coordinate grid
[Chap. 6, p. 128]

bar graph. A way to show and compare data by using horizontal or vertical bars
[Chap. 7, p. 141]

base ten blocks. Blocks of different sizes representing place value columns; a
larger block is 10 times the size of the next smaller block. Blocks consist of small
cubes, rods, flats, and large cubes [Chap. 1, p. 23]
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baseline. A vertical or horizontal starting line used so that length measurements
can be compared [Chap. 7, p. 143]

BEDMAS. An acronym for: brackets, exponents, division, multiplication,
addition, subtraction, indicating the order in which computations in an
expression should be performed [Chap. 6, p. 130]

benchmark. Familiar measurements used for comparing other measurements
(e.g., 1 inch, 1 foot, the width of a hand, the length of a foot) [Chap. 7, p. 142]

benchmark numbers. Familiar numbers used as referents for other numbers
(e.g., 25 is a benchmark for numbers such as 22, 27, or 28) [Introduction, p. 5]

bigidea. A statement that is fundamental to mathematical understanding;
usually links many specific math outcomes [Introduction, p. 4]

bivariate data. Data designed to show the relationship between two variables
[Chap. 9, p. 249]

box plot. A graph designed to show how data are spread out; above a number
line the minimum and maximum points are plotted and connected, and the
middle 50% of the data are boxed in [Chap. 9, p. 235]

Cartesian coordinate grid. A grid made up of vertical and horizontal
intersecting lines; positions on the grid can be located by using two numbers—
one describing the horizontal distance from a designated point and one
describing the vertical distance from that point [Chap. 6, p. 132]

center of data. A single value that describes an average of a set of data [Chap. 9,
p. 235]

center of rotation. The point around which a shape is rotated [Chap. 8, p. 212]
circumference. The distance around a circle [Chap. 8, p. 203]

coefficient. The multiplier for a variable in an equation or expression [Chap. 6,
p. 123]

compass. A tool used to draw a circle or part of a circle [Chap. 8, p. 219]
compose. Shapes are composed when they are put together. [Chap. 8, p. 185]

composite numbers. Whole numbers with more than two factors (e.g., 6 is
composite because it has factors of 1, 2, 3, and 6) [Chap. 5, p. 116]

compound events. Two or more events that must both be considered in
establishing a probability [Chap. 9, p. 235]

concrete graph. A way to show and compare data by using actual objects lined
up horizontally or vertically [Chap. 7, p. 151]

congruence. Being of the same size and shape [Chap. 8, p. 186]
conjecture. A hypothesis or guess that something is true [Chap. 1, p. 36]

core. One copy of the smallest part of a repeating pattern that repeats [Chap. 5,
p. 109]
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cross-section. The two-dimensional shape resulting from cutting through a
three-dimensional shape with a flat plane [Chap. 8, p. 186]

cube root. A number that can be multiplied by itself twice to get to a certain
value, e.g., 3 is the cube root of 27 since 3 x 3 x 3 = 27. [Chayp. 4, p. 87]

Cuisenaire rods. A set of 10 colored rods of lengths 1 cm, 2 cm, 3 cm, .. .,
10 cm [Chap. 5, p. 102]

decompose. Numbers are decomposed when broken into parts, for example,
35 into 30 + 5 or 28 + 7. Shapes are decomposed when cut up into parts.
[Chap. 1, p. 18; Chap. 8, p. 185]

denominator. The number on the bottom of a fraction that tells the number of
equal parts into which the whole or unit is divided [Chap. 2, p. 53]

density. A number set is called dense if a member of that set can always be
found between any two other members of the set. Fractions are a dense set;
integers are not [Chap. 2, p. 57]

diagonal. A line segment connecting points in a polygon that are not already
connected [Chap. 7, p. 169]

diameter. The distance across a circle through the center [Chap. 8, p. 203]
difference. The result of a subtraction. [Chap. 1, p. 17]

differentiating instruction. Tailoring instruction to meet the needs of different
types or levels of students in a classroom [Introduction, p. 1]

dilatation. A transformation that changes the size, but not the shape, of an
object [Chap. 8, p. 186]

dividend. The number being shared or grouped in a division situation (e.g.,
it 9 is divided by 3, 9 is the dividend) [Chap. 1, p. 35]

divisor. The group size or number in a group in a division situation (e.g., if 8 is
divided by 2, 2 is the divisor) [Chap. 1, p. 35]

dot plot. A simple histogram-like plot of a small data set where dots, not bars,
are used [Chap. 9, p. 235]

double. A multiple of 2 [Chap. 1, p. 41]

double number line. A visual that uses two number lines, in tandem, to show a
multiplicative relationship [Chap. 3, p. 80]

dynamic geometry software. A digital tool that allows students to draw
geometric shapes and measure them to build and test conjectures [Chap. 8,
p. 219]

edge. A line segment formed where two faces of a three-dimensional shape meet
[Chap. 8, p. 191]

equation. A statement indicating two values are equal. [Chap. 3, p. 80]

equilateral triangle. A triangle with three equal sides [Chap. 7, p. 149]
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equivalent fractions. Two different fractions representing the same part of a
whole (e.g., T and %) [Chap. 2, p. 53]

equivalent ratios. Two different ratios representing the same multiplicative
comparison. [Chap. 3, p. 77]

experimental probability. The probability that results from an experiment
[Chap. 9, p. 235]

exponent. The symbol in a power expression that describes how many times
a factor is multiplied by itself (e.g., 4 is the exponent in 3%, indicating that 3 is
multiplied by itself 4 times: 3 x 3 x 3 x 3) [Chap. 6, p. 123]

exterior angle. An angle outside a shape, formed by extending one side of the
shape. [Chap. 8, p. 230]

face. A flat side of a three-dimensional shape (e.g., cubes have six faces that are
all squares) [Chap. 8, p. 185]

factor. One of the whole numbers that is multiplied to produce another number
(e.g., 4 is a factor of 8, because 2 x 4 = 8) [Chap. 1, p. 32]

function. A relationship between two variables where there is one output for
each input [Chap. 6, p. 121]

hexagon. A shape with six straight sides [Chap. 2, p. 57]

histogram. A continuous bar graph; bars are joined at the sides because the data
they represent are continuous [Chap. 9, p. 235]

hypotenuse. The longest side of a right triangle [Chap. 8, p. 208]
improper fraction. A fraction worth 1 or more. [Chap. 2, p. 53]
increasing pattern. A pattern in which the values keep increasing [Chap. 5, p. 109]

inequality. A statement indicating that one value is greater or less than another
[Chap. 6, p. 122]

integer. A counting number, 0, or the opposite of a counting number on the
other side of 0 on a number line. [Chap. 4, p. 83]

interior angle. An angle inside a shape. [Chap. 8, p. 230]

inter-quartile range. The difference between the greatest and least value in the
middle 50% of a set of data. [Chap. 9, p. 235]

interval. The distance between two endpoints on a graph scale [Chap. 7, p. 180]

irrational number. A number that cannot be written as the quotient of two
integers [Chap. 4, p. 83]

isosceles trapezoid. A trapezoid with two nonparallel sides of equal length
[Chap. 8, p. 213]

isosceles triangle. A triangle with two sides of equal length [Chap. 7, p. 149]

kite. A quadrilateral with two pairs of equal sides where the equal sides are not
parallel [Chap. 7, p. 158]
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line of best fit. A line that approximates the relationship shown in a data set
relatively well [Chap. 9, p. 249]

line plot. A way to show and compare data that can be sorted into numerical
categories; formed by making marks in a column above positions on the number
line for each category [Chap. 7, p. 141]

line symmetry. A property of shapes in which one side is a mirror reflection of
the other side [Chap. 8, p. 185]

linear association. A relationship between two variables such that a scatterplot
of corresponding values forms a line [Chap. 9, p. 240]

linear dimensions. Length measurements associated with a shape [Chap. 2, p. 66]

linear equation. An equation where the variable is raised to the first power, e.g.,
4x + 3 = 2. [Chap. 6, p. 121]

linear growing pattern. A pattern based on the addition of a constant to get
from one term to the next [Chap. 6, p. 121]

mean. A value for a set of numbers determined by adding them and dividing by
the number of numbers in the set; average [Chap. 7, p. 166]

mean absolute variation. A measure of data spread that is the mean value
representing the distances of each piece of data from the mean. [Chap. 9, p. 235]

median. The middle number in an ordered set of numbers [Chap. 9, p. 235]

mental math. Calculating without paper and pencil, using either memory or
number relationships. [Chap. 1, p. 27]

mixed number. A number with a whole number and proper fraction part.
[Chap. 1, p. 31]

multiple. A number that is the product of two other whole numbers (e.g., 6 is a
multiple of 3) [Chap. 1, p. 32]

multiplicative comparison. When two numbers are compared in terms of how
many of one fits into the other, the comparison is called multiplicative [Chap. 3,
p. 70]

negative integers. The opposites of the counting numbers 1, 2, 3, . . .. on the
other side of 0 on the number line (i.e., -1, -2, -3, ... .) [Chap. 4, p. 83]

net. A two-dimensional shape that can be folded to create a three-dimensional
object [Chap. 8, p. 186]

nonstandard unit. A measurement used as the basis for describing other
measurements, but one that may vary from person to person (e.g., the length of
a pencil or the width of a hand might be used as units for describing length)
[Chap. 7, p. 141]

number line. A diagram that shows ordered numbers as points on a line [Chap. 1,
p. 28]

numerator. The number on the top of a fraction that tells the number of parts of
a whole under consideration [Chap. 2, p. 53]
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numerical expression. A sequence of numbers joined by operation signs and
brackets that would yield a number result [Chap. 4, p. 93]

obtuse triangle. A triangle with one angle greater than 90° [Chap. 8, p. 198]
octagon. An 8-sided shape. [Chap. 8, p. 191]

open questions. Broad-based questions with many appropriate responses or
approaches; the questions serve as a vehicle for differentiating instruction if the
range of possibilities allows students at different developmental levels to succeed
even while responding differently [Introduction, p. 6]

opposites. Two numbers on a number line that are the same distance from 0
(e.g., 8 and -8) [Chap. 4, p. 83]

outlier. A piece of data that does not seem like it “belongs” with the rest of the
data. [Chap. 9, p. 238]

pan balance. A tool used to compare weights; when an item is placed on each
side of the pan balance, if the pans are at the same level, then the weights are the
same [Chap. 5, p. 101]

parallel lines. Two lines that are parallel do not meet [Chap. 8, p. 186]

parallel tasks. Sets of two or more related tasks or activities that explore the
same big idea but are designed to suit the needs of students at different
developmental levels; the tasks are similar enough in context that they can be
considered together in class discussion [Introduction, p. 6]

parallelogram. A quadrilateral with opposite sides that are parallel [Chap. 8,
p. 189]

pattern blocks. A set of shapes that includes hexagons, trapezoids, squares,
parallelograms, and triangles of particular sizes [Chap. 7, p. 158]

pattern rule. An iterative rule or relationship rule describing how the terms of a
pattern are determined (e.g., the pattern 4, 7, 10, 13, . . . . can be described by the
rule “starts at 4 and increases by 3 each time” or by the rule “triple the position
number and add 1”) [Chap. 5, p. 96]

pentagon. A polygon with five sides [Chap. 8, p. 217]

perfect square. A whole number that is the product of a whole number
multiplied by itself. [Chap. 4, p. 89]

perimeter. The distance around a shape [Chap. 6, p. 136]

perpendicular. Two lines or planes are perpendicular if a 90° angle is formed.
[Chap. 8, p. 196]

perpendicular distance. The distance from a point to a line that is measured
perpendicular to the given line [Chap. 8, p. 196]

pi (m). A number, about 3.14, that represents the ratio of the circumference of a
circle to its diameter. [Chap. 4, p. 87]

picture graph. A graph that uses pictures to represent quantities [Chap. 7, p. 141]
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place value chart. A chart showing columns of ones, tens, hundreds, thousands,
... and/or tenths, hundredths, thousandths . . . [Chap. 1, p. 23]

place value system. A system used to represent numbers in which the position
of a symbol affects its value (e.g., the 2 in 23 is worth a different amount than the
2in 217) [Chap. 1, p. 17]

polydrons. Plastic shapes that can be connected to form three-dimensional
shapes [Chap. 8, p. 217]

polygon. A closed shape made of only straight sides [Chap. 7, p. 176]

polyhedron. A three-dimensional shape with only polygon faces; the plural is
polyhedra [Chap. 8, p. 215]

power. A number written in the form a’, indicating repeated multiplication of a
[Chap. 6, p. 130]

power of 10. The number 10 or the result of multiplying 10 by itself repeatedly
(e.g., 10, 100, 1000, 10,000) [Chap. 1, p. 50]

prime numbers. Counting numbers with no whole-number factors other than
themselves and 1 (e.g., 17 is a prime number because its only factors are 1 and
17) [Chap. 5, p. 102]

prism. A three-dimensional shape with two identical polygon bases that are
parallel and opposite each other [Chap. 7, p. 161]

product. The result of multiplication (e.g., in the expression 5 x 3 = 15, 15 is the
product) [Chap. 1, p. 17]

proper fraction. A fraction less than 1 [Chap. 2, p. 59]

properties. An attribute that applies to all items in a group (e.g., a property of
squares is that they have four identical corners) [Chap. 1, p. 47]

proportion. A description of how two numbers are related based on
multiplication (e.g., the proportion 25:100 can also be described as the fraction
1 the decimal 0.25, or the ratio 1:4), or an equation describing two equal ratios
[Chap. 3, p. 69]

proportional thinking. A focus on comparing numbers based on multiplication
(e.g., thinking of 12 as four 3s rather than as, e.g., 10 + 2) [Chap. 3, p. 69]

pyramid. A shape with a polygon base and triangular faces that meet at a point
[Chap. 8, p. 186]

Pythagorean theorem. A statement that the square of the length of the longest
side of a right triangle is the sum of the squares of the lengths of the two other
sides [Chap. 8, p. 185]

quadrant. One fourth of a coordinate grid; the first quadrant is to the right and
above the center point; the second quadrant is to the left and above the center
point; the third quadrant is to the left and below the center point; and the fourth
quadrant is to the right and below the center point [Chap. 4, p. 89]

quadratic function. A function of the form y = a* + bx + ¢ [Chap. 6, p. 127]
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quadrilateral. A four-sided polygon [Chap. 8, p. 188]

quotient. The result of division (e.g., in the expression 8 + 4 = 2, 2 is the
quotient) [Chap. 2, p. 17]

radius. The distance from the center of a circle to the outer edge [Chap. 8,
p. 203]

ratio. A proportional comparison of two or more numbers [Chap. 3, p. 69]

rational numbers. Numbers that can be expressed as the quotient of two
integers (e.g., 0.25, -4.5, or %) [Chap. 4, p. 83]

rectangular prism. A prism with rectangle-shaped bases [Chap. 8, p. 188]
reflection. The mirror image of (or result of flipping) a shape [Chap. 8, p. 186]
reflection line. A flip line [Chap. 8, p. 196]

regular shape. A shape with equal straight sides and equal angles [Chap. 7,
p. 178]

rekenrek. A frame of beads featuring 2 or 10 rows, each with 10 beads organized
into two groups of 5, each group a different color [Chap. 1, p. 20]

remainder. The amount left after equal groups of a given size have been formed
[Chap. 1, p. 35]

repeated addition. An addition where the same number is added to itself one or
more times. [Chap. 2, p. 66]

representative sample. A sample that one could argue represents a full
population well. [Chap. 9, p. 236]

rhombus. A parallelogram with four sides of equal length [Chap. 7, p. 158]
right angle. A 90° angle [Chap. 7, p. 158]

right triangle. A triangle with a 90° angle [Chap. 8, p. 185]

rotation. A turn [Chap. 8, p. 186]

round. Estimate a number using a benchmark that is generally a multiple of a
power of 10 [Chap. 1, p. 17]

scale. The amount that one unit in a graph represents (e.g., if each square in a
bar graph represents 5, the scale is 5) [Chap. 6, p. 140]

scale drawing. A drawing of an object or set of objects that is mathematically
similar to the real thing [Chap. 8, p. 186]

scalene triangle. A triangle with all sides of unequal lengths [Chap. 8, p. 198]

scatter plot. A set of points plotted on a coordinate grid designed to make
relationships between two variables evident [Chap. 9, p. 235]

similarity. A relationship between two shapes such that one is the same shape
but of a different size than the other; in effect, an enlargement or reduction
[Chap. 8, p. 186]
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simplest form. For a fraction, a form in which the numerator and denominator
have no factors other than 1 in common [Chap. 2, p. 60]

simulation. A model that can be used to mimic a real-life situation [Chap. 9,
p. 235]

simultaneous linear equations. Two or more equations that must hold true at
the same time [Chap. 6, p. 121]

skeleton. A representation of a shape that uses only its edges and vertices
[Chap. 8, p. 191]

snap cubes. Plastic cubes that can be linked together [Chap. 7, p. 162]

sorting rule. A description of how it is determined which items of a group
belong together [Chap. 7, p. 171]

spread of data. A single number to represent the variability of a set of data
[Chap. 9, p. 235]

square root. A number that can be multiplied by itself to result in a given
number (e.g., the square root of 16 is 4, because 4 x 4 = 16) [Chap. 4, p. 87]

standard algorithm. The conventional procedure used for calculation [Chap. 1,
p. 46]

standard deviation. A measure of data spread which represents the square root
of the average squared distance of data values from the mean [Chap. 9, p. 235]

standard unit. An unambiguous measurement based on units that hold the
same meaning for anyone (e.g., inch, mile, square meter) [Chap. 7, p. 141]

straightedge. A tool with a straight edge (like a ruler) without measurements
on it [Chap. 8, p. 219]

subitize. Recognize an amount by just looking and not counting [Chap. I,
p. 39]

substitution. Replacement of a variable with a given number [Chap. 6, p. 137]
sum. The result of an addition [Chap. 1, p. 17]

summary statistic. A single number that in some way represents an entire set of
data (e.g., mean) [Chap. 9, p. 236]

supplement. Two angles are supplementary if their sum is 180° [Chap. 8, p. 205]

surface area. The total of the area of the surfaces of a three-dimensional object
[Chap. 8, p. 202]

table of values. A way to organize related information in a chart with two
columns [Chap. 3, p. 75]

tally chart. A set of small lines organized in groups of five to show a count
[Chap. 7, p. 153]

tangram. A puzzle in the form of a square made up of seven specific pieces
[Chap. 8, p. 193]
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theoretical probability. The probability that would be expected when analyzing
all of the possible outcomes of a situation [Chap. 9, p. 235]

transformation. A motion that moves a shape from one position to another;
translations, reflections, and rotations are common motions studied [Chap. 8,
p. 186]

translation. A slide with a vertical and/or horizontal component [Chap. 8,
p. 186]

transparent mirror. A mirror that can be seen through; with this type of mirror,
a student can draw the image of an object that is viewed in it [Chap. 8, p. 196]

transversal. A line is a transversal to another line if it crosses that line [Chap. 8,
p. 206]

trapezoid. A quadrilateral with one pair of parallel sides [Chap. 7, p. 158]

tree diagram. A way to record and count all combinations of events by using
lines to form branches [Chap. 9, p. 243]

triangle-based prism. A prism in which the two opposite bases are triangles
[Chap. 8, p. 217]

triangle-based pyramid. A pyramid with a triangle base [Chap. 8, p. 210]

two-way tables. A 2 by 2 frequency table that helps the reader relate values of
two variables.[Chap. 9, p. 235]

unit. A measurement used as the basis for describing other measurements
(e.g., inch is a unit of length) [Chap. 3, p. 69]

unit fractions. Fractions with a numerator of 1 [Chap. 2, p. 53]
univariate data. Data describing a single variable [Chap. 9, p. 235]

variable. A quantity that varies or changes or is unknown; often represented by
an open box or a letter [Chap. 3, p. 75]

vertex. A corner of a shape; the plural is vertices [Chap. 8, p. 191]

vertical angles. Two angles on opposite sides of where two lines cross [Chap. 8,
p. 206]

whole numbers. The numbers 0, 1, 2, 3, ... [Chap. 1, p. 17]
zero pair. A pair of integers that add to 0, usually +1 and -1. [Chap. 4, p. 85]

zone of proximal development. The range of potential learning that is beyond
existing knowledge but that is accessible to a student with adult or colleague
support [Introduction, p. 3]
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