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NCTM Curriculum Focal Points

for Mathematics in Prekindergarten through Grade 8

PREKINDERGARTEN

Number and Operations: Developing an understanding of whole numbers, including concepts
of correspondence, counting, cardinality, and comparison.

Geometry: Identifying shapes and describing spatial relationships.

Measurement: Identifying measurable attributes and comparing objects by using these
attributes.

KINDERGARTEN

GRADE 1

GRADE 2

GRADE 3

Number and Operations: Representing, comparing, and ordering whole numbers, and joining
and separating sets.

Geometry: Describing shapes and space.
Measurement: Ordering objects by measurable attributes.

Number and Operations and Algebra: Developing understandings of addition and subtrac-
tion and strategies for basic addition facts and related subtraction facts.

Number and Operations: Developing an understanding of whole number relationships,
including grouping in tens and ones.

Geometry: Composing and decomposing geometric shapes.

Number and Operations: Developing an understanding of the base-ten numeration system
and place-value concepts.

Number and Operations and Algebra: Developing quick recall of addition facts and related
subtraction facts and fluency with multidigit addition and subtraction.

Measurement: Developing an understanding of linear measurement and facility in measuring
lengths.

Number and Operations and Algebra: Developing understandings of multiplication and
division and strategies for basic multiplication facts and related division facts.

Number and Operations: Developing an understanding of fractions and fraction equivalence.
Geometry: Describing and analyzing properties of two-dimensional shapes.



GRADE 4

GRADE 5

GRADE 6

GRADE 7

GRADE 8

Number and Operations and Algebra: Developing quick recall of multiplication facts and
related division facts and fluency with whole-number multiplication.

Number and Operations: Developing an understanding of decimals, including the connec-
tions between fractions and decimals.

Measurement: Developing an understanding of area and determining the areas of two-
dimensional shapes.

Number and Operations and Algebra: Developing an understanding of and fluency with
division of whole numbers.

Number and Operations: Developing an understanding of and fluency with addition and sub-
traction of fractions and decimals.

Geometry and Measurement and Algebra: Describing three-dimensional shapes and analyz-
ing their properties, including volume and surface area.

Number and Operations: Developing an understanding of and fluency with multiplication
and division of fractions and decimals.

Number and Operations: Connecting ratio and rate to multiplication and division.
Algebra: Writing, interpreting, and using mathematical expressions and equations.

Number and Operations and Algebra and Geometry: Developing an understanding of and
applying proportionality, including similarity.

Measurement and Geometry and Algebra: Developing an understanding of and using formu-
las to determine surface areas and volumes of three-dimensional shapes.

Number and Operations and Algebra: Developing an understanding of operations on all
rational numbers and solving linear equations.

Algebra: Analyzing and representing linear functions and solving linear equations and systems
of linear equations.

Geometry and Measurement: Analyzing two- and three-dimensional space and figures by
using distance and angle.

Data Analysis and Number and Operations and Algebra: Analyzing and summarizing
data sets.
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Preface

Besides strengthening students’ mathematical backgrounds, courses in mathematics for
teachers should develop skills that are essential for teachers but not generally taught in
other mathematics courses (Mathematical Sciences Research Institute, 2006). These
skills include the ability to “give clear explanations,” “evaluate” children’s mathematical
work, solve problems with differential methods, select appropriate models to develop
concepts, and sequence a series of problems or topics.

Can a mathematics book actively involve students in developing and explaining
mathematical concepts? Yes, by using a carefully organized, interactive lesson format
that promotes student involvement and gradually leads the student to a deeper under-
standing of mathematical ideas. The interactive format also allows for more class discus-
sion and small group work.

To implement the NCTM Standards, one needs a textbook that provides numerous
opportunities for investigation and discourse. Rather than having a few special puzzle
and investigation problems, this textbook presents a substantial collection of exercises in
every lesson and homework set that involve reasoning, investigating, or communicating.

Most people do not enjoy reading mathematics textbooks. Can a mathematics text-
book be interesting to read and study? Yes, if the mathematical presentation is straight-
forward and clear, and if the lesson content and the extensive exercise sets are enriched
with classroom connections, investigations, appropriate uses of technology, humor, his-
tory, and interesting applications. A text for this course should also make it clear how the
topics in each chapter relate to both the current school mathematics curriculum and the
NCTM Standards and Curriculum Focal Points.

You are looking at the result of my effort to address all these concerns while cover-
ing new topics and examining underlying concepts and connections in elementary-school
mathematics. This textbook is the culmination of 29 years of work with university, col-
lege, and community college students.

Teaching elementary or middle school is one of the most important and challenging
professions in our society. I believe that this textbook will help in producing more com-
petent teachers with a better sense of what mathematics in grades K-8 is all about.

The fourth edition of Mathematics for Teachers: An Interactive Approach for
Grades K-8 retains the same goals as the first three editions. Changes in the fourth edi-
tion reflect the latest trends in elementary- and middle-school mathematics, feedback
from students and professors, and a thorough review and refinement of the material on
nearly every page of the third edition.

New in This Edition

m More exercises require explanations, and new exercises ask how to sequence exam-
ples for teaching.

m Over 15% of exercises are new or revised.

m New icons designate writing exercises @, reasoning exercises , and exercises with
more than one method of solution @l
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m Streamlined sets of Lesson Exercises have clearer instructions and more hints for
improved focus on major lesson topics.

m Text contains more solutions to Lesson Exercises.

m Revised Summary Exercises have more specific questions in writing exercises that
deepen understanding.

m New homework exercises use classroom video clips or applets.

m Relevant objects from NCTM Curriculum Focal Points and Standards are listed at the
beginning of each section. The Focal Points also appear on the inside front cover.

m Updated grades K-8 textbook pages feature topics of interest in the current curriculum.

m More information is given in Classroom Connections about typical grade levels of
topics.
m Revised terminology matches the current K-8 curriculum.

m Skill practice in arithmetic, algebra, and geometry is available at the Brooks/Cole
Companion Website, www.cengage.com/math/sonnabend.

m Updated data make statistical information more relevant.

Other Major Revisions by Chapter

m Chapter 1: Section 1.2 has additional material on logic that is tested on the PRAXIS I
exam. Section 1.3 has a revised subsection on “If and Only If.” Section 1.6 includes a
new strategy, “Solve a Simpler Problem,” and a new subsection on problem-solving
skills.

m Chapter 3: Sections 3.2 and 3.4 cover basic facts of whole-number arithmetic. Sec-
tions 3.2 and 3.3 have revised category names for whole-number arithmetic that better
match currently used elementary-school terminology. Section 3.5 introduces virtual
manipulatives. Section 3.6 contains revised material on the whole-number multiplica-
tion algorithm.

m Chapter 5: Section 5.1 has a revised introduction to the set of integers and a new sub-
section on comparing and ordering integers. Section 5.2 coverage of integer multipli-
cation and division now more closely matches the current middle-school math
curriculum.

m Chapter 6: Section 6.1 has a new subsection on comparing and ordering rationals.
Section 6.3 has a new subsection on interpreting the remainder.

m Chapter 7: Section 7.4 now uses a number line model for basic percent problems. Sec-
tion 7.5 now includes mental computation of 1%, and coverage of estimating tips has
been moved to the homework exercises.

m Chapter 8: Section 8.2 has a revised subsection on simple and closed curves. Sec-
tion 8.5 now covers why there are only five regular polyhedrons. Section 8.6 contains
a revised explanation of drawing top, front, and right views.

m Chapter 9: Section 9.1 shows more transformations on graphs to match the current
middle-school math curriculum. Section 9.4 includes a new investigation.

m Chapter 10: Section 10.1 has a new subsection on time.


www.cengage.com/math/sonnabend
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m Chapter 11: Sections 11.1 and 11.2 have been expanded into three sections to better
match the current middle-school curriculum with new material on solving inequalities
and slope-intercept form. The former Sections 11.4 (“Systems of Equations™) and 11.5
(“Coordinate Geometry and Networks™) now appear on the Brooks/Cole Companion
Website, www.cengage.com/math/sonnabend.

m Chapter 12 has been reorganized and revised based on new ASA guidelines. The for-
mer Section 12.5 (“Samples”) is now 12.1, “Observational Studies and Experiments,”
with new coverage of experiments and study design. Section 12.2 has new coverage of
levels of questions about graphs, line graphs, and the quadrant count ration. Sec-
tion 12.4 covers the mean as balance point. Section 12.5 now includes the interquar-
tile range and the mean absolute deviation.

m Chapter 13: Section 13.1 has a revised explanation of the Law of Large Numbers.
Section 13.3 contains a revised discussion of permutations and combinations.
Section 13.5 has a revised discussion of expected value.

Video Clips

Video clips of children learning mathematics offer interesting discussion material for
some of the mathematics topics in this course. I have selected the most appropriate
videos offered by Annenberg (www.learner.org) and put them in selected exercise sets.
They all come from two series entitled “Learning Math” and “Teaching Math: A Video
Library.” They could be shown during a lesson or assigned for homework. Professors
and college students may register for free to view the videos online.

Another excellent source of video clips for Chapters 3, 6, and 7 is the IMAP Video
Clips (San Diego State University) published on a CD-ROM by Prentice Hall (2004).
The best clips to accompany this textbook are:

Video 3: A 2nd grader solves 70 — 23 three ways.

Video 4: A 2nd grader solves 47 — 39 with an alternate algorithm. Is it correct?

Video 8: Grades 3 and 5 work on decimal addition and place value.

Video 13: A 5th grader changes mixed fractions to improper ones and learns the
importance of understanding mathematical concepts.

Video 16: A 6th grader does division with fractions.

Other good clips for this course are:

Video 2: Second graders solve seven different whole-number arithmetic problems.

Video 5: This shows a 3rd grader’s misconception about whole-number place value
and multiplication.

Video 6: A 5th grader solves 6 X 12 and 12 X 12 using mental computation and
number sense.

Video 14: A 4th grader divides 2 into 5 equal parts.


www.cengage.com/math/sonnabend
www.learner.org
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Distinctive Features Retained in This Edition

m The Classroom Connection features include ques-
11.2 Solving Equations and Inegualities 611 tions from children and sample textbook pages that
relate the mathematics in this book to classroom
b teaching.

Classroom
Connection

m The book comes with eight Activity Cards that can
be cut out or reproduced for use with lab activities
in the textbook.

What You'll Learn

T solve two-step equations and 1o use Iwo-step equations 1o u LeSSOn Openers and Summary EXCI’CiSGS mOtiVate
; w solve problems . .
Y itk students to learn and retain material.

W New Vocabulary Iwo-step equation

always uved in

o
Solve each ecustion. | Why Learn This? m Alternate methods of assessment are covered at the
Mad MU e ou meigh the puppitsin end of each chapter.

g o
43R et a basket The empty basket weighs
2 pounds. The basket and puppics
weigh a total of 14 pounds.

This textbook places greater emphasis on
To find the average weight of a

PUppy. you can solve the equation 3x + 2 = 14, Algebra tiles can
help you understand the solution.

ot
+2=14 l!ll
S 1344
M+2-2=-2 lIIﬁJJ_ﬂ e
i} i)
-

PR ] Lol ) Dibvide wach e
¥ CoT) et teee cqual
L S o

=4 !

A two-step equation, such as Ix + 2 = 14, is an equation that
contains two operaticons. To solve a two-step equation, you use
inverse operations and the properties of equality o get the
variable alone. For many equations, you first undo the addition or
subtraction. Then vou undo the multiplication or division.

m discovery, discussion, and explanation of concepts
T e epen that involve students and deepen their understanding.

m investigations and activities that require higher-
level thinking.

()
dd *— Simphify.
i)

m applications of mathematics that connect mathe-
matical concepts to everyday life.

i

+— Smplify.

m explaining a concept or solving a problem in more
than one way so that future teachers can see a vari-
ety of approaches.

From Prentice Hall Math Course 1 & 2, Student Edition, © 2008 by Pearson Education, Inc. Used by permission. Al rights reserved.

m multiple representations of concepts so that stu-
dents develop a broader understanding.

® Figure 11-7 Two-step equations in grade 6

® how material relates to the current curriculum for
grades K-38.

m difficult concepts in the mathematics curriculum for grades K-8 that future teachers
have trouble explaining.
diagnosing common student difficulties and learning how to help these students.
inductive and deductive reasoning, showing how these two processes are used
throughout mathematics.

m models for arithmetic operations that establish the connection between an operation
and its everyday applications.

m spatial perception and perspective drawing so that students become more adept at
three-dimensional geometry.

m algebra as a mathematical language and a generalization of arithmetic.

® important statistical applications, including misleading statistics, surveys, and stan-
dardized tests.

To make time for these topics, this textbook places less emphasis on (1) topics more stu-
dents have studied or will study in other mathematics or education courses and (2) topics
that are relatively more remote from the current elementary-school curriculum. Such
topics include arithmetic and algebra skills, formal logic, trigonometry, and isometries.
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Other Features Retained in This Edition

m Common student error patterns in arithmetic and measurement prepare future teachers for
diagnosing student difficulties.

Common Error Patterns in Algorithms

What kind of errors might students make with the multiplication and division algorithms?

c In LE 10 and LE 11, (a) complete the last example repeating the error pattern in the
Classoom  cOMpleted examples, (b) write a description of the error pattern, and (c) write what you
Connestion  would tell the student about his or her error.

n ‘Q LE 10 Reasoning

36 42 72
X8 X6 x9
568 302
n % LE 11 Reasoning
121 184

4)623 8)912 3)782

m Charts at the end of each chapter show grade-level coverage of related elementary- and
middle-school topics.

m Extensive coverage of geometry and measurement topics strengthens students’ spatial and ana-
lytical abilities.

Extensive coverage of statistics and probability incorporates many realistic applications.

Mental computation and estimation with whole numbers, fractions, decimals, and percents use
properties of operations and complement the use of calculators.

Humor and historical vignettes enliven the text.
Basic homework exercises have paired odds and evens to facilitate problem selection.
Selected lesson exercises that are especially suitable for discussion are labeled with the

icon p
Discussion

4.1 Factors 199

The statements in LE 9 and LE 10 are possible theorems about divisors. Try numeri-
cal examples to determine which of these statements might be true. Give a counterexam-
ple for any statement that is false. If you believe that a statement is true, prove that it is
true with deductive reasoning. In all statements, A, B, and C are whole numbers, with A # 0.

£3 D ‘ LE 9 Reasoning

True or false? If A | B, then A | BC.

ﬂ D LE 10 Reasoning

Discussion | True or false? If A | BC, then A | Band A | C.

Discussion

Were you able to prove the statements in LE 8 and LE 9? LE 8 is a new theorem
called the Divisibility-of-a-Sum Theorem. LE 9 is called the Divisibility-of-a-Product
Theorem. Both these theorems have the word “divisibility” in them. For counting num-
bers A and B, A is divisible by B if and only if B is a factor of A. The Divisibility-of-a-
Sum-Theorem is as follows.

The Divisibility-of-a-Sum Theorem

For any positive whole numbers A, B, and C,if A | Band A | C, then A | (B + C).
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How to Use This Book

The area 4 ofa triangle tht has a base of ength b and height s m Each lesson presents a series of Lesson

a=lu Exercises (LE) that help you actively develop
the basic ideas of the section. These exercises
should be completed before attempting related
questions in the Homework Exercises. The LE
exercises may be done individually, in pairs, in
small groups, in class discussion, or they can
be completed at home. Answers to most of the
LE exercises appear at the end of the lesson or
in the lesson.

Area of a Triangle

The ancient Egyptians, Babylonians, and Chinese were all familiar with the stan-
dard area formulas for rectangles, parallelograms, and triangles.

% C

Classroom
Connection

LE 7 Skill
1

A sixth grader says the area of the triangle in Figure 10-15 is 3 9 -8 = 36 square
units. Is this right? If not, what would you tell the student?

The area of any polygon can be found by subdividing it into rectangles, triangles, or
both! After finding the area of each rectangle and triangle, add up the areas to obtain the
area of the polygon.

Figure 10-15

m Homework Exercises begin with a set of Basic

Exercises that cover all the main ideas of the [l 6.3 Homework Exercises

section. The Extension Exercises offer more
challenging exercises that enrich the basic
content of the section. The Answers section at
the back of the book provides the answers to
most of the odd-numbered homework exercises.

Basic Exercises

1. Show how to compute 4 X %usmg repeated addition.

»

7

w

. A fifth grader who does not know the multiplication

Show how to compute 3 X 2 using repeated addition.

€, 1. Explain why.in computing 51 % 22 one can

2773
simplify the computation by changing a 2 and 8 to 1
and 4, respectively.

@, 12. Explain why, in computing ]l(] % 2. one can simplify
\!

>
the computation by changing the 10 and 5 to 2 and 1,

rule for fractions wants to cumpul:é x % Explain respectively.

. L1 . ) -
how to compute < X > using two diagrams. 13. Consider the following diagram.

. Explain how to compule% x %usmg two diagrams.

@ 5. Explain how to computc% x %usmg two diagrams.

. Explain how to cnmpulr:% x %u\'ing two diagrams. @ Find 2 % “ % {rom the dingram.

Extension Exercises
64. Fill in the blanks, following the rule in the
completed examples.

@ 9-6 b) 4—14
1238 828
15— 10— __
18— __ 5> __
-2 =70
N—>__ N—>__

£ 65. Crazy King Loopy just died. Loopy’s will instructs
his attorney, Ward E. Claus, to divide up his prize

collection of 17 hogs as follows: 3 of the hogs g0
to his eldest daughter Wacky, % £0 1o his son Harpo,
and % 20 to young Loopy II. Ward has no idea how
he s going to carry out the will
Fortunately, the court sage, Wiggy, tells Ward to
borrow another hog, and then he will be able to carry
out the will. Ward tries it, and it works! Ward returns
the extra hog when he is done.
(a) How many hogs does each child receive?
(b) Why does Wiggy’s approach seem to work?
(¢) In the end, were the conditions of the will ful-
filled, or did everyone receive more hog than he
or she was supposed 0?

£ 68. Assume that b, ¢, and d are not 0. The statement

b d +
(a) always true.
(b) sometimes true.
(c) never true.

£3 69. Sometimes the difference of two fractions equals
their product. For example,

and

3 3
77707510
(a) What is the relationship between the two frac-

tions in each example?

(b) Make up two more examples that work.

(c) Show algebraically that the product and differ-
ence of two fractions of this type will always be
equal. (Hint: Tt takes only two variables to write
all the numerators and denominators.)

1
o

I3 70.

+

+

Gl B =
w
IS

IS

*5

(a) Fill in the blanks.

(b) If the pattern continues, what will the next
equation be? Is the equation true?
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Preface

I Chapter 13 Summary

Uncertainty is part of our everyday lives. It has been said
that nothing in life is certain but death and taxes. For this
reason, probability theory is helpful for studying the
likelihood of everyday events.

Probabilities tell us approximately what we can ex-
pect to happen when the same event is repeated many
times under the same conditions. If a sample space of
equally likely events can be written for an experiment, it
may be possible to compute a theoretical probability.

Experimental ilities are based on i
tal results under identical or similar conditions. If it is
impractical or costly to find an experimental probability
of a random event, one can sometimes study a simulation
of the event, using coins, dice, or a computer.

To decide how many letters and digits to put in license
plates, phone numbers, and codes, people use counting
techniques. These same techniques indicate how likely

Study Guide

one is to guess correctly on a multiple-choice test. In
probability, counting techniques are used to determine
the sizes of sample spaces.

In computing the probability that events A and B will
oceur, one multiplies probabilities. If A and B are depend-
ent, one must calculate how much one event affects the
probability of the other:

P(A and B) = P(B given A) - P(A)

If events A and B are independent, meaning they do
not influence each other’s probabilities, one can compute
P(A and B) simply by multiplying P(A) - P(B).

How do casinos design gambling games, states design
lotteries, and insurance companies set fees? They all use
probabilities to estimate the expected average payoffs
per person. They then use those payoffs to determine a
fee that will cover the payoffs and other expenses.

To review Chapter 13, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

13.1 Experimental and Theoretical
Probability 707

Outcomes and sample spaces 708

Equally likely outcomes 708

Theoretical probability 708

Experimental probability 709

13.3 Counting 726

Organized lists and tree diagrams 727

Fundamental Counting Principle 728

Probabilities using the Fundamental Counting
Principle 731

Permutations and combinations 733

13.4 Independent and Dependent

Events 739

Independent events 740
Dependent events 741

Grades K-8.

m The Review Exercises offer sample test questions
for most of the main ideas of the chapter. The
back of the book provides the answers to all the
review exercises. The Alternate Assessment
presents other methods for assessing your
knowledge and understanding.

Book Companion Website

m The Companion Website (www.cengage.com/
math/sonnabend) has skill practice on
arithmetic, algebra, and geometry. There are
additional sections for Chapters 3, 8, and 11.

Other Learning Aids

End-of-Chapter Materials

m The Chapter Summary briefly describes the
main ideas of the chapter. The Study Guide lists
important topics by section and includes a page
reference for each one. Use the study guide to
break down the material into components for
review. Each chapter includes a list of topics
telling where they are typically covered in

Review Exercises

1. A judge rates the best and second-best orange juices
out of 4 brands, A, B, C, and D. What is the sample
space for his pair of choices?

2. (a) What s the probability of rolling a product less
than 10 on 2 dice?
(b) Describe how you could determine the same
probability experimentally.

w

What is the probability of getting 3 heads and 1 tail
when you flip 4 coins?

4. Write a paragraph that defines experimental and
theoretical probability and tells how these two
kinds of probabilities are related.

5. A pollster asked 300 students which of the following
pizza toppings they prefer: mushrooms, pepperoni,
or spinach.

Mushroom  Pepperoni  Spinach

On the basis of these results, what is the probability
of each of the following?

(a) A college student prefers pepperoni.

(b) A student prefers spinach.

6. Suppose A = you pass the next math test. Make up
an event B so that A and B are
(a) mutually exclusive. ~ (b) not mutually exclusive.

=

. A caterer plans to offer people the choice of turkey,
chicken, peanut butter, or vegetable sandwiches. On
the basis of past orders, the probability someone will
choose a chicken sanduwich is 3, and the probability
someone will choose a turkey sandwich is % What is
the probability that someone chooses neither chicken
nor turkey?

®

. You have a spinner like the one shown. You want to
simulate each second at a one-way traffic intersec-
tion. In preliminary work, you found that 150 cars
passed in 10 minutes. How would you use the spin-
ner in the simulation?

Y

]
Ny

| Subsection titles help clarify how the material is

organized.

B Important definitions, theorems, and properties
are boxed with bold-faced headings.

m All mathematical terms are written in boldface.
m Color is used to highlight mathematical ideas

m Calculator exercises are marked with the icon

and add clarity to figures.
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Content Overview

Chapter 1 introduces mathematical reasoning processes and problem-solving techniques
that are used throughout the course. Its broader view of mathematical reasoning includes
inductive and deductive reasoning, as well as patterns and problem solving.

Chapter 2 covers set and function concepts that are used later in the course to clarify
other concepts. Venn diagrams are used to solve problems in Chapters 1 and 2.

Chapters 3—7 cover the number systems from whole numbers to real numbers. Cate-
gories for each whole number operation (e.g., compare and take away) are studied in
depth in Chapter 3 and used with other number systems in Chapters 5-7. Mental compu-
tation and estimation are also used with each number system. In number theory (Chap-
ter 4), students do proofs and learn two different methods for solving certain problem
types. In Chapters 5-7, students learn how to explain difficult procedures in integer,
fraction, and decimal arithmetic, using models and realistic applications. Students also
compare different representations of real numbers.

Chapters 8—10 cover geometry and measurement. In Chapter 8, the van Hiele model
is used to develop categories and definitions of quadrilaterals. The section on viewing
and drawing solid figures strengthens students’ spatial abilities. In Chapter 9, students
connect transformation geometry to congruence, symmetry, and similarity, and students
analyze a series of constructions using congruence properties. Chapter 10 uses a labora-
tory approach to introduce the metric system and to develop area formulas in a logical
sequence.

Chapter 11, “Algebra and Graphing,” follows and extends arithmetic from Chap-
ters 3—7 and geometry and measurement from Chapters 8—10. Algebra is studied as a
mathematical language. Students use models to solve equations and inequalities. Multi-
ple representations (words, tables, graphs, and formulas) are used in solving realistic
application problems.

The final two chapters cover statistics and probability. Chapter 12 emphasizes
choosing the most appropriate graph or statistic to summarize results. Choices include
stem-and-leaf plots and box-and-whisker plots. The extensive applications of statistics
include misleading statistics, surveys, and standardized tests.

In Chapter 13, students learn the connection between theoretical and experimental
probabilities and use simulations to generate experimental probabilities. Students see the
importance of probability in insurance, drug testing, and gambling games.

Course QOutlines

This textbook provides for some flexibility in organizing the course. The textbook con-
tains more than enough material for 2 four-semester-hour mathematics courses for pre-
service teachers. The material in Chapters 1-7 should be studied in sequence; however, a
number of sections and parts of sections can be omitted.

In Chapters 1-7 you should cover the following material.

1. Cover Chapter 1.

2. In Section 2.1, review set notation and define whole numbers. In Section 2.2, cover
“Intersection and Union.”

3. In Section 3.1, cover all subsections beginning with “Models for Place Value.” Cover
Sections 3.2, 3.3, 3.4, and 3.7.
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. In Section 4.1, cover “Factors.” In Section 4.2, cover “Multiples,” “Divisibility Rules

for 2, 5, and 10,” and “Divisibility Rules for 3 and 9.” Cover Sections 4.3 and 4.4.

5. Cover Section 5.1 and “Inverses” in Section 5.3.

. Cover Chapter 6.

. In Section 7.1, cover “Place Value” and “Exponents.” In Section 7.2, cover “Adding

and Subtracting Decimals,” “Multiplying Decimals,” and “Dividing Decimals.”
Cover Section 7.3. In Section 7.4, cover “Percents, Fractions, and Decimals” and
“Basic Percent Problems.”

After studying the basic material in Chapters 1-7, the major ideas of Chapters 8—13 can
be studied independently of one another, with the following exceptions:

Material Prerequisite
Chapter 10 Chapter 8
Section 10.7 Section 9.5
Section 13.5 Section 12.3

One-Semester Course

Design a one-semester course that suits your needs, with the following conditions:

1.
2.

3.

Cover the required sections and parts of sections in Chapters 1-7 as already outlined.

You can skip optional Section 3.8, investigations, extension exercises, and special
exercises.

Round out the course with additional material from Chapters 1-7, or select sections
from Chapters 8—13. Depending upon the length of your course, your students’ abili-
ties, and the amount of time you spend on extension exercises, you might be able to
cover about 5 to 15 more sections. Suggestions for additional material would include
Sections 8.1-8.6, 9.1, 10.1-10.3, 12.1-12.4, 13.1, and 13.2.

Two-Semester Course

In 2 four-semester one-hour courses, you can cover most of the sections in the book,
depending upon the number of homework exercises assigned. You could skip some of
Sections 3.8, 9.3, 10.7, 13.4, or 13.5.

Supplements for Instructors

Instructor's Resource Manual

The Instructor’s Resource Manual contains teaching suggestions and complete solutions
to textbook exercises.

ExamView®

Create, deliver, and customize tests and study guides (both print and online) in minutes
with this easy-to-use assessment and tutorial system. ExamView offers both a Quick
Test Wizard and an Online Test Wizard that guide you step-by-step through the process
of creating tests—you can even see the test you are creating on the screen exactly as it
will print or display online.
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WebAssign

Instant feedback and ease of use are just two reasons why WebAssign is the most widely
used homework system in higher education. Assign, collect, grade, and record home-
work via the web with this proven system, using algorithmically generated problems
based on text exercises.

Companion Website

This site (www.cengage.com/math/sonnabend) contains additional lessons on systems of
equations, coordinate geometry, networks, Logo, and modular arithmetic.

COMBINING PROCEDURES

Often, a complicatad task can he broken down into simpler asks. You can draw the
*house” in Figune 8-83 by drawing a square und 2 (riangle.

the TRIANGLE (LE 3) and SQUARE :L procedunes in the com-
puter’s memory T IT not, type them in. Then enter:

{in Termpin Logo)

“A housw™

{maves from bottom left corner to top left corner of square)

Press [F2]

O O Did this program work? Depending upon how your triangle progmm begine, you may
A have 1o make an adjustment. The line “TRIANGLE" in this program is a subprocedune. The
subprocedure is numed in the progrum, but the mstnctions for i ane ouside the program.

T

Supplements for Students
Student Activities Manual

This manual provides additional hands-on activities for each chapter.

Student Solutions Manual

This manual provides solutions to odd-numbered homework exercises.
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Introduction

Why Learn Mathematics?

As a teacher, you will introduce the next generation of students to mathematics,
teaching them arithmetic, geometry, and statistics. This course will help you de-
velop a deeper understanding of school mathematics. But it is only a beginning. The
best teachers continue to learn more about mathematics all through their careers.

One objective of this course is to help you understand mathematics in a way
that will make you confident about discussing mathematical ideas with your stu-
dents. When you present solutions to problems in this course, be prepared to show
the steps taken and to explain the thinking that was involved. This is exactly what an
effective teacher does, and it is also a goal for your future students.

But why does anyone teach children mathematics as part of their education?
For one thing, mathematics offers a unique way of looking at the world. Mathemat-
ics gives simple, abstract descriptions that illuminate general relationships among
quantities or shapes while simplifying or ignoring qualities. Mathematics can show
that, ounce for ounce, Brand A is a better buy than Brand B, focusing on the amount
and the price while ignoring other differences in the products and the companies
that produce them. Such mathematical information can help one decide which brand
to buy.

Furthermore, the logical, objective approach of mathematics is applied to many
situations. Mathematics has had an impact on nearly every area of life, from philos-
ophy to economics to art. Philosophers apply the logic of mathematics to ultimate
questions. Economists employ quantitative methods to describe financial trends.
Artists use geometry when they represent our three-dimensional world on canvas.

Finally, mathematics is the language of technological societies. Businesses use
mathematics in recordkeeping and analysis. As a consumer and a citizen, each of us
needs mathematics to make financial decisions and to interpret statistics in political
and economic news.

What have your mathematical experiences been like? Is mathematics one of
your favorite subjects? Or have you felt like Peppermint Patty in the following
cartoon?
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Your professor may ask you to complete the following survey.

Reprinted by permission of UFS, Inc.

Introductory Survey

Name

1. For your two most recent mathematics courses, list the course name, when and
where you took it, and your final grade.

2. One of my favorite things about recent mathematics courses has been

3. One of my least favorite things about recent mathematics courses has been ____

4. Do you feel adequately prepared for this class?
(a) Yes (b) No (c) Not sure

5. (a) How many credit hours are you taking this term?
(b) How many hours will you work each week?
(c) Do you also have children to take care of?

6. Rate your overall time schedule this term.
(a) Very busy/may be too much
(b) Busy
(c) Comfortable

7. Would you be interested in meeting with other students in the class
(a) to do homework? Yes No Maybe
(b) to study for exams? Yes No Maybe




Mathematical

Reasoning

1.1
1.2
1.3

1.4
1.5
1.6

Inductive Reasoning
Deductive Reasoning

Inductive and Deductive
Reasoning

Patterns
Problem Solving

Problem-Solving Strategies
and Skills

How do we determine what is true in mathematics classes and in everyday
life? You have been doing mathematics for many years, yet you may know
little about the approaches you use over and over again in solving problems.

The two central processes of mathematics are inductive reasoning and
deductive reasoning. Becoming aware of these reasoning processes will give
you a better understanding of how you and your students learn mathematics.
After studying these processes, you will use them throughout this course to
make and prove generalizations.

Mathematics is sometimes called the study of patterns. Induction and
deduction are used to generalize mathematical patterns, to extend them, and
to prove generalizations about them.

In recent years, a greater emphasis has been placed on helping all
students develop problem-solving abilities in a structured way. Elementary-
school books now teach some version of Polya's four-step problem-solving
procedure: Read, plan, solve, and check. When it comes to the second step,
making a plan, the elementary-school curriculum now includes specific
processes and strategies for problem solving. The most useful ones are induc-
tion, deduction, choosing the operation, making a table, and drawing a picture.
More specialized strategies include guessing and checking and working back-
wards. These processes and strategies are introduced in Chapters 1 and 3.

What should children be learning about mathematics in grades pre-K
through 8? The National Council of Teachers of Mathematics (NCTM) presents
its vision for school mathematics in the Principles and Standards for School
Mathematics, and Curriculum Focal Points. To help familiarize you with these
documents, each section of this book begins with a list of objectives from
these documents. These objectives relate to the material in the section. The
inside front and back covers list the overall standards along with focal points
for grades pre-K through 8. For more information on the standards and focal

points, visit the NCTM website (www.nctm.org).
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Chapter 1

Mathematical Reasoning

1.1 Inductive Reasoning

NCTM Standards

e describe, extend, and make generalizations about geometric and numerical
patterns (3-5)

* make and investigate mathematical conjectures (pre-K-12)

* recognize and apply mathematics in contexts outside of mathematics (pre-K-12)

The sum of Al

two odd .
. numbers mathematice The supermarket
Alan is is an even textbooks is always crowded
brustworthy. are dull. on Saturday.

number.

How do we form our beliefs? For example, do you believe that your friend Alan is

trustworthy?

Perhaps you would answer “yes” if your previous encounters with Alan suggest that he

is trustworthy.
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Similarly, many mathematical ideas arise from observing a pattern in a series of
examples. The “number magic” in LE (Lesson Exercise) 1 will lead your entire class to
form a generalization based on a pattern in their individual results.

D LE 1 Opener

piscussion | (@) Follow these instructions.
Pick a number.
Multiply it by 2.
Add 10.
Divide by 2.
Subtract your original number.

(b) What number do you end up with?

(¢) So why all the fanfare? Pick a different number and follow the instructions in part
(a) again (or find out what everyone else in the class got). What number do you
end up with this time? Are you mystified?

(d) Make a generalization based on your results in part (b) and part (c).

(e) Are you sure that your generalization will work for all starting numbers?

You may wonder how the instructions in LE 1 work. When we return to it later, in
Section 1.3, you’ll be able to prove that the pattern works for all starting numbers.

The four statements in the cartoon at the beginning of the lesson and the pattern in
LE 1 illustrate inductive reasoning. Inductive reasoning works like this: You might be
adding pairs of odd numbers and see a pattern in the results: 1 + 3 = 4,3 + 7 = 10, and
35 + 31 = 66. Then you make a generalization: The sum of any two odd numbers is an
even number. This process of reasoning from the specific to the general is called induc-
tive reasoning.

Definition: Inductive Reasoning

Inductive reasoning is the process of making a generalization based on a limited
number of observations or examples.

Inductive reasoning is the basis of experimental science and a fundamental part of
mathematics. A scientist uses inductive reasoning to formulate a hypothesis based on a
pattern in experimental results. A mathematician uses inductive reasoning to form a rea-
sonable generalization from a pattern in a series of examples.

In addition, many of our beliefs, prejudices, and theories are based on this process.
This lesson will help you make intelligent use of inductive reasoning in mathematics and
in everyday life. Use inductive reasoning with care, because your generalizations may
turn out to be wrong. For example, your friend Alan may eventually turn out to be un-
trustworthy.

Making Generalizations

The essence of inductive reasoning is making generalizations (also called “conjectures”)
that appear to be true. The following example and exercises will help you become
familiar with the process of making generalizations.
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Mathematical Reasoning

Exam ple 1 Does every number squared equal itself? Use inductive reasoning to
make a generalization based on the examples given.

Examples: 0> = 0 =1
Generalization:

Solution

In both examples, a number squared equals itself. Then, by inductive reasoning, I con-
clude that every number squared equals itself.

Generalization: Every number squared equals itself. (This will turn out to be a false gen-
eralization.) |

In each of the following exercises, use inductive reasoning to make a generalization
based on the examples given. Write each generalization as a complete sentence.

LE 2 Reasoning
The product of two odd numbers is what type of number?

Examples: 5+ 9 = 45 3:-7=21
Generalization:

LE 3 Reasoning

Examples: The two times I went on a picnic, it rained.
Generalization:

(Note: The answers to many lesson exercises can be found at the end of the section,
just before the homework exercises.)

® Figure 1-1 shows how a second-grade textbook asks the child to make a general-
ization about a series of geometry problems.

Of course, we would prefer that our generalizations were always true. In everyday
life, we settle for generalizations that are true most of the time. When we wake up each
morning, we assume that the refrigerator will be working and that we will have hot
water. Such generalizations are reasonable and usually true. They give our lives order
and enable us to plan ahead. However, such generalizations would not meet mathemati-
cal standards. In mathematics, we seek generalizations that are always true.

Unfortunately, inductive reasoning does not always lead to true generalizations.
Although the mathematical generalization you made in LE 2 is true, the mathematical
generalization in Example 1 is false. Often a false generalization results when one selects
a small or nonrepresentative set of examples. By observing a larger number of individual
events, one can make more reasonable generalizations that are more likely to be true.

Using Counterexamples to Disprove False
Generalizations

How can one recognize false generalizations? Often it is a matter of finding just one
exception. For more than 1900 years, people accepted Aristotle’s (384-322 B.C.)
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Classroom
Connection

Figure 1-2

1.1 Inductive Reasoning

What large shape can you make
from these smaller shapes?

Making New Shapes

trapezoid parallelogram hexagon
- side
5 An angle is formed when
,.:"" two sides meet.
_,-": angle
The large shape has __ - _sidesand ¢ _angles. frapezoid
parallelogram
mback @ hexagon
o side
Use pattern blocks to make the shape.
. angle
Trace and color fo show one way to make if.
Write the number of sides and the number of angles.
@ L2
sides sides
«i_angles| angles

What do you notice about the numbers
of sides and angles?

® Figure 1=1 Inductive reasoning in grade 2

7

From Scott Foresman Addison Wesley Math Grades, Grade 2, © 2008 by Pearson Education, Inc. Used by permission. All rights reserved.

generalization that heavier objects fall faster than lighter objects. To test this generaliza-
tion, Galileo (1564-1643) is alleged to have dropped two metal objects, one much
heavier than the other, from the Leaning Tower of Pisa (Figure 1-2). The objects hit the
ground simultaneously! This single counterexample disproved Aristotle’s longstanding

generalization.
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Mathematical Reasoning

Discussion

<
c
H
Classroom
Connection

One usually cannot be sure whether a generalization reached by induction is true,
because one cannot examine every single possibility. Although one cannot prove a gen-
eralization is true by picking examples, one can show a generalization is false by finding
just one counterexample! Example 2 illustrates how one counterexample is used to show
that a mathematical generalization is false.

Exam p|€ 2 InExample 1, it was conjectured that every number squared equals
itself. Find a counterexample that disproves this generalization.

Solution

This statement is false for other decimal numbers. For example, 22 = 4, not 2. In mak-
ing a generalization, it would have been wiser to use more than two examples, includ-
ing some numbers other than O and 1 (because O and 1 have special properties for
multiplication). |

In LE 4 and LE 5, decide whether the generalization is reasonable or false. If possible,
try a few other specific examples. If the generalization is false, disprove it by giving a
counterexample. (The [} in front of an exercise [such as LE 5] indicates that it is a
good exercise to discuss as a class or in groups. Communicating your ideas orally or in
writing helps to clarify them.)

LE 4 Reasoning

I take a number and add it to itself. Then I take the same number and multiply it by
itself. I obtain the same answer either way in two examples: 0 + 0 =0-0and 2 +
2 = 2+2.So I generalize that this will always happen.

LE 5 Reasoning
I add the first two odd numbers and then, the first three odd numbers.
1+3=22 1+3+5=3

From this, I generalize that the sum of the first N odd numbers is N 2 where N = 2, 3,
4, ....(Hint: Write the next three equations that continue the pattern, and see if they
are true.)

How can you make more reasonable generalizations and detect faulty ones? By
checking more examples and a greater variety of them.

LE 6 Reasoning

A sixth grader says she has proved that a positive number plus a negative number is a
positive number. She tried six examples and all the answers came out positive. Is her
generalization correct? If not, what would you tell her?

£ An Investigation: Sums of Consecutive Whole Numbers

An important part of mathematics is exploring new situations and making conjectures
about them. The following investigation can be done in class (alone or in groups) or as
homework.
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X & | LE 7 Reasoning

Use inductive reasoning to answer the following questions.

(a) Is the sum of any three consecutive whole numbers divisible by 3?

(b) Is the sum of any four consecutive whole numbers divisible by 4?

(c) Is the sum of any five consecutive whole numbers divisible by 5?

(d) Investigate further examples and complete the following generalization:
The sum of N consecutive whole numbers is divisible by N when
N =

@ LE 8 Summary

Tell what you learned about inductive reasoning in this section.

. Answers to Selected Lesson Exercises

2. The product of two odd numbers is an odd number. 5. Reasonable
3. Every time I go on a picnic it rains. 6. No. Ask her if she has enough variety in her
examples.

4. False; 3 +3#3-3

. 1.1 Homework Exercises

Basic Exercises 4. Why is it usually impossible to show that a statement

1. Consider the following number trick. is true by checking examples?

Pick any number at all.

Add 8.

Multiply by 2.

Subtract 10.

Subtract your original number.

5. How can a proposed generalization be disproved?

In Exercises 6-10(a), decide whether the generalization
is reasonable or false. If it’s false, give a counterexample.

(a) Try the trick with two or three different numbers. 6. Examples:
(b) What is the general pattern in your results? ;

2.3-5=5-3 6:2=2:6 1:9=9-1
Write a generalization based upon these results.

. | L]
3. A Martian met three people from Boston, and they

all wore high heels. Now the Martian thinks every-
one from Boston wears high heels. Clearly, this gen-
eralization is false. Did the Martian use inductive Generalization: All four-sided figures have four right
reasoning correctly? angles.

[ | []
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7. Examples: José likes to drink beer and watch foot-
ball on TV. Brad likes to drink beer and watch
football on TV.

Generalization: All men like to drink beer and watch
football on TV.

8. Examples: 5, 15,25
Generalization: If a number is odd, then it ends in 5.

9. Examples: 1+2:@
1 +243=°%
2
14243 +4=20

2
Generalization: The sum of the first N counting
numbers is N(N + 1)/2forN =2,3,4, . ...

H 10. (a) A farmer uses fertilizer for 3 years in a row, and
his corn crop yield improves each year. On the
basis of these results, he generalizes that fertilizer
improves corn crop yield.

(b) If the generalization in part (a) is true, what other
factors should the farmer consider in deciding
whether or not to use this fertilizer to grow corn?

.(a) 12,345,679 X 36 =
(b) 12,345,679 X 45 =
(c) Write two more equations that extend this
pattern.
(d) Explain how this pattern works. (Hint: What is
12,345,679 X 97)

. Ready for some math magic?
112 X 124 = 13,888

No, of course that’s not the whole trick! Read on.

(a) Reverse the digits in each factor and multiply.
211 X 421 =

(b) What is interesting about the result in part (a)?

(c) 312 X 221 =
213 X 122 =

(d) Make a generalization based on the results to
parts (a) and (c).

(e) Try some other examples, and decide whether
your generalization is reasonable or false.

13. E (weight on Earth) ‘ 100 1b ‘ 200 1b ‘ 300 1b

M (weight on Mars) ‘ 38 1b ‘ 76 1b ‘ 114 1b

(Continued in the next column)

(a) An astronaut in a space suit might weigh about
400 1b on Earth. If the pattern continued, what
would be her weight on Mars?

(b) If someone’s weight doubled on Earth, what do
you think would happen to the person’s weight
on Mars?

(c) Make a conjecture about the general relationship
between weight on Earth and weight on Mars,
based upon these data. Tell how you developed
your conjecture. (Compare each E value to the
corresponding M value.)

(d) Write an equation relating E to M, based upon
your conjecture.

[ 14. Galileo used inductive reasoning to develop hypothe-
ses about the length of a pendulum and the period of
a full swing.

Use the following data to develop your own

hypothesis.
L P
(length of (period of a
pendulum) full swing)
1 unit 1  second
2 units 1.41 seconds
3 units 1.73 seconds
4 units 2 seconds
9 units 3 seconds

(a) If the pattern continues, what is the length of
a pendulum that has a period of 4 seconds?

(b) What is the general relationship between the
length and the period?

(c) Write a formula relating L to P,

(d) Use your formula from part (c) to estimate the
period of a pendulum 5 units long.

@ 15. Give an example showing how a college admissions
officer might use inductive reasoning.



% 16. Give an example showing how a teacher might use
inductive reasoning.

Extension Exercises

17. Try some examples, and decide whether each of the
following statements is probably true or definitely
false.

(a) The product of any three consecutive whole num-
bers is divisible by 3.

(b) The product of any four consecutive whole num-
bers is divisible by 4.

(c) The product of any five consecutive whole num-
bers is divisible by 5.

(d) Investigate further examples, and state a general-
ization of your results.

ﬂ 18. (a) Is every number that is divisible by 4 also divisi-
ble by 3?
(b) Is every number that is divisible by 5 also divisi-
ble by 3?
(c) Is every number that is divisible by 6 also divisi-
ble by 3?
(d) Investigate further examples, and state a general-
ization of your results.

ﬂ 19. When people clasp their own hands, do they all pre-
fer to put the right thumb on top?

1.2 Deductive Reasoning 11

Mapmakers often shade adjacent states or countries

in different colors. One of the most famous problems

in mathematics is the map-coloring problem. It asks:

How many different colors are needed to color any

map drawn on a flat surface or a sphere so that adja-

cent regions are different colors?

In 1878, Arthur Cayley posed this problem to the
London Mathematical Society. Ninety-eight years
later, Wolfgang Haken and Kenneth Appel of the
University of Illinois found and proved the answer
using more than 1000 hours of computer time.

(a) Find the minimum number of different colors
needed to color the map of the United States so
that no two adjacent regions are the same color.
(You don’t have to color in every state.)

(b) On the basis of your results, make a conjecture
about the answer to the map-coloring question.

i 1.2 Deductive Reasoning

NCTM Standards

* develop and evaluate mathematical arguments and proofs (pre-K-12)

* recognize and apply mathematics in contexts outside of mathematics (pre-K-12)

It’s the first day of class. You assume that the teacher will be older than most of the stu-
dents and that the teacher will settle in at the front of the room. A middle-aged woman
walks in the door and heads directly to the front of the room. Next, she lays her things
on the teacher’s desk. What would you conclude about this person?

Or how about this? I'm thinking of a one-digit odd number that is greater than 5 and
divisible by 3. Can you deduce what number it is?

In drawing conclusions from information given in the preceding examples, one can
use a second important reasoning process: deductive reasoning.
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Definition: Deductive Reasoning

Deductive reasoning is the process of reaching a necessary conclusion from
given facts or hypotheses.

One of the most famous deductive thinkers is Sherlock Holmes. Notice how he uses
deductive reasoning in the following scene.

A Famous Application of Deductive Reasoning

=W -

HOLMES:
WATSON:
HOLMES:
WATSON:
HOLMES:

were discussing gold investments.
WATSON:
HOLMES:

reasoning.

LE 1 Opener

It’s show time! Select two people from the class to play the parts of Holmes and
Watson in the following scene, adapted from The Adventures of the Dancing Men
by Sir Arthur Conan Doyle. Places! Action!

(coolly) So Watson, you were just discussing gold investments.

(astonished) How on earth did you know that?!

In a few moments, you’ll say it’s so absurdly simple.

(in a huff) I certainly will not.

After seeing chalk between your index finger and thumb, I feel sure that you

(still confused) What is the connection?
Let me explain and diagram my argument using step-by-step deductive

. You have chalk between your index finger and thumb.

. Therefore, you must have played billiards.

. You must have played billiards with Thurston, since you always play with him.

. Thurston had an option to invest in gold no later than today and wanted you to
invest with him, so you must have discussed it.

WATSON: How absurdly simple! You’ve done a proof like I used to do in high-school
geometry class.

Curtain (and applause).

In reaching his conclusion, Sherlock Holmes used deductive reasoning. Each state-
ment in his explanation necessarily leads to the next statement when combined with cer-
tain assumptions. For example, Holmes combined the fact that Watson had chalk
between his index finger and thumb with the assumption that if Watson had chalk on his



1.2 Deductive Reasoning 13

fingers, then he must have been playing billiards. The necessary conclusion is that
Watson was playing billiards.

Chalk on . Played . Was with . Discussed gold
fingers billiards ~ Thurston investment

Deductive reasoning is used by detectives solving crimes, mathematicians drawing
conclusions, and philosophers thinking logically. When the assumptions are true, deduc-
tive reasoning produces certain results. Now it’s your turn to solve a mystery using
deductive reasoning.

X & | LE 2 Reasoning

The painting “By Numbers” was stolen from Jane Dough’s Illinois home last night.
Today the painting was found in an alley. Can you find the thief?

The only suspects are Jane Dough (the owner of the house), Jeeves (the butler),
Sharky (the pool man), and Fluffy (the pet Doberman pinscher). The police have gath-
ered the following evidence:

. The painting was stolen between 8:00 and 9:00 p.M. last night.

. Fluffy can’t carry a painting.

. Jeeves has been visiting Mumsy in Liverpool all week.

. Sharky’s and Jane’s fingerprints were on the canvas.

. Jane was with three friends at the movie Return of the Stepson of Darth Vader’s
Cousin from 7:30 to 10:00 p.M. last night.

AW =

Drawing Conclusions

The essence of deductive reasoning is drawing a necessary conclusion (from given hy-
potheses). You used this process repeatedly in the preceding exercise.

g

H

LE 3 Reasoning
Fill in the conclusion that follows from the given hypotheses.
Hypotheses: The painting was stolen from the house between 8:00 and 9:00 p.M.
Jane was at a movie from 7:30 to 10:00 p.m.

Conclusion:

Mathematicians often use this same process. The following lesson exercise illus-
trates how applying a geometry theorem to a particular figure requires deductive
reasoning.

X & | LE 4 Reasoning

Fill in a conclusion that follows from the given theorem and hypothesis.

Theorem: The opposite sides of a parallelogram are equal in length.
Hypothesis: ABCD is a parallelogram.

D C

Conclusion:
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In LE 4, you applied the theorem that the opposite sides of a parallelogram are
equal in length in a particular parallelogram ABCD. Mathematicians also use deductive
reasoning in applying a definition to a particular case, as is done in the following lesson
exercise. The following exercise introduces a second format that is commonly used in
deductive reasoning: the “if-then” format.

LE 5 Reasoning

Fill in a conclusion that follows from the given hypotheses.

If all numbers that are divisible by 2 are even, and 264 is divisible by 2,
then

In LE 5, the definition that an even number is divisible by 2 was applied to the num-
ber 264. If we know that all numbers that are divisible by 2 are even and that 264 is di-
visible by 2, then we can conclude that 264 is even. In LE 5, the hypotheses are (1) “All
numbers that are divisible by 2 are even numbers” and (2) “264 is divisible by 2.” The
conclusion is “264 is an even number.” In the “if-then” statement, the hypotheses come
after the word “if,” and the conclusion is stated after the word “then.” You can also think
of hypotheses as assumptions.

LE 6 Concept

Consider the following statement: If x = 4and y = x + 3, theny = 7.
(a) What are the hypotheses (assumptions)?

(b) What is the conclusion?

The mathematician, like the detective, uses deductive reasoning in a process of
elimination. This is illustrated in the following exercise.

LE 7 Reasoning
(a) Fill in the blank and (b) identify the hypotheses and conclusion.

Two distinct lines in a plane are either parallel or intersecting. Suppose distinct lines a
and b in a plane are not parallel. Therefore,

Aristotle (384-322 B.C.), the father of deductive reasoning, was the first to study
logic systematically. He stated the most famous example of deductive reasoning. It con-
sists of two hypotheses and a necessary conclusion.

Example 1 models Aristotle’s famous example of deductive reasoning with a Venn
diagram (set picture). Aristotle didn’t have the luxury of using a Venn diagram. John
Venn (1834-1923) invented these diagrams, which are used for illustrating set relation-
ships, more than 2000 years after Aristotle’s death.

Exam p|€ 1 Represent the two hypotheses with a Venn diagram and deduce the
conclusion.

Hypothesis: All people are mortal.
Socrates is a person.
Conclusion:




Mortals

e Socrates
People

Mortals

Figure 1-3
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Solution

The first hypothesis, “All people are mortal,” is shown by drawing a circle or oval
that represents the set of “all people” inside a circle or oval that represents the set of
“all mortals.” This Venn diagram (Figure 1-3) shows that the set of “all mortals”
contains the set of “all people.” The second hypothesis, “Socrates is a person,” is
shown by drawing a point that represents Socrates inside the set of “all people,”
because the set of “all people” contains Socrates. A point is used to represent a single
element such as “Socrates.” A circle or oval is used to represent a group such as “all
people.”

The point representing Socrates is also contained in the circle representing mor-
tals. So the set of “mortals” contains Socrates. We have our conclusion: Socrates is
mortal. |

LE 8 Reasoning

Represent the two hypotheses in a Venn diagram and deduce the conclusion. (Hint:
For the Venn diagram, identify a larger group [circle or oval] that contains another
smaller group [circle or oval].)

Hypotheses: All doctors are college graduates.
All college graduates finish high school.

Conclusion:

® Figure 1-4 shows how a first-grade textbook asks children to make a deduction
based on two hypotheses about the prices of two items.

¢

Classroom
Connection

Problem Solving Mental Math

Solve.

(5 A toy horse and a toy dog cost 60¢ altogether. N
If the toy horse costs 40¢, 2 ? ¢ LD
how much does the toy dog cost? ’

40@ i . )
?

© 2008 by Pearson Education, Inc. Used by permission. All rights reserved.

From Scott Foresman Addison Wesley Math Grades, Grade 1,

® Figure 1-4 Deductive reasoning in grade 1

Does Deductive Reasoning Always Work?

Are the conclusions that result from deductive reasoning always true? What happens if
we make a slight change in LE 8?



16

Chapter 1

Mathematical Reasoning

LE 9 Concept
(a) Fill in the blank and (b) identify the hypotheses and conclusion.

If all doctors are college graduates and all college graduates like roller skating,
then

LE 9 illustrates that valid (correct) deductive reasoning can sometimes lead to a
false conclusion.

Valid
FALSE reasoning? FALSE
HYPOTHESIS ———— CONCLUSION

LE 10 contains another example of this type.

S’

I'Q

H

LE 10 Reasoning
Represent the two hypotheses in a Venn diagram and deduce the conclusion.

Hypotheses: A square is also a rectangle.
All rectangles have six sides.

Conclusion:

When the deductive reasoning process is done correctly, it is called valid deductive
reasoning, and the conclusion is called a valid conclusion. In valid deductive reasoning,
the conclusion automatically follows from the hypotheses. Deductive reasoning is
said to be invalid (done incorrectly) when the conclusion does not automatically follow
from the hypotheses. The use of the word “valid” or “invalid” does not indicate whether
any hypothesis or conclusion is true or false.

LE 9 and LE 10 are examples of how a valid deductive reasoning process can lead
to a false conclusion. LE 9 and LE 10 each have a false conclusion that results from hav-
ing a false hypothesis. To guarantee that the conclusion reached by deductive reasoning
is true, all the hypotheses must be true.

True Conclusions from Deductive Reasoning

If the hypotheses are true and the deductive reasoning is valid, then the conclusion
must be true.

In analyzing a deductive sequence, check to see whether the hypotheses and conclu-
sion are true or false, and check whether reasoning from the hypotheses to the conclu-
sion is valid (done correctly) or invalid.

Valid
reasoning?
HYPOTHESES —— CONCLUSION

) )

True or false? True or false?

Rules of Logic and Deductive Reasoning

One common form of deductive reasoning involves drawing a conclusion from a given
if-then statement. Each part of the following exercise illustrates a basic rule of logic.
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g

g 5

H

LE 11 Reasoning

Assume the following if-then statement is true.
If a person is a doctor, then the person is a college graduate.

(a) Suppose Maija is a doctor. What can you conclude?
(b) Suppose Melissa is not a college graduate. What can you conclude?

LE 11 illustrates two rules of logic that are often used in deductive reasoning.
Part (a) is an example of affirming the hypothesis. We have a general if-then statement
that is true and a specific example (for Maija) in which the hypothesis is true. We can
deduce that the “then” part is true for our specific example. Maija is a college graduate.

Part (b) is an example of denying the conclusion. We have a general if-then statement
that is true and a specific example (for Melissa) in which the conclusion (“then” part) is
false. We can deduce that the hypothesis (“if” part) is false for our specific example.
Melissa is not a doctor.

If the hypothesis of an if-then statement is true or the conclusion is false, we can apply
deductive reasoning. But there are two other possibilities. What will happen when the hy-
pothesis of our if-then statement is false or the conclusion is true?

X & | LE 12 Reasoning

Assume the following if-then statement is true.
If a person is a doctor, then the person is a college graduate.

(a) Suppose Marcus is not a doctor. What can you conclude?
(b) Suppose Misha is a college graduate. What can you conclude?

If you got stuck trying to answer LE 12, that’s great! You cannot make any conclusions
in LE 12. In part (a), Marcus may or may not be a college graduate. In part (b), Misha might
be a doctor, but Misha might also be a teacher or even unemployed.

A Game: Pica-Centro

Pica-Centro is a game of deductive reasoning for two players that Douglas Aichele
describes in his May 1972 article in Arithmetic Teacher. The object of the game is to
determine the three-digit number your opponent has secretly selected by using deductive
reasoning (and a little luck).

To begin the game, Player A secretly chooses a three-digit number with three differ-
ent digits. Player B then keeps guessing three-digit numbers until Player B can deter-
mine Player A’s number. For example, suppose Player A secretly picks the number 807.
Player B records guesses as follows.

Guesses by Responses by
Player B Player A
Pica: Correct Digit, Centro: Correct Digit,
Digits Wrong Position Correct Position

oW A
S oo B
~N 3
S = O

0
0
1
3
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For each of Player B’s guesses, Player A tells how many digits are correct and whether
they are in the correct positions, as shown in the preceding table. This process continues
until Player B finds Player A’s number. Then the players switch roles.

—_ LE 13 Reasonin
r2 ), J

Discussion

Find a partner and play a game of Pica-Centro.

@ LE 14 Summary

Tell what you learned about deductive reasoning in this section. What is deductive
reasoning? Give an example.

. Answers to Selected Lesson Exercises

2. Sharky

3. Jane did not steal the painting.
4. AB = CD and AD = BC.

5. 264 is an even number.

6. (A)x=4andy=x+3
byy=7

7. (a) a and b are intersecting.
(b) The first two sentences (about the lines) are the
hypotheses, and the conclusion is “a and b are
intersecting.”

. 1.2 Homework Exercises

8. All doctors finish high school.

Finish high school

College graduates

9. (a) All doctors like roller skating.
(b) The phrase after “If”” and before “then” contains
the two hypotheses, and the conclusion is “all
doctors like roller skating.”

10. All squares have six sides. The oval for “squares”
is inside the oval for “rectangles.” The oval for
“rectangles” is inside the oval for “six sides.”

11. The answers follow the exercise.

Basic Exercises

H 1. Use deductive reasoning to fill in a conclusion that
follows from the given statements, and draw a Venn
diagram (set picture).

All rectangles are parallelograms. All parallelo-
grams are quadrilaterals.
Conclusion:

2. Use deductive reasoning to fill in the conclusion.
Watson was playing billiards today. Watson plays
billiards only with Thurston.
Conclusion:




3. (a) Fill in the blank and (b) identify the hypotheses
and conclusion.

B C

A D

If ABCD is a rectangle and the opposite sides of a
rectangle are parallel, then

4. (a) Fill in the blanks and (b) identify the hypotheses
and conclusion.
Ifx=4andy = 2x — 3, then

5. Write each of the following statements in if-then form.
(a) All students want the option to earn extra credit.
(b) All rectangles have four sides.

6. Write each of the following statements in if-then form.
(a) All carrots contain vitamin A.
(b) All two-digit whole numbers are greater than 9.

7. What will guarantee that the conclusion reached
through valid deductive reasoning is true?

@ 8. Make up an example of valid deductive reasoning
that leads to a false conclusion.

9. In parts (a) and (b), assume the following if-then
statement is true. If a number is negative, then it is
less than 10.

(a) —5 is a negative number. What can you
conclude?

(b) 12 is not less than 10. What can you conclude?

(c) Draw a Venn diagram that shows why your
conclusion to part (a) is true. (Hint: The first
statement is the same as “All negative numbers
are also numbers less than 10.”)

(d) Draw a Venn diagram that shows why your
conclusion to part (b) is true.

10. Fill in the conclusion in each part.
(a) Hypotheses: If today is Tuesday, then tomorrow
is Wednesday.
Tomorrow is not Wednesday.
Conclusion:
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(b) Hypotheses: If today is Tuesday, then tomorrow
is Wednesday.
Today is not Tuesday.
Conclusion:

11. Your teacher says, “Anyone who gets an A on
the final will get at least a B in the course.”
Using this statement, what can you conclude
about
(a) a student who gets an A on the final?
(b) a student who gets a B on the final?
(c) a student who gets a C in the course?

12. If a figure is a square, then the figure is a rectan-
gle. Using this statement, what can you conclude
about
(a) a figure that is not a rectangle?

(b) a figure that is not a square?
(c) a figure that is a square?

13. If a person lives in Nevada, then that person lives
in the United States. What can you conclude
about
(a) a person that does not live in Nevada?

(b) a person that does not live in the United
States?

14. If it rains today, then I will stay home. What can you
conclude if
(a) I did stay home today?
(b) I did not stay home today?

In Exercises 15 and 16, represent the two hypotheses in a
Venn diagram and deduce the conclusion.

15. Hypotheses: Two is a whole number.
All whole numbers can be written as
fractions.
Conclusion:

16. Hypotheses: All cockroaches are young.
All young things are beautiful.
Conclusion:

In Exercises 17 and 18, decide whether or not the third
statement can be deduced from the two hypotheses.

17. Hypotheses: Maria is taller than Ana.
Ana is taller than Jelena.
Conclusion: Maria is taller than Jelena.
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18. Hypotheses: Maria beat Ana at tennis.
Ana beat Jelena at tennis.

22. Consider the following Pica-Centro game.

Conclusion: Maria will beat Jelena at tennis. Guosses Responses
(Read the instructions before Exercise 17.) " P
Pica: Centro:
@ 19. Consider the following Pica-Centro game. . Correct Digit, Correct Digit,
Digits Wrong Position Correct Position
-9:
- 307 0 0
G R
uesses esponses 564 1 1
Pica: Centro: 68 4 0 1
Correct Digit, Correct Digit, 153 1 0
Digits Wrong Position Correct Position
532 2 0 Find the secret number.
423 1 0

In Exercises 23-25, use deductive reasoning to fill in a

S . 0
Which digit is definitely part of the secret number? conclusion that follows from all the given statements.

Tell how you determined one of the correct digits.

23. If you have your teeth cleaned twice a year, you will

% 20. Consider the following Pica-Centro game.
have less tooth decay. If you have less tooth decay,

% 21.

Guesses Responses you will lose fewer teeth.
Conclusion:
Pica: Centro:
Correct Digit, Correct Digit,
Digits Wrong Position Correct Position 7% 24. If my car doesn’t start, then I will take the bus to
692 2 0 work. If I take the bus to work, then I will read a
752 0 1 short story. If I read a short story, then I will feel
543 0 0 entertained.

What is the secret number? Tell how you determined

one of the correct digits.

Consider the following Pica-Centro game.

(a) Which digits can be eliminated?

(b) Which digit is in the correct position in the third
guess? Explain why.

(c) Which two digits are correct in the first
guess?

(d) What are the correct positions of the two correct
digits in the first guess? Explain why.

(e) What is the secret number?

Conclusion:

25. Hypotheses: Some people throw litter on the street.
People who throw litter on the
street do not care about their

9] surroundings.
Guesses Responses Conclusion:
Pica: Centro:
C t Digit, C t Digit, . . . .
Digits W:_) ;;cposli%il on C 03:::: POSligtlion L % 26. Write a valid deduction from the following two
assumptions.
523 2 0 . .
012 0 0 No students like pop quizzes.
678 0 1 Miguel likes pop quizzes.
976 0 0
¥ % 27. Add a hypothesis so that each given conclusion

follows deductively from the two hypotheses.
(a) Hypotheses: Ada is a mathematics teacher.

Conclusion: Ada loves mathematics.
(b) Hypotheses: You are having fun.

Conclusion: Time flies.
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28. Add a hypothesis so that each given conclusion fol- Extension Exercises
lows deductively from the two hypotheses.

(a) Hypoth i 8 33. Everyone in the Smith family has dressed up for Hal-
a) Hypotheses: w = 2t — -

loween, but they didn’t change their shoes or socks.
Match each family member out of costume to the
same family member in costume. Describe one step
of deductive reasoning that you used.

Conclusion: w = 12
(b) Hypotheses: Today is cold.

Conclusion: You are wearing a wool sweater.

29. Complete the following to create an example of valid
deductive reasoning.
Assumptions: All elephants are good dancers.

Conclusion:

30. Joe and Sue are the same age. Joe is younger than
Paul. Paul is older than Jane. Is Joe older than Jane,
younger than Jane, or is it impossible to tell from the
given information?

31. What conclusions can be drawn about Sandy on the
basis of the following diagram?

Dogs

Dachshunds
® Sandy

ﬂ 32. (a) Draw a Venn diagram that represents the follow-

. n 34. Lewis Carroll (real name: Charles Dodgson), author
Ing statements.

of Alice’s Adventures in Wonderland, was also a

All dolphins are swimmers. mathematics professor who devised logic puzzles.

All swimmers wear bathing suits. The following are from his book Symbolic Logic. In

No tigers wear bathing suits. each part, draw a valid conclusion that follows from
(b) Which of the following statements are confirmed all the given statements.

by your diagram? (a) Everyone who is sane can do logic.

1. All dolphins wear bathing suits. No lunatics are fit to sit on a jury.

2. If you are not a tiger, then you wear a bathing None of your sons can do logic.

SUuit. (b) No ducks waltz.
3. All dolphins are tigers. No officers decline to waltz.
4. If you are not a swimmer, then you are not a All my poultry are ducks.

dolphin. (Continued on the next page)
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35.

36.

3.

38.
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(c) No birds except ostriches are 9 feet high.
There are no birds in this aviary that belong to
anyone but me.

No ostrich lives on mince pies.
I have no birds less than 9 feet high.

Raymond Smullyan, a contemporary mathematician,
devised the following puzzle:

The Politician Puzzle

One hundred politicians attended a convention. Each
politician was either crooked or honest. Also:

1. At least one of the politicians was honest.
2. Given any two politicians, at least one of the two
was crooked.

(a) How many politicians were honest, and how
many were crooked?
(b) Explain how you reached your conclusion.

The Three Stooges are a real pain. When you ask
one of them a question, they all answer. Further-
more, one of them always lies, and the other two
answer truthfully. I asked them who is the smartest.
They replied:

CURLY: I am not the smartest.

MOE: Larry is the smartest.

LARRY: Curly is the smartest.

(a) Who is really the smartest, and who is the liar?
(b) Explain how you reached your conclusion.

Three boxes contain yellow and white tennis balls.
One box has all yellow tennis balls; one has all white
tennis balls; and one has some yellow and some
white balls.

Unfortunately, all three boxes are labeled incor-
rectly! How can you determine the correct labeling
after selecting just one ball? (Hint: Figure out which
box to choose.)

Y \\% WandY

Mr. Barber is a barber who shaves every man in town
who does not shave himself. Who shaves Mr. Barber?

Puzzle Time

L5 39.

In the game Sudoku, you fill in a digit from 1 to 9 in
each square of the 9-by-9 square puzzle. Each col-
umn, each row, and each 3-by-3 outlined square

(Continued in the next column)

should contain the numbers 1 through 9 without

repeating any of them.

(a) To begin the following puzzle, see if you can fill
ina I and a 2 somewhere.

(b) See how much of the puzzle you can work out
from there. The puzzle uses deductive reasoning
and does not require any trial-and-error guessing.

2 1
4 3 6 1 2
3
5 2 9 1 4 6
4 7 9 8 5
2 5 4 9
7 3 8 1 2
1 5

40. (a) Fill the numbers in the puzzle. Each number

should be used once.

1171913
3 Digits 4 Digits 5 Digits
632 1562 12683
683 1793 14623
904 3081 98729
913 8421
981

(b) Give an example showing how you used deduc-
tive reasoning to fill in the numbers in this puzzle.
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41. The following puzzle is adapted from the magazine necessarily respectively—a general, a schoolmaster,
Murder Ink. an admiral, and a doctor.

1. The waiter brings a whiskey for Jennings and a
beer for Scott.

A\ 2. Neither Howell nor Scott has any sisters.

3. The schoolmaster does not drink alcohol.

4. Howell is the admiral’s brother-in-law. Howell is
sitting in a chair, and the schoolmaster is next to
him on his left.

5. Later on, the general looks in the mirror over the
fireplace and sees the door close as the waiter
departs. The general then speaks to Wilton,
next to him.

6. The murderer suddenly reaches over and drops
something in Jennings’s whiskey. No one has left

Boggs has been found dead. Four men, seated on his seat.
the sofa and two chairs in front of the fireplace (as (a) Tell the position of each man, give his profes-
shown), are discussing the murder. Their names are sion, and name the murderer.
Howell, Scott, Jennings, and Wilton. They are—not (b) Give an example showing how you used

(Continued in the next column) deductive reasoning to solve this puzzle.

i 1.3 Inductive and Deductive Reasoning

NCTM Standards

* make and investigate mathematical conjectures (pre-K-12)

e develop and evaluate mathematical arguments and proofs (pre-K-12)

* use the language of mathematics to express mathematical ideas precisely (pre-K-12)

Mathematicians use inductive and deductive reasoning to create new mathematics. First
they propose generalizations (using induction), and then they try to prove the logical
validity of their generalizations (using deduction).

In this lesson, you’ll first learn to tell the difference between induction and deduction.
Then you’ll see how mathematicians use these two processes to create new mathematics.

Inductive Versus Deductive Reasoning
LE 1 Opener

Are the men in the cartoon in Figure 1-5 on the next page discussing deductive or
inductive reasoning?
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Figure 1-5

How can one avoid confusing inductive reasoning and deductive reasoning?
Remember, inductive reasoning leads to a generalization from specific examples; deduc-
tive reasoning draws a necessary conclusion from given assumptions. Induction involves
an “inductive leap” from specific examples to a general idea. Deduction leads to a
conclusion that follows automatically from the given assumptions.

Can you tell the difference? Find out in the following exercises.

In LE 2 through LE 4, identify whether induction or deduction is being used.

LE 2 Concept

The fingerprints on the wall match yours. I know that everyone has a unique set of
fingerprints. I conclude that you touched the wall.

LE 3 Concept

I meet two people from France who wear berets. I conclude that all people from
France wear berets.

LE 4 Concept

Given: m = n + 6 and n = —8. I conclude that m = —2.

Inductive and Deductive Reasoning

Many mathematical ideas are developed using a two-step process. First inductive rea-
soning is used to make a generalization about an observed pattern in a variety of exam-
ples. Then deductive reasoning demonstrates that the general statement must be true if
certain assumptions are made.

Remember the mystifying number trick from LE 1 in Section 1.1? You observed that
no matter what number you started with, you ended up with 5. Unfortunately, no matter
how many examples you tried, you could not be sure you would always end up with 5.

Inductive reasoning carries the risk of an incorrect generalization, so the conclusion
it produces lacks the certitude required in mathematics. A mathematician would use
deductive reasoning to prove that the number trick always produces a 5.
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Exam p|€ 1T Prove that the following number trick always results in 5.

Pick a number.

Multiply by 2.

Add 10.

Divide by 2.

Subtract your original number.

Solution

Mathematicians use algebra and deductive reasoning to prove general results about num-
bers. In the case of the number puzzle, instead of starting with a number such as 3 or
—2, start with a variable N that could represent any number. Then go through all the
steps in the puzzle, and deduce what happens to the variable along the way.

1. Pick a number. N
2. Multiply by 2. _ (Deduction?)

What goes in the blank? If you take N and multiply by 2, you obtain 2N.

Next, how do we deduce the result of step 3 from step 2?7

2. Multiply by 2. 2N
3. Add 10. _ (Deduction?)

Take 2N and add 10, and you obtain 2N + 10. Continuing this series of steps and deduc-
tions yields the following proof.

1. Pick a number. N

2. Multiply by 2. 2N

3. Add 10. 2N + 10

4. Divide by 2. L;m =N+5
5. Subtract your original number. N+5—-N=5

Deductive reasoning shows that no matter what N you start with, you will end up
with 5. |

LE 5 Reasoning

Consider the following number trick.

Pick any number at all.
Subtract 3.

Multiply by 2.

Subtract your original number.
Add 6.

(a) Try two or three different numbers, and use inductive reasoning to make a conjec-
ture about what will happen with any number.
(b) Use deductive reasoning to prove your generalization from part (a).
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C

Classroom
Connection

LE 6 Concept

In A Research Companion (NCTM, 2003), Deborah Ball and Hyman Bass describe a
group of third graders who are trying to prove that the sum of two odd numbers is an
even number.

Ofala says she proved it because she tried “almost eighteen” examples, and they
all worked. Betsy says an odd number equals an even number plus 1. If you add two
odd numbers, you could add two even numbers plus two. The result is always an even
number.

(a) Why hasn’t Ofala proved it?
(b) Is Betsy’s proof correct? If not, what would you tell her?

Mathematics is our unique attempt to construct a system of ideas based on precise
deductive reasoning. A mathematical system begins with a few simple assumptions and
then, through step-by-step logical arguments, arrives at new conclusions. The conclu-
sions of deductive reasoning are irrefutable if the assumptions are correct.

Ancient Greek philosophers required that all their mathematical theorems be based on
deductive reasoning, and it has remained that way for more than 2000 years! Mathemati-
cians will not accept any statement as a theorem of mathematics unless it has been proved
deductively.

LE 7 Summary

How can you tell the difference between inductive and deductive reasoning?

The Converse of a Statement

D

Discussion

When you interchange the hypothesis and conclusion of an if-then statement, you obtain
a new statement called the converse. The converse of “if A then B” is “if B then A.”

LE 8 Opener

Suppose a statement is true. Does its converse also have to be true?
Statement: “If a number is divisible by 10, then the number is even.”

(a) Is the statement true?

(b) Write the converse of the statement.

(¢) Try some examples, and determine if the converse is probably true or definitely
false.

LE 9 Concept
Ifx +3 =5, thenx = 2.
(a) Is this statement true?

(b) Write its converse.
(¢) Is the converse true or false?
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LE 8 and LE 9 suggest the following.

Statements and Their Converses

The converse of a true “if-then” statement may be either true or false.

The extension (homework) exercises address two other statements that are related to
an “if-then” statement: the contrapositive and the inverse.

“If and Only If"

When a statement and its converse are true, we can combine the two statements into one.

[ | Example 2 Consider the following two statements:
Ifx=2thenx + 3 =5.
Ifx +3=5thenx = 2.

(a) Are both statements true?
(b) If both statements are true, combine them into an “if and only if”” statement.

Solution

(a) Both statements are true.
(b) Write either hypothesis followed by “if and only if”” and the other hypothesis.
For example, you could write: x = 2 if and only ifx + 3 = 5. |

LE 10 Skill

Consider the following two statements:
If a whole number is divisible by 10, then its ones digit is a 0.
If its ones digit is a 0, then a whole number is divisible by 10.

(a) Are both statements true?
(b) If both statements are true, combine them into an “if and only if”” statement.

So an “if-and-only-if” statement describes a very strong connection between two
conditions. It gives you two statements in one: a statement and its converse. It means
that the two conditions (separated by “if and only if”) are equivalent. For example, to
say “x + 3 = 57 is equivalent to saying “x = 2.” Whenever one is true, the other must be
true; whenever one is false, the other must be false.

Definition: “If-and-Only-If" Statements

“A if and only if B” means

1. If A, then B, and
2. If B, then A.

In other words, “A if and only if B” means that A implies B and B implies A. This rela-
tionship is often written symbolically as A <> B. “If and only if” is a standard phrase used
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in many mathematical definitions and theorems. Look for it later in this book. Remember:
“If and only if” indicates a theorem or definition that satisfies two “if-then” statements.

@ LE 11 Summary

Tell what you have learned about “if-then” and “if-and-only-if ” statements. How
are they related to each other?

. Answers to Selected Lesson Exercises

1. Inductive reasoning
(generalization based on more than 800,000
examples)

2. Deduction

3. Induction

4. Deduction

5. (a) I always end up with my original number.

(b) Pick a number. N
Subtract 3. N—-3
Multiply by 2. 2IN—3)=2N—-6
Subtract your original
number. 2N—6—-—N=N-—-6
Add 6. N—6+6=N

. 1.3 Homework Exercises

6.

8.

9.

10.

(a) Ofala only checked examples. This does not
show it is true for all odd numbers.

(b) Yes, this is an outstanding explanation for a third
grader.

(a) Yes
(b) If a number is even, then it is divisible by 10.
(c) No. The number 4 would be a counterexample.

(a) Yes
(b)Ifx =2,thenx + 3 = 5.
(c) True

(a) Yes
(b) A whole number is divisible by 10 if and only if
its ones digit is a 0.

Basic Exercises

1. What kind of reasoning involves a leap from given
examples to a general conclusion?

2. Which type of reasoning leads to a true conclusion
whenever the given statements are true?

In Exercises 3-7, identify whether induction or deduc-
tion is being used.

3. My teacher gave a quiz five Thursdays in a row. I
conclude that she will give a quiz every Thursday.

4. Given that AB = CD and AB = 6 cm, I conclude that
CD = 6cm.

. On the last two Friday the 13ths, I had bad luck. I

conclude that Friday the 13th is an unlucky day
for me.

. Because 4 X 6 = 24 and 2 X 8 = 16, I conclude

that the product of two even numbers is an even
number.

. My mother and grandmother were homemakers. I

conclude that all women are homemakers.

. Our courts accept fingerprints as evidence because,

after millions of comparisons, no two identical sets
of fingerprints have been found. This is an example
of reasoning.




9. Consider the following number trick.

Pick a number.

Multiply by 3.

Subtract your original number.

Add 8.

Divide by 2.

(a) Try two or three different numbers, and use
inductive reasoning to make a conjecture about
what will happen with any number.

(b) Why don’t your results to part (a) prove that the
number trick adds 4 to any number?

(c) Use deductive reasoning to prove your general-
ization from part (a).

(d) Explain how you used deductive reasoning to
derive the result of the fourth step using the
result of the third step.

10. Consider the following number trick.

Pick a number.

Subtract 8.

Add your original number.

Divide by 2.

Add 4.

(a) Try two or three different numbers, and use
inductive reasoning to make a conjecture about
what will happen with any number.

(b) Use deductive reasoning to prove your general-
ization from part (a).

(c) Explain how you used deductive reasoning to
derive the result of the third step using the result
of the second step.

11. The number trick in Exercise 9 can also be verified
with drawings of blocks (such as algebra tiles or al-
gebra lab gear). Represent the number selected with
an unknown block 1, and represent ones with
squares []. Begin with [__1, and show what blocks
you would have after each step in the number puzzle.

12. Show how to verify Example 1 with drawings of
blocks. (Refer to Exercise 11.)

@ 13. How do mathematicians use inductive and deductive
reasoning in sequence to develop a new idea?

@ 14. Compare and contrast inductive and deductive
reasoning.

15. Consider the following statement: If you have a
fever, then you are sick.

(Continued in the next column)

1.3 Inductive and Deductive Reasoning 29

(a) Is the statement true?
(b) Write the converse of the statement.
(c) Is the converse true?

16. Consider the following statement: If a figure is a
square, then the figure has exactly four sides.
(a) Is the statement true?
(b) Write the converse of the statement.
(c) Is the converse true?

17. Write the following statement as two “if-then” state-
ments: A triangle has two equal sides if and only if it
has two equal angles.

18. Write the following statement as two “if-then” state-
ments: A triangle is a right triangle if and only if it
has a right angle.

19. Write the following two statements as one “if-and-
only-if” statement.

If 2x = 4, then x = 2.
If x = 2, then 2x = 4.

20. Write the following two statements as one “if-and-
only-if” statement.

If you are my parent, then I am your child.
If I am your child, then you are my parent.

Extension Exercises

21. Make up a number puzzle in which a person will
always end up with the number 2. (Make it compli-
cated enough so that someone else could not easily
see how it works.)

22. Make up a number puzzle in which a person will
always end up with a number that is 6 more than
the person’s original number.

23. (a) Try some examples, and answer the following
question. What is the sum of two even numbers?
(b) Fill in the blanks in the following deductive
proof.

1. Assume your two even numbers are 2M and
2N, where M and N are whole numbers.
2. The sum of the two even numbers is

2MA2N=2(____ ).
4. 2(M + N) is an even number because

98]

5. So the sum of two even numbers is an even
number.
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24.

25.

26.

27.

28.
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(a) What is the sum of two odd numbers?
(b) Complete the following deductive proof.

1. Assume your two odd numbers are 2M + 1 and
2N + 1, where M and N are whole numbers.
2. The sum of the two odd numbers is

3.
4.
5

In this lesson, you studied the converse of a state-
ment. Another related statement of this type is the
inverse. To make the inverse of a statement, negate
the hypothesis and the conclusion of the statement.

Statement: If it is raining, then I shall wear a raincoat.
Inverse: If it is not raining, then I shall not wear a
raincoat.

(a) Write the inverse of the following statement:
If x +3 =5, thenx = 2.

(b) Write the inverse of the following statement:
If I confess, then I am guilty.

(c) If possible, write a true “if-then” statement that
has a false inverse.

Write the inverse of the following statements.

(a) If I drive a truck, then I need a driver’s license.

(b) If a woman uses nose powder, then her nose
looks beautiful.

The contrapositive of a statement combines the con-
verse and the inverse. To make the contrapositive, in-
terchange the hypothesis and conclusion and negate
them both.

Statement: If a number is divisible by 100, then the
number is even.

Contrapositive: If a number is not even, then the
number is not divisible by 100.

(a) Write the contrapositive of the following state-
ment: If x + 3 = 5, then x = 2.

(b) Write the contrapositive of the following state-
ment: If I confess, then I am guilty.

(c) If possible, write a true “if-then” statement that
has a false contrapositive.

Consider the following statement: If you are a U.S.
Marine, then you are a real man.

(a) Write the converse.

(b) Write the contrapositive.

(c) Write the inverse.

29.

30.

73 31

32.

33.

34,

Suppose the following statement is true: If it was

raining, then I drove to work.

(a) Write the converse.

(b) Write the contrapositive.

(c) Write the inverse.

(d) Which of the three statements in parts (a), (b),
and (c) is (are) true?

Suppose the following statement is true: If it rains

today, then I will scream. Which of the following

must also be true?

(a) If I do not scream today, then it is not raining.

(b) If I scream today, then it is raining.

(c) If it does not rain today, then I will not
scream.

Suppose the following statement is true: If a four-

sided figure is a square, then it is a rectangle. Which

of the following must also be true?

(a) If a four-sided figure is a rectangle, then it is a
square.

(b) If a four-sided figure is not a square, then it is not
arectangle.

(c) If a four-sided figure is not a rectangle, then it is
not a square.

(a) On the basis of the preceding exercises,
whenever an “if-then” statement is false, its
contrapositive
(1) is true (2) is false
(3) could be true or false

(b) On the basis of the preceding exercises,
whenever an “if-then” statement is true, its
contrapositive
(1) is true (2) is false
(3) could be true or false

Suppose the following advertising claim is true: “If
you rent a car from Mary, then you will be able to
travel around with ease.” Is it then true that “if you
do not rent a car from Mary, you will not be able to
travel around with ease”?

Your teacher tells you, “If you study hard, then you

will do well on the test.” Which of the following

would contradict this statement?

(a) You do not study hard and do well on the test.

(b) You do not study hard, and you do not do well on
the test.

(c) You study hard and do not do well on the test.
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35. Fill in the correct numbers in the square, using the
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—_

. Each number from 1 to 16 is used once.

following clues. 2. Each row adds up to 34, and each column adds up
to 34.

A C D 3. Kis twice as large as G and three times E.
4. Jand Naddup to F.

E G H 5. His 5 times C.
6. B and D are two-digit numbers.

1 K L

M (@] P

8

i 1.4 Patterns

(Continued in the next column)

NCTM

* describe, extend, and make generalizations about geometric and numeric
patterns (3-5)

* expre

* recog

Standards

ss mathematical relationships using equations (3-5)

nize and use connections among mathematical ideas (pre-K-12)

D

Discussion

Look out the window. At first glance, the world appears complex and confusing, but in
reality it is full of patterns. Patterns give order to the world. In mathematics, we find
patterns in shapes and quantities.

Human beings are better than other animals at finding mathematical patterns. The
ability to find patterns is supposed to be a sign of intelligence.

Experimenters at Tulane University wanted to teach a rat the concept of “two.” The
rat had to choose among three doors. One door had one mark, one had two marks, and
one had three marks. In each trial, the food was behind the door with two marks. How
long would it take you to discover such a pattern? It took the rat 1,500 trials.

People are better at finding mathematical patterns than rats are. (Sometimes we find
patterns even where they don’t exist, as the cartoon in Figure 1-6 on the next page shows.)

LE 1 Opener

Describe some patterns you see in your classroom or in your everyday life.

The ability to see patterns is important in mathematical problem solving. Working
with patterns also develops number sense. In this lesson, you will study two common
types of mathematical pattern problems: sequences and patterns in sums and differences.
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Discovering and extending patterns requires inductive and deductive reasoning.
First, conjecturing a general pattern based on examples is inductive reasoning. Then,
proving the generalization requires deductive reasoning. Writing new examples of a pat-
tern based on a general rule is another use of deductive reasoning.

G. H. Hardy (1877-1947), a British mathematician, said, “A mathematician, like a
painter or poet, is a maker of patterns. If his patterns are more permanent than theirs, it is
because they are made with ideas. The mathematician’s patterns, like the painter’s or the
poet’s, must be beautiful . . . [and] fit together in a harmonious way.”

Arithmetic Sequences

The first set of numbers children study is the counting (or natural) numbers {1, 2,3, ...}.
A 3-year-old child who is 94 cm tall may grow about 6 cm per year until age 9, setting up
the following pattern: 94 cm, 100 cm, 106 cm, 112 cm, 118 cm, 124 cm, 130 cm. These are
two examples of number sequences. A sequence is an ordered arrangement of numbers,
figures, or letters.

LE 2 Concept

What is similar about the pattern in the two sequences just discussed: 1,2, 3, ... and
94, 100, 106, . .., 130?

In the first sequence in LE 2, you start with 1 and add 1 repeatedly. In the second sequence,
you start with 94 and add 6 repeatedly. The two sequences are arithmetic sequences. In an
arithmetic sequence, the difference between each pair of consecutive terms is the same. In
the counting numbers, the difference is 1, and in the growth sequence, the difference is
6 cm. The second-grade textbook (® Figure 1-7) shows six more examples of arithmetic
sequences generated by skip-counting.
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Problem Solving Number Sense
@ Countby2s.2, 4, 6, 8, : .

@ Countby3s. 12, 15, 18, 21, :

@ Countby 5s. 30, 35, 40, 45, ;

© Countby 10s. 10, 20, 30, 40, ”

(@ Count backward by 2s. 20, 18, 16, 4,

@ Count backward by 3s. 60, 57, 54, 51,

® Figure 1-7 Arithmetic sequences in grade 2

LE 3 Concept

Connection metic, give the value of the difference.

(a) the even numbers: 2,4, 6,8, . ..
(b) cubes: 1,8,27,64, ...

next?

of numbers you obtain.

(¢) In part (a), what is a simple way to describe the pattern from one term to the

(d) If you have a graphing calculator, you can generate the sequence in part (a) as
follows: Enter 2. Then enter Ans + 2. Continue to press enter. Write the sequence

33
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From Scott Foresman Addison Wesley Math Grades, Grade 2,

Tell whether the sequences in parts (a) and (b) are arithmetic. If a sequence is arith-

A student might describe the sequence in LE 3(a) by saying, “You add 2.” How can we

define the sequence more precisely?

Example 1  Use the variables FIRST, NEXT, and PREVIOUS to write two

equations that define the sequence in LE 3(a).

Solution

You begin with 2 and then add 2 to each term to find the next one. This means that

FIRST = 2 and NEXT = PREVIOUS + 2.

The solution to Example 1 is a recursive formula, in which (1) a starting value or
values is given and (2) each successive term is found by applying a rule (such as “add 2”) to

the previous term or terms.
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Discussion

LE 4 Skill

A candle that is 12 cm tall decreases in height by 2 cm each hour.

(a) Write a sequence based on the height each hour.

(b) Is your sequence arithmetic?

(¢) How many terms are in the sequence?

(d) Use the variables FIRST, NEXT, and PREVIOUS to write two equations that
define the sequence.

(e) If you have a graphing calculator, use it to generate the sequence.

In LE 4, the sequence 12, 10, 8, . . ., 0 has a difference of —2, because it decreases
by 2 from one term to the next. Its position rule is nth term = 12 — 2(n — 1) or 14 — 2n.
This rule can be used to find other terms in the sequence.

Example 2  The sequence 12, 10, 8, 6, . . . has the position rule nth term =
12 — 2(n — 1) or 14 — 2n. Use the rule to deduce the 5th term.

Solution

In the rule, 14 — 2n, the n represents the position of the term. For example, the st
term is 14 — 2 -1 = 12. To find the 5th term, substitute 5 for n in the rule. The 5th
term = 14 — 25 =4, |

LE 5 Skill
The rule for a sequence is that the nth term = 2n + 1.

(a) What is the Ist term?
(b) What are the next three terms?

The reverse process, finding the position formula for the nth term of a given
sequence, is more challenging. The nth-term formula enables you to find any term from
its term number without having to know the terms that come just before it.

LE 6 Reasoning

Consider a more general example. Suppose an arithmetic sequence starts with the
number « and the difference between consecutive terms (called the common
difference) is d.

(a) The sequence begins with the terms a,a + d,a +2d, ____,
(b) What is the 6th term?

(¢) What is the 10th term?

(d) What is the nth term?

The results of the preceding exercise suggest the general formula for the nth term of
an arithmetic sequence. An arithmetic sequence with a first term a and common differ-
ence d has the formula nth term = a + (n — 1)d.
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LE 7 Skill

Mario’s mother deposited $125 in a bank account to start a college fund for him.
Mario has a paper route, and he plans to deposit $10 into the bank account each
week.

(a) Start with 125, and write the next three terms of a sequence that show the total
amount after each week.

(b) Is your sequence in part (a) arithmetic?

(¢) What is the position rule for the nth term?

(d) What is the 50th term?

(e) Does part (c) require inductive or deductive reasoning?

(f) Does part (d) require inductive or deductive reasoning?

c LE 8 Concept

% Glassroom A seventh grader says that 5, 15, 35, 65, . . . is arithmetic because it increases by 10,
PINEEO 1 then 20, then 30, and so on. Is the child right? If not, what would you tell her?

Geometric Sequences

Another important type of sequence is a geometric sequence. Look at the sequences in
the following exercise, and see if you can tell what makes them geometric.

LE 9 Concept

The powers of 3 are 3, 9, 27, 81, . . . . The mass of a 64-gram radioactive substance
will decrease every 5 years (its half-life): 64 g, 32 g, 16 g,8 g, . ...
Both these sequences are geometric. What pattern do they have in common?

As you may have observed in the preceding exercise, you multiply each term by
the same number to obtain the next term. This number is the ratio of the current term to
the previous one. A geometric sequence has a common ratio (or multiplier) called r
between each pair of consecutive terms. In the sequence 3, 9, 27, 81, . . ., the value of
r = 3 since % =3 and% = 3. In the sequence 64, 32, 16, 8, . . ., the value of r = % The
letter a is still used to refer to the first term.

LE 10 Skill
(a) Tell whether each sequence is arithmetic, geometric, or neither.
4) 8,3,6,1,4, —1... (i) 12,20,28,... (ii) 100,20,4,0.8, ...

(b) For each arithmetic sequence, give the values of @ and d. For each geometric
sequence, give the values of a and r.

(¢) For each arithmetic or geometric sequence, use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define the sequence.

How do you find various terms in a geometric sequence? Because of the simple pat-
tern, there is a shortcut.
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D LE 11 Concept

Consider a more general example. Suppose a geometric sequence starts with the num-
ber a and the common ratio is .

Discussion

(a) The sequence begins with the terms a, ar, ar?, ____,
(b) What is the 6th term?

(¢c) What is the 10th term?

(d) What is the nth term?

The results of the preceding exercise suggest the general formula for the nth term of
a geometric sequence. A geometric sequence with a first term a and common ratio r has
the formula nth term = ar"~!'. Children now study both arithmetic and geometric se-
quences in grades 7 and 8.

LE 12 Skill

The ant population in an oak tree is now 40, and you believe it will triple every
10 weeks.

(a) Start with 40, and write the next two terms of a sequence that shows the total ant
population at 10-week intervals.

(b) Is your sequence in part (a) arithmetic, geometric, or neither?

(¢) Use the variables FIRST, NEXT, and PREVIOUS to write the two equations for
the sequence.

(d) What is a position formula for the nth term?

(e) What is the 80th term? Do not simplify the answer.

(f) What kind of reasoning is used to guess the nth term formula for the sequence?

(g) What kind of reasoning is used to apply the general formula to find the
80th term?

The following chart summarizes the use of induction and deduction with sequences.

Induction Deduction

Specific General General rule and Apply rule to
—_— . —_—

examples rule given sequence extended sequence

Other Sequences

Pythagoras and his followers were the first to study numbers and number sequences for
their own sake. The Pythagoreans thought of quantities geometrically. They represented
numbers with pebbles.

LE 13 Concept
(a) What is the common name for numbers such as the following?

. ° o e o o
o o e o o
e o o

1 4 9

(b) Is the sequence 1, 4, 9, 16, . . . arithmetic, geometric, or neither?
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Patterns in Sums and Differences

Thinking of numbers geometrically reveals patterns in sums and establishes a connec-
tion between arithmetic and geometry.

X 5| LE 14 Reasoning

1=y
1+3=()
1+3+5=()

(a) Fill in the missing numbers. (Recall that n=n-n)
(b) Draw geometric dot pictures of the three sums that show the pattern. (Hint: Use

squares.)
(¢) What would the next equation be if the pattern continued? Is this equation true?
(d) The sum of the first three odd numbersis ____ squared.
(e) The sum of the first four odd numbersis____ squared.
(f) Write a generalization for any counting number N, based on parts (d) and (e).
(g) Part (f) involves reasoning.

(h) Use your generalization to compute 1 +3 +5+ 7 + -+ + 79.

Square number patterns are part of a branch of mathematics called number theory, a
subject you will study further in Chapter 4. Number theory also includes such familiar
topics as factors, multiples, and prime numbers.

Other patterns in sums may be too complicated to show geometrically, but your
experience with number sequences will help you find the patterns.

X & | LE 15 Reasoning

2 -12=3
3?-22=5
£-3=7

(a) If the pattern continues, what is the next equation? Is the next equation true?
(b) Complete the following generalization for any counting number c.

(¢) Show that your equation in part (b) is true.
(d) Part (b) involves ________ reasoning, and part (c) involves ________ reasoning.

P An Investigation: Differences of Squares

X & | LE 16 Reasoning

=

Which counting numbers are the difference of two squared counting numbers? (For
example, 5 = 32 — 22)

@ LE 17 Summary

Tell what you have learned about arithmetic and geometric sequences in this
section. What are arithmetic and geometric sequences? Give an example of each.
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. Answers to Selected Lesson Exercises

2. Answer follows the exercise.
3.(a Yes;d=2 (b)No (c)Add2

4.(a) 12,10,8,6,4,2,0 (b)Yes (c)7
(d) FIRST = 12, NEXT = PREVIOUS — 2

5.(a) 3 ®)5,7,9
6.(@)a+3d,a+4d (b) a+5d (c) a+ 9d

7. (a) 125, 135, 145, 155 (b) Yes
© 125+ (n—1)-10=115+ 10n
(d)615 (e) Inductive (f) Deductive

8. It is not arithmetic. An arithmetic sequence changes
by the same amount each time. If an arithmetic
sequence started with 5, 15, what would the next
number be?

9. Answer follows the exercise.

10. (a) (i) Neither (ii) Arithmetic (iii) Geometric
) (i)a=12d=8 (ii)a=100,r :%
(¢) (i) FIRST = 12, NEXT = PREVIOUS + 8

(iii) FIRST = 100, NEXT = PREVIOUS/5

11. (a) ar?, ar*
©a-r’

®)a-r’
@a-r!

. 1.4 Homework Exercises

12.

13.

14.

15.

(a) 40, 120, 360 (b) Geometric

(¢) FIRST = 40, NEXT = PREVIOUS - 3
(d)40-3"! (e) 40 - 37°

(f) Inductive (g) Deductive

(a) Square numbers  (b) Neither

(a)1;2;3

(®) 1 1+3 1+3+5
L] ._I L] ._I L] L]
12 22 ’ ?:2 ’

(©)14+3+5+7=4%yes

(d3 (e)4

(f) The sum of the first N odd numbers is N2.
(g) Inductive (h) (40)*> = 1600

(a) 52 — 42 =9; yes
() > — (c — 1)*> = (¢ + ¢ — 1) (Hint: Look at the
pattern as you read an equation from left to right.)

o
(©) C—(—1)P2=(@C+c—1
C (P =2+ 1) 22— 1
cz—cz+20—1220—1

2c—1=2c—1
(d) Inductive; deductive

Basic Exercises

1. Tell whether each of the following sequences is
arithmetic. If it is, give the value of the difference.
(a) 5,10, 20, 40, . ..

(b) 900, 870, 840, 810, . ..

(c) In part (a), what is a simple way to describe the
pattern from one term to the next?

(d) If you have a graphing calculator, use it to gener-
ate the arithmetic sequence.

. Tell whether each of the following sequences is

arithmetic. If it is, give the value of the difference.

(a) 8,16,24,32, ...

(b) 1,8,27,64, ...

(c) In part (a), what is a simple way to describe the
pattern from one term to the next?

(d) If you have a graphing calculator, use it to gener-
ate the arithmetic sequence.



3. A plumber charges $20 for transportation and $40

for each hour of work.

(a) Write a sequence based on the total charges for
1 hour, 2 hours, and so on.

(b) Is the sequence arithmetic?

(c) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define
the sequence.

(d) If you have a graphing calculator, use it to gener-
ate the sequence.

. The 17-year cicada reappears every 17 years. Sup-

pose the cicadas appeared in a town in 1963.

(a) Write a sequence based on the years in which
cicadas will appear starting with 1963.

(b) Is your sequence arithmetic?

(c) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define
the sequence.

(d) If you have a graphing calculator, use it to gener-
ate the sequence.

. The position rule for a sequence is that the
nth term = 10 — n. Write the first five terms of
the sequence.

. The position rule for a sequence is that the
nth term = n + 4. Write the first four terms of
the sequence.

. Consider the following sequence.*

2,9,16,23,...

(a) Is the sequence arithmetic?

(b) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define
the sequence.

(c) What is the 10th term in the sequence?

(d) What is the 100th term in the sequence?

(e) What is the nth term in the sequence?

. Consider the following sequence.*
50, 49, 48,47, . ..

(a) Is the sequence arithmetic?

(b) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define
the sequence.

(c) What is the 10th term in the sequence?

(d) What is the 100th term in the sequence?

(e) What is the nth term in the sequence?

*For more practice, go to www.cengage.com/math/sonnabend

9.

10.

11.

12.
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Consider the sequence 580, 574, 568, 562, . . .

(a) What is the position rule for the nth term?
(Hint: d < 0)

(b) What is the 30th term?

(c) Does part (a) require inductive or deductive
reasoning?

(d) Does part (b) require inductive or deductive
reasoning?

(e) Would 100 be a term in the sequence? Tell how
you know.

Consider the sequence 11, 20, 29, 38, . . ..

(a) What is the position rule for the nth term?

(b) What is the 40th term?

(c) Does part (a) require inductive or deductive
reasoning?

(d) Does part (b) require inductive or deductive
reasoning?

(e) Would 100 be a term in the sequence? Tell how
you know.

(a) Write the even numbers as a number sequence.
Start with 2.

(b) Write a position rule for the nth term of the
sequence.

(c) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that
define the sequence.

(a) Write the odd numbers as a number sequence.

(b) Write a position rule for the nth term of the
sequence.

(c) Use the variables FIRST, NEXT, and
PREVIOUS to write two equations that define
the sequence.

13. Examine the following design.

Row 1
Row 2
Row 3

(a) If the design were to continue downward, how
many squares would there be in the 50th row?

(b) What would be the total number of small squares
in the first 50 rows?


www.cengage.com/math/sonnabend
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14. Examine the following designs.

| [ ]
HEREN

Pattern 1

Pattern 2

| ]

Pattern 3

crrr Ll

(a) How many squares would there be in
Pattern 5?7

(b) How many squares are in Pattern N, where
N=1,2,3,...7

-9 15. Examine the following designs from the NCTM
Navigating Through Algebra series.

Garden 1 Garden 2 Garden 3

(a) How many white squares are in garden 47?
(b) How many white squares are in garden N where
N=1,2,3,...7

16. A fourth grader says that she found 112 by using the
value of 10%. She took 10%and added 10 + 11 to
obtain 121.
(a) How would she use this method with 20 to
compute 212? Is the result correct?
(b) Draw a picture with squares to show why this
method does or does not work.

17. (a) What is the position formula for the nth term of
an arithmetic sequence?
(b) Explain why the formula makes sense.

18. (a) What is the position formula for the nth term of a
geometric sequence?
(b) Explain why the formula makes sense.

19. (a) Tell whether each sequence is arithmetic,
geometric, or neither.
(i) 50, 61,72, 83, ...
(ii) 4, 40, 4,000, 4,000,000, . . .
(>iii) 600, 120,24, 4.8, . ..

(Continued in the next column)

20.

23.

(b) For each arithmetic sequence, give the values of
a and d. For each geometric sequence, give the
values of a and r.

(c) For each arithmetic or geometric sequence, use
the variables FIRST, NEXT, and PREVIOUS to
write two equations that define the sequence.

(a) Tell whether each sequence is arithmetic,
geometric, or neither.

(1) 7, 70, 700, 7,000, . . .
(i) 9, 16, 25, 36, . . .

(b) For each arithmetic sequence, give the values of
a and d. For each geometric sequence, give the
values of g and r.

(c) For each arithmetic or geometric sequence, use
the variables FIRST, NEXT, and PREVIOUS to
write two equations that define the sequence.

(i) 14, 12, 10, 8, . . .

. A photographer uses f-stops to control how much

light passes through the lens. The standard settings

are 1, 1.4,2,2.8,4,5.6,8, 11, 16, 22, 32. Each set-

ting lets in half as much light as the one before it.

(a) Tell whether the sequence is approximately
arithmetic, approximately geometric, or neither.

(b) If it is arithmetic, give the values of a and d. If it
is geometric, give the values of a and r.

. Suppose a new National Motors Rollover sells for

$30,000. The car retains 80% of its value after each

year (depreciates 20%).

(a) What is the value of the SUV after 1 year?

(b) What is the value of the SUV after 2 years?

(c) Write a sequence starting with the value of the
new SUV and ending with the value after 5 years.

(d) Tell whether the sequence in part (c) is arith-
metic, geometric, or neither.

(e) If it is arithmetic, give the values of a and d. If it
is geometric, give the values of a and r.

All living things contain carbon. Some scientists use
radioactive carbon-14 to estimate the age of fossils.
Carbon-14 has a half-life of 5,600 years, meaning
that half its mass decays every 5,600 years.

(a) Complete the following table.

Time (years) 0 5,600

Fraction of C-14 Left 1 3

I

(b) In 1947, prehistoric charcoal paintings in
Lascaux, France, were found to have abouté
of their original C-14. Estimate their age.



24. Strontium-90 is a common waste product of the
production of nuclear weapons and nuclear energy. It
has a half-life of 28 years. Some scientists estimate
that it will be safe when about 145 of it is left. About
how long will this take?

. A sequence begins 3, 15, . . .. What is the 30th term
if the sequence is*

(a) arithmetic?

(b) geometric?

Do not simplify the answer.

. A sequence begins 10, 40, . . . . What is the 30th
term if the sequence is™

(a) arithmetic?

(b) geometric?

Do not simplify the answer.

27. (a) Is the sequence 5, 35, 245, . . . arithmetic,
geometric, or neither?
(b) What is a formula for the nth term?
(c) What is the 40th term?
Do not simplify the answer.

28. (a) Is the sequence 11, 25, 39, 53, . . . arithmetic,
geometric, or neither?
(b) What is a formula for the nth term?
(c) What is the 20th term?

29. (a) Is the sequence 30, 20, 10, O, . . . arithmetic,
geometric, or neither?
(b) What is a formula for the nth term?
(c) What is the 60th term?

30. (a) Is the sequence 400, 800, 1600, 3200, . . . arith-
metic, geometric, or neither?
(b) What is a formula for the nth term?
(c) What is the 34th term?
Do not simplify the answer.

31. (a) Determine how many numbers are in the follow-
ing sequence.

3,9,15,21,27,...,159

(b) Tell how you worked out the answer.

32. (a) Determine how many numbers in the following
sequence are less than 10,000.

3,9,27,81,...
(b) Tell how you worked out the answer.

*“For more practice, go to www.cengage.com/math/sonnabend
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33. (a) Find two different reasonable answers for the

next term in the sequence 1, 2, 4,

(b) What rule did you use to obtain each of your
answers?

34. (a) Find two different reasonable answers for the

next term in the sequence 2, 6, 18,

(b) What rule did you use to obtain each of your
answers?

35. The famous Fibonacci sequence begins with two
I’s. Each term after that is obtained by adding the
preceding two terms.

1,1,2,3,5,8, ...

(a) Write the first ten terms of the sequence.

(b) Compare the sum of the first 3 terms to the Sth
term and the sum of the first 4 terms to the 6th
term. What pattern do you see?

(c) Write a generalization of your results.

(d) Write another example that supports your
generalization.

36. Examine the following pattern based on the
Fibonacci sequence (see Exercise 35).
P+12=1x2
P+17+22=2X3
P+1P+22+3=3X5
What would the next equation be if the pattern con-
tinued? Is this equation true?

37.In 1772, an astronomer named Bode found a pattern
in the distances of the six known planets from the
sun (where the distance from the Earth to the sun
is 10 units).

Planet Actual Distance Bode’s Pattern
Mercury 4 4

Venus 7 4+3 = 7
Earth 10 44+ 3B3X%X2) = 10
Mars 15 4+ 3x2)= 16
279272 4+3x2%= 28
Jupiter 52 4+BX2H= 52
Saturn 96 4+ (3 X 2% =100

(a) What might be an explanation for the extra equa-
tion between Mars and Jupiter?
(b) What would the equation after Saturn’s be?

(Continued on the next page)
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(c) In 1781, the next planet, Uranus, was discovered.
It is 192 units from the sun. Is this close to
Bode’s prediction?

(d) In 1801, the asteroid Ceres was discovered
28 units from the sun. How does this relate to
Bode’s model?

(e) Neptune, the planet after Uranus, is 301 units from
the sun. How close is this to Bode’s prediction?

38. The sequence 6, 24, 54, 96, . . . comes from the
surface area of cubes.
(a) What is the next number in the sequence?
(b) Tell how you figured out the next number.

L% 39.
@ is to % as <> is to

@ & b (© @ O

IQI
£ 5 40. @ is to @ as is to
@ "] 9o @

41. 2=2
2+4=6
2+4+6=12

(a) Draw geometric dot pictures of the three sums
that show a pattern. (Hint: Use rectangles.)
(b) The sum of the first three even numbers is
times

(c) The sum of the first four even numbers is
times

(d) Write a generalization for any counting number
N, based on parts (a) and (b).

(e) Part (d) involves reasoning.

(f) Use your generalization to compute
2+4+6+---+ 62

42. The Pythagoreans called certain numbers such as
1, 3, and 6 “triangular.”

(Continued in the next column)

(a) What is the next triangular number?

(b) Each triangular number can be written as the sum
of consecutive numbers. Show how this works
with a dot drawing.

(c) Make dot drawings that show how 4, 9, and
16 are each the sum of two triangular
numbers.

(d) What generalization does part (c) suggest?

43. Examine the following pattern.

22-0*= 4
F-1°= 8
£-22=12

(a) What would the next equation be if the pattern
continued? Is it a correct equation?

(b) Complete the following generalization. For any
counting number ¢, ¢* — =

(c) Prove that your equation in part (b) is correct by

showing that both sides are equal.

44. Examine the following pattern.

P+22+ 22=()
22+3+ 62=()
P+ +122=()

(a) Fill in the missing numbers.

(b) What would the next equation be if the pattern
continued? Is this equation true?

(c) Complete the following generalization of the
pattern. For any counting number N,
N>+ + =( )2.

(d) Show that the two sides of your equation in
part (c) are equal.

45. Examine the following pattern.

1+8-1=3
1+8:3=5
1+8:6=7

(a) What would the next equation be if the pattern
continued? Is this equation true?

(b) A general formula for these equations is

1+stwgf”>=(%+n2

Show that the two sides of this equation are
equal.



46. Examine the following pattern.
32+ 42 = ()
F+E+5=()
(a) Fill in the missing numbers.

(b) What would the next equation be if the pattern
continued? Is it a correct equation?

Extension Exercises

47. (a) Two different-colored stripes are painted
(equally spaced) on a stick, as shown below.
How many different distinguishable sticks can
be made by changing the positions of the colors?

(b) Three different-colored stripes are painted
(equally spaced) on a stick. How many different
distinguishable sticks can be made by changing
the positions of the colors?

(c) Four different-colored stripes are painted
(equally spaced) on a stick. How many different
distinguishable sticks can be made by changing
the positions of the colors?

48. (a) Three different-colored stripes are painted
(equally spaced) on a ring, as shown. How many
different distinguishable rings can be made by
changing the positions of the colors?

(b) Four different-colored stripes are painted
(equally spaced) on a ring. How many different

(Continued in the next column)
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distinguishable rings can be made by changing
the positions of the colors?

49. If a fixed number is added to each term of a geomet-
ric sequence, is the resulting sequence geometric?
Try some examples and decide.

£.§ 50. If each term of a geometric sequence is multiplied by
a fixed number, is the resulting sequence geometric?
Try some examples and decide.

51. (a) Drop a ball from different heights and see how
high it goes on the rebound. Describe any pattern
in your results.

(b) Predict how high the ball will go on the second
bounce in relation to its initial height. Check
your prediction.

% 52. Select a current elementary-school mathematics
textbook. What kind of pattern problems does it
have?

Enrichment Topic

53. Carl Friedrich Gauss (1777-1855) was one of the
greatest mathematicians who ever lived (Figure 1-8
on the next page). According to one story, when
Gauss was 10, his teacher, desiring to keep the
children occupied, asked them to add a sum like
1+2+3+---4+98+ 99 + 100. Expecting the
students to be busy for a half hour or so, the teacher
was astonished when Gauss came up with the an-
swer in less than a minute. How did Gauss do it and
what was the sum? (Hint: Gauss probably paired off
the numbers.)

Y
1+2+3+ - +98+99 + 100

54. Use the method of the preceding exercise to find the
sum of the following.

5+ 10+ 15+ ---+ 290 + 295 + 300
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£§ 56. The following diagram shows that

1+2:%(2><3)

(a) Make a similar diagram showing that
1+2+3:%(3><4)

(b) Suggest a shortcut for computing
I1+2+3+---4+98 +99 + 100

using the same approach, and see if you obtain
the correct sum.

=2 57. A 15-row auditorium seats 15 people in the first row,

= 16 in the second, 17 in the third, and so on. Use
shortcuts to find the total number of seats in the
auditorium.

Photo courtesy of Library of Congress.

GF f/’

Figure 1-8 Carl Friedrich Gauss

T 58. (a) What is the 50th triangular number?
1 (See Exercise 42.)
(b) Explain how you figured out the answer.

SS.x|1|2|3| 4| 5|6|N

yl1|3]6]10]15

(a) Whenx =6,y =___.
(b)Whenx =N, y=___.

1.5 Problem Solving

NCTM Standards

* monitor and reflect on the process of mathematical problem solving (pre-K-12)

For too long, school mathematics has emphasized learning isolated facts and skills while
devoting little time to mathematical reasoning. The most important part of school mathe-
matics is not specific facts and skills; rather, it is learning how facts and skills are used
by citizens analyzing data, consumers deciding what to buy, and workers dealing with
technology or finance.

Admittedly, it is easier to teach children to perform routine computations and
memorize facts and formulas, but as teachers, we must tackle a more significant task:
developing children’s problem-solving ability. The National Council of Teachers of



1.5 Problem Solving 45

Mathematics (NCTM) says, “Problem solving must be the focus of school mathemat-
ics.” You have already studied two of the most important components of mathematical
reasoning: induction and deduction. The next two sections will further develop your
problem-solving ability.

What is problem solving? To understand what problem solving is, it is helpful to
know what a problem is. A problem has two characteristics: (1) It requires a solution,
and (2) the solution is not immediately obvious. The best classroom problems offer a
situation of interest to the learner, in which the need for mathematics arises naturally.

Types of Problems

What kinds of problems are studied in elementary school?

LE 1 Opener
What kinds of word problems do you remember solving in elementary school?

Read and solve the following three examples of elementary-school problems.

LE 2 Opener
Pierre has 21 oranges. He gives Jane 12. How many oranges does Pierre have left?

LE 3 Opener

The members of the Environment Club want to raise $50 by selling apples at $0.25
each. So far, they have sold 120 apples. How many more apples must they sell?

LE 4 Opener

Farmer Laura had 36 cows. She sold all but 10. How many cows does she have left?

Like the preceding three problems, many elementary-school problems fit into one of
three categories: (1) one-step translation problems, (2) multistep translation problems,
and (3) puzzle problems. These categories can be used to help organize the types of
problems you present to children.

A one-step translation problem can be solved with a single arithmetic operation. LE 2
is an example of a one-step translation problem, the most common type in elementary
school. One-step translation problems illustrate common applications of arithmetic and
help reinforce arithmetic skills. Some mathematics educators would rather not call these
“problems,” because they become familiar and routine for most students who practice them.

A multistep translation problem can be solved with two or more arithmetic steps.
LE 3 is an example of a multistep translation problem. Multistep translation problems
also illustrate common applications of arithmetic and reinforce arithmetic skills, but they
require higher-level thinking than one-step problems. Current elementary-school text-
books contain more multistep problems than less recent textbooks.

A puzzle problem is often solved with some unusual approach or insight. LE 4 is an
example of a puzzle problem. Puzzle problems are nonroutine problems that develop
flexible thinking.

These classifications are not precise; they depend on a student’s background. LE 2
might be a routine one-step subtraction problem for a second grader but nonroutine for a
first grader, who might solve it by counting back.
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Figure 1-9

Figure 1-10 George Polya

Photo courtesy of G.L. Alexanderson, Santa Clara University.

Read LE 5-LE 7, and tell whether each would usually be classified as a one-step
translation problem, a multistep translation problem, or a puzzle problem.

LE 5 Concept

A classroom has 5 rows of desks. There are 6 desks in each row. If all but 2 desks are
occupied, how many children are in the class?

LE 6 Concept

Draw the figure shown in Figure 1-9 without lifting your pencil off the paper or re-
tracing any line segments.

LE 7 Concept

Sidney has 8 incredibly good chocolate brownies. Four of us are eagerly waiting to
eat them. If we all eat the same number of brownies, how many will we each eat?

Problem Solving

Solving problems is the specific achievement of intelligence and intelligence is the spe-
cific gift of mankind: solving problems can be regarded as the most characteristically
human activity . . . you can learn it only by imitation and practice.

(George Polya, Mathematical Discovery, J. Wiley, 1962, p. ix.)

George Polya (1887-1985; Figure 1-10), a brilliant teacher and mathematician, believed
that people could learn to be better problem solvers. He explained how in his famous
book How To Solve It (1945). More recently, organizations such as NCTM have pro-
moted this idea, and it has become a standard topic in the elementary-school mathemat-
ics curriculum. Until recently, school mathematics focused on computational skills; now
problem solving is considered to be of central importance in mathematics, and computa-
tional skills play a supporting role.

Good problem solvers take time to solve problems. After doing some thinking, they
are not afraid to try out some method of solving the problem. If one approach does not
work, they are flexible and try another approach. They solve lots of problems and learn
from their experiences.

Thanks to George Polya, we can learn specific methods for solving problems that
increase our chances of being successful. First, Polya described four steps that can be
used in analyzing many mathematical and nonmathematical problems:

Four Steps in Problem Solving

1. Understand the problem.
2. Devise a plan.

3. Carry out the plan.

4. Look back.

A mathematician could use these steps to solve a mathematics problem. A doctor
could use them to treat an illness. A mechanic could use them to repair a car.
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Elementary-school mathematics textbooks utilize three-, four-, five-, or six-step varia-
tions of this approach.

People frequently solve problems without thinking about each step in Polya’s plan.
However, if one is having difficulty with a problem, the four-step plan is a useful guide.

First, read the problem carefully and see if you understand it. What do you know,
and what do you want to figure out? Second, in devising a plan, develop a strategy for
using what you know. Consider how the problem relates to concepts you know or other
problems you have solved. Third, carry out the steps of your plan. Finally, look back, re-
viewing and checking your results. Have you answered the original question? Is there a
way to check your answer to see if it is reasonable? Look back over the problem to im-
prove your understanding of it. You can use this knowledge to solve related problems in
the future.

Most elementary textbook series introduce the problem-solving steps early on.
® Figure 1-11 shows how a second-grade textbook introduces Polya’s steps.

PROBLEM-SOLVING STRATEGY
Nome ist
/’ﬂ rj- ( \ J
' Make 100 as muny ways as Tens Tens Total
you can by using groups of ten.
1] 100
What two groups : é
of ten make 1007 100 E
<T
100 2
(Read and Understand| 5
100 3
You need to find groups of ten that =
make 100. 100 <
(Plan and Solve | g
Make an organized list to keep 100 g
track of the groups. Use cubes and 100 %
Workmat | if you need to. g
Complete the first row. The first 00 %
row says that 0 tens and 10 tens G
make 100. 100 g
Write the missing numbers in the chart. 100 §
[Look Back and Check ] E
Do your answers make sense? 100 3
Does each row have a fotal of :
10 tens (or 100)? £
1S

® Figure 1-11 Problem solving in grade 5
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Discussion

Most elementary school textbooks present three or four steps as a sequence. The
most commonly used steps are:

Read and Understand — Plan — Solve — Check

Real problem solving is more dynamic; you might want to move backward and for-
ward in this sequence. For example, the attempt to devise a plan might lead you to go
back and try to understand the problem better.

Simply put, the four steps are understand, plan, solve, and check. How are these
steps used in solving problems? Try them out as you work on LE 8.

LE 8 Concept

Twenty-two years ago, Jamaal’s daughter was 1/4 his age, and his dog Yapper was 2.
Today Jamaal’s daughter is 1/2 his age. How old are Jamaal and his daughter now?

Understanding the Problem

(a) What are you supposed to figure out?

(b) Do you have enough information to do it?
(¢) Is any information given that is not needed?

Devising a Plan

(d) You can solve this problem by using a guess-and-check (trial-and-error) approach
or by using algebraic equations. Which will you try? (To guess and check, start
by guessing Jamaal and his daughter’s ages 22 years ago. Then see how old they
would be now.)

(e) Which of the following will you use in solving the problem: a calculator, paper
and pencil, or mental computation?

Carrying Out the Plan
(f) Carry out your plan and obtain an answer. Explain your reasoning.

Looking Back
(g) Check your answer.
(h) Make up a similar problem that can be solved in the same way.

P An Investigation: Counting Squares

-
5
v

Discussion

LE 9 Reasoning
(a) Solve the following problem using Polya’s four steps. Make up one
appropriate activity or question and answer it for each of the four steps. See
LE 8 for ideas.
How many different squares (of all sizes) are in the following picture?
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(b) How many different squares are in the following picture? Explain your reasoning.

(¢) How many different squares are in the following picture? Explain your reasoning.

(d) What pattern do you see in the numbers in parts (a), (b), and (c)?
(e) Solve a famous problem: How many different squares are there on an 8-by-8
checkerboard? (Use a shortcut.) Explain your reasoning.

The four-step approach does not guarantee that you will be able to solve a problem,
but it does provide some guidance. Previous experience in solving problems is also a
great help in solving new problems.

Open-Ended Problems

In Japan, mathematics teachers have used the “open approach” to problems for about 30
years. In a typical Japanese open-ended lesson, the teacher gives students a single prob-
lem to study. The teacher spends about 5 minutes asking students questions about the
problem to make sure they understand it. Then the students work individually or with
others on the problem for about 20 minutes. For the next 10 minutes, some students
present their solutions and answer questions from others about their work. Finally, the
teacher summarizes the lesson.

In open-ended problems, students are asked to find more than one answer or use
more than one method. When they are finished, students might be asked to create or
solve a problem like the one they just worked on.

The following problems come from the work of Jerry P. Becker of Southern Illinois
University and his collaborators from Japanese schools. The first exercise has only one
right answer, but can be solved in many ways.

% Q- D LE 10 Reasoning .

R How many dots are in the picture at the right? o o o

(a) Find as many different ways of
grouping them to count them as
you can.

(b) Make up a similar problem.

The next exercise starts with a question that can lead to different follow-up
investigations.
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LE |,

Discussion

LE 11 Reasoning

A row of connected squares can be made from toothpicks as follows.
How many toothpicks would be used to make a row of five connected squares?

(a) Find three different ways to count the toothpicks.
(b) Make up a series of related new problems and solve them. You could change the
number of squares, use more than one row, or change the shape.

As a teacher, you may want to change a standard exercise into a more open-ended one.

LE 12 Concept

A standard exercise says, “The sum of four consecutive odd numbers is 176. Find the
four numbers.” Make a more open-ended problem. (Hint: Require more than one
method or include a problem extension.)

LE 13 Summary

Tell what you learned about problem solving in this section. What are the four
steps in problem solving?

. Answers to Selected Lesson Exercises

2.9

3. 80

4.10

W

. Multistep translation

9. (a) Understanding the Problem What are you sup-
posed to find? (The total number of squares of all
sizes in the picture.)

Devising a Plan How will you do this? (Group
the squares by size. Count all the 1-by-1 squares.
Then count all the 2-by-2 squares. Finally, count
all the 3-by-3 squares.)

Carrying Out the Plan Carry out your plan and

6. Puzzle ;
obtain an answer.
7. One-step translation Size Number of Squares
8. (a) The current ages of Jamaal and his daughter Ibyl 9
(b) Yes 2 Ey 2 4
(c) Yapper’s age 3by3 !
(f) 66 years; 33 years Total 14

(Continued on the next page)



Looking Back Make up another problem like
this one. How many different squares are in the
following picture?

(Continued in the next column)

. 1.5 Homework Exercises

10.

11.
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After solving this problem and the preceding one,
develop a general solution for solving the same
kind of problem with any size square.

(b) 30 (c) 55 (e) 204

@2-1+2+3+2-5+7=25
4-4+3-3=25
4+10+7+4=25

(a) 16

Basic Exercises

Tell whether Exercises 1 and 2 would usually be classi-
fied as one-step translation, multistep translation, or puz-
zle problems.

1.

There are 10 boys and 12 girls going on the fifth-
grade field trip. Each car will hold 5 children and 1
parent. How many cars are needed?

. About how many marbles would fit inside a basketball?

. Make up a word problem about the Nature’s Kitchen

menu that involves multiplication and addition.

Nature's Kitchen

Roadside squirrel $1.50
Twice-baked kelp $1.05
Scalloped corn $ .60
Pond water $ .10

. (a) Chick N. Little bought 3 dozen eggs, and 2 of the

eggs were broken. How many good eggs were
there?

(b) Write a problem about 12-year-old Bea Young and
her father that involves computing 3 X 12 — 2 to
find his age.

(c) Write a problem about the total number of people
in rows of chairs that uses the same 3 X 12 — 2
computation.

. Write a paragraph describing Polya’s four steps for

problem solving.

. Explain how a doctor treating an illness could use

Polya’s four steps.

10.

11.

. Describe a plan for solving the following problem.

“The area of a square field is 49 m?. What is the
length of a fence that goes around the outside of
the field?”

. Seth Borgas buys two shirts for $12.98 each and a

cap for $8.98. The sales clerk says the total cost is
$48.94. Without computing the exact answer, tell
whether the clerk’s total seems reasonable. Why or
why not?

. Solve the following problem with Polya’s four steps.

Make up an appropriate question or activity and an-
swer it for each of Polya’s four steps. The problem is
as follows: “You have 6 black socks, 8 white socks,
2 red socks, and 2 green socks in a drawer. On a dark
morning, you pull out socks (without replacement)
and stop when you obtain one matching pair. What is
the greatest number of socks you would have to pull
out?

Solve the following problem using Polya’s four
steps. Make up an appropriate question or activity
and answer it for each of Polya’s four steps. The
problem is as follows. “You have 10 black socks,

10 white socks, and 4 red socks in a drawer. On a
dark morning, you pull out socks one at a time
(without replacement) and stop when you obtain one
matching pair. What is the greatest number of socks
you would have to pull out?”

Solve the following problem using Polya’s four
steps. Make up an appropriate question or activity
and answer it for each of Polya’s four steps. The
problem is as follows. “How many cuts does it take
to divide a log into five cross-sectional (cylindrical)
pieces?”



52 Chapter 1 Mathematical Reasoning

12. How many cuts does it take to divide a log into
(a) six equal cross-sectional pieces?
(b) seven equal cross-sectional pieces?
(c) N equal cross-sectional pieces?

. How many squares are in the following picture?
Explain your reasoning.

Ju—
w

. (@) A 2-by-2-by-2 cube is built from eight 1-by-1-
by-1 cubes. How many cubes of all sizes are
there? Explain your reasoning.

(b) A 4-by-4-by-4 cube is built from sixty-four 1-by-
1-by-1 cubes. How many cubes of all sizes are
there? Explain your reasoning.

2 B3
o
o

. (a) The Bathula family has 2 sons. Each son has 3
sisters. How many children are there? Explain
your reasoning.

(b) The Dulfano family has 7 sons. Each son has N
sisters. How many children are there? Explain
your reasoning.

2 B3
o
wn

. A pizza restaurant has 10 different toppings for its
cheese-and-tomato pizza: mushrooms, peppers,
pepperoni, sausage, onion, anchovies, tuna, pickles,
shredded wheat, and celery. How many different kinds
of pizza can be made by varying the combination of
toppings? (Hint: Try the same kind of problem with
1 topping, then 2 toppings, and so on, and look for a
pattern.) Explain your reasoning.

2 B3
o
[=))

17. Move only three dots to make this design

18. Remove two toothpicks so that you have two squares
of different sizes.

@ 19. An exercise says, “A square and a rectangle have
equal areas. If the sides of the square are 4 ft and the
rectangle has a width of 2 ft, what is the length of the
rectangle?” Make a more open-ended problem.
(Hint: Require more than one method or include a
problem extension.)

% 20. An exercise says, “Jonas Salk Elementary School
has a student-teacher ratio of 1 to 16. If there are
25 teachers, about how many students are there?”
Make a more open-ended problem. (Hint: Require
more than one method or include a problem
extension.)

Extension Exercises
21. Consider the following dot patterns.

L] L) L[] L[] L[] L] L] L] L] L[] L[] L[]
[} [} L] L] [} [} (] (] L]
Pattern 1 Pattern 2 Pattern 3

e o o o o o

(a) How many dots are in pattern 4? Find the answer
as many different ways as you can.
(b) How many dots are in pattern N?

@ £ § 22. Consider the following problem: “Larry starts

cycling at 20 mi/hr. One hour later, Rebecca starts

cycling from the same place at 25 mi/hr. How long

will it take Rebecca to catch up to Larry?”

(a) Find three different ways to solve the problem.
(Hint: You might use arithmetic, a table, a num-
ber line, or algebra.)

(b) Make up a similar problem and describe a short-
cut for solving problems of this type.



H 23. You have 16 coins and a balance. Fifteen of the coins
are regular, and one is a lighter counterfeit coin.
Show how you could identify the counterfeit coin
after three weighings.

2

the coins are regular, and one is a lighter counterfeit
coin. Show how you could identify the counterfeit
coin after three weighings.

24. You have 24 coins and a balance. Twenty-three of

Exercises 23 and 24. What is the greatest number of
coins you could start with and be sure to identify the
counterfeit coin after

(a) three weighings? (b) two weighings?

25. Consider the entire set of problems that are like

26. Connect the nine dots by drawing four lines, without
lifting your pencil off the paper or retracing any lines.

Puzzle Time
27. A woman lines up five red checkers and five black
checkers as follows.

R R R R R B B B B B
1 2 3 4 5 6 7 8 9 10
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She asks, “Can you switch the positions of only
four checkers so that the black and red checkers
alternate?”

(a) How would you do it?

(b) If you started with only 1 pair of checkers, how
many checkers would you have to move to solve
the same problem?

(c) If you started with 3 pairs of checkers, how many
checkers would you have to move to solve the
same problem?

(d) What is the general pattern in the numbers of
checkers that must be moved in parts (a), (b),
and (c)?

(e) Does this pattern work for 2 pairs of checkers?

(f) Does it work for 4 pairs of checkers?

(g) Can you think of a different rule that would work
for parts (e) and (f) ?

(h) Make a conjecture about how many checkers
must be moved in the same problem involving
25 pairs of checkers.

(i) Make a conjecture about how many checkers
must be moved in the same problem involving
50 pairs of checkers.

1.6 Problem-Solving Strategies and Skills

NCTM Standards

* apply and adapt a variety of appropriate strategies to solve problems (pre-K-12)

Do you ever have difficulty solving mathematics problems? Devising a plan, the second
step of Polya’s procedure, is often the most difficult step. Elementary-school children
now learn specific strategies that they can use to solve a variety of problems. Learning
these strategies can help any student become a better problem solver.

Research shows that children who are good at solving problems are more likely to
use certain problem-solving strategies. Children now do sets of problems that focus
upon these strategies. The following problem-solving strategies are discussed in this

book.
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Some Problem-Solving Processes and Strategies

1. Using inductive reasoning
2. Using logical (deductive) reasoning
3. Guessing and checking
4. Making a table or list
5. Drawing a picture
6. Solving a simpler problem
7. Working backward
8. Using a graph
9. Using an equation
10. Taking a break and trying again

Problem-solving strategies are now included in most elementary-school textbooks.
You have already studied induction and deduction. Working backward will be intro-
duced in Chapter 3. Chapter 11 discusses using graphs and equations to solve problems.

In this section, you will study three useful problem-solving strategies: guessing and
checking, making a table, and drawing a picture.

LE 1 Opener

Tell what you know about the following problem-solving strategies:

(a) guessing and checking (trial and error)
(b) making a table or list
(c) drawing a picture

The best way for you or your students to learn a problem-solving strategy is to
practice using it first by itself. After each of the three individual strategies becomes
familiar, you can try to solve problems in which you must decide which of the three
strategies to use.

Guessing and Checking

Sometimes you have to be bold in mathematics! The guessing-and-checking strategy
requires you to start by making a guess and then checking how far off your answer is.
Next, on the basis of this result, you revise your guess and try again. ® Figure 1-12
shows how a fifth-grade textbook presents guessing and checking (called “try, check,
and revise”).

Try guessing and checking in the following exercise.

LE 2 Reasoning

Consider the following problem. “Sandy bought 18 pieces of fruit (oranges and grape-
fruits), which cost $4.62. If an orange costs $0.19 and a grapefruit costs $0.29, how
many of each did she buy?” (Guess and check.)

(a) Guess the numbers of oranges and grapefruits. Then check your guess to see how
far off it is.

(b) Keep adjusting your guesses and checking your results until you determine the
correct answers.
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SLULE

What do you know?

What are you trying
to find?

[ Plan and Solve |

What strategy will
you use?

How to use Try, Check, and Revise

Step 1 Think to make a reasonable
first try.

Check by using information
given in the problem.

Revise by using your first try
to make a reasonable second
try. Check.

Use previous tries to continue
tryingnand checking until you
find the answer.

Step 2

Step 3

Step 4

' Look Back and Check |

Is your answer
reasonable?

/' Talk About It

are too low?

How do you use the try, check, and
revise strategy to solve a problem?

Dog Run A family plans to build a rectangular
dog run for their dog Shamrock. The run will be
4 feet longer than it is wide. If 60 feet of fencing
is used, what will be the length and width?

[ Read and Understand |

{=w+4

The dog run will be rectangular with
a perimeter of 60 feet. The length is
4 ft longer than the width.

Find the length and width of the dog
run if all the fencing is used.

Strategy: Try, Check, and Revise
15
15

Check: 15+ 15+ 11 + 11 =52

Think: 15 is 4
more than 11. .

Revise: 52 is too low a number. Since 52 is
8 less than 60, try adding 2 to each side.

17

17
Check: 17 +17 + 13 + 13 = 60
Answer: { =17 ftand w = 13 ft

Yes, the length is 4 ft longer than the
width and the distance around is 60 ft.

1. In Step 1, how do you know that £ = 15 ftand w = 11 ft

® Figure 1-12  Guess and check in grade 5

55
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56 Chapter 1 Mathematical Reasoning

Consider guessing and checking when you have a question with a limited number of
possible answers and you can check how close a guess is to the correct answer.

Making a Table or List

Organizing information often makes it easier to solve a problem. You may have used a table
in the preceding lesson exercise. A table can also help you solve the problem in LE 3.

X % | LE 3 Reasoning

i It will take 11 quarts of paint to paint your new apartment. Quarts cost $3.50 and
gallons cost $8.50. (Note: 1 gallon = 4 quarts.)

(a) What are the different ways you can purchase the paint for the job? (Make a table
or list. Include columns for gallons, quarts, and total cost.)
(b) Which way is the least expensive?

Tables enable one to organize information in a simple, clear way. Consider making
a table or list when you have a limited number of options that can be listed in an organ-
ized way, and you want to examine all those options.

Drawing a Picture

Sometimes a drawing or a diagram can help you analyze a problem. For example, you can
use Venn diagrams to help check deductive reasoning. Solve LE 4 by drawing a picture.

-®- D LE 4 Reasoning
Consider the following problem. “A well is 30 ft deep. An athletic snail (Figure 1-13)
at the bottom climbs up 3 ft each day and slips back 2 ft each night. On what day does
the snail reach the top of the well?”
(a) Would it take around (i) 10 days? (ii) 15 days? (iii) 20 days? (iv) 30 days?
(b) Draw a picture. Figure out where the snail is after 25 days and nights. Continue
day by day from there.

Discussion

N\
b

Figure 1-13
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Consider drawing a picture for any problem that involves measurements or geomet-
ric shapes. Besides using problem-solving strategies, successful problem solvers tend to
(1) approach new problems with confidence, (2) analyze and explore the conditions of
the problem, and (3) obtain a lot of experience in solving problems.

£ An Investigation: Problem Analysis

The following lesson exercises are all related to the preceding puzzle problem. By doing
this series of problems, you will deepen your understanding of this kind of puzzle problem.

X % | LE 5 Reasoning

A well is 30 ft deep. A muscle-bound worm at the bottom climbs up 4 ft each day and
slips back 1 ft each night. On what day does it reach the top of the well? (Draw a
picture.)

X 5| LE 6 Reasoning

A well is 50 ft deep. A muscle-bound worm at the bottom climbs up 4 ft each day and
slips back 2 ft each night. On what day does it reach the top of the well? (Draw a
picture.)

Q- @ D LE 7 Reasoning

A well is 80 ft deep. Write a worm or snail problem so that the slimy animal reaches
the top on the

(a) 20th day. (b) 19th day. (c) 18th day.

Discussion

Solve a Simpler Problem

Some problems involve more difficult numbers such as large numbers, fractions, or deci-
mals. Sometimes, it helps to work out a similar problem that has easier numbers. Then fig-
ure out how to generalize from the simpler problem to the original one. See how this works
inLE 8.

LE 8 Reasoning

At the end of a soccer game, each player on one team shakes hands with every player
on the other team. There are 14 players on each team. How many handshakes will
there be? (Hint: Solve a simpler problem where each team has 1 player. Then work
out the answer if each team has 2 players. Then work out the answer if each team has
3 players. Then use a pattern to answer the original question.)

In LE 8, you can solve the problem by first working with smaller numbers. Sometimes,
you can understand a problem with fractions or decimals by using whole numbers instead.
Consider using the solve-a-simpler problem strategy for problems with difficult numbers
or lengthy computations. This strategy is sometimes called “use simpler numbers.”
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Estimate or Exact Answer?

Find

\

In addition to problem-solving strategies, elementary-school children now learn specific
skills that they use to solve problems. This section presents two useful problem-solving
skills called “estimate or exact answer?”” and “find necessary information.”

Many problems require exact answers. However, some problems in everyday life
require only an estimate.

LE 9 Skill

Veronica has $10 for groceries. She wants to buy a piece of fish for $3.72, a half-
gallon of orange juice for $2.98, and a package of mushrooms for $1.75.

(a) Does she have enough money? Tell why or why not without computing the exact
cost of her food.
(b) What is a question that would require Veronica to find the exact cost of her food?

Necessary Information

In everyday life, people often have too much or little information. To prepare for this,
children in elementary school study examples of problems with too much or too little in-
formation. When a problem has too much information, children identify what informa-
tion is needed to answer a question. When a problem has too little information, children
specify what additional information is needed.

LE 10 Reasoning

Consider the following problem. “A family left their home in Montana at 10 A.M. on a
car trip. The temperature was 23°F. They arrived at their destination at 2 p.M. The fam-
ily stopped for lunch on the way. The car averaged 45 miles/hr when they were driv-
ing. How many miles was the whole trip?”’

(a) What information is not needed to answer the question?
(b) What additional information is needed to answer the question?

LE 11 Summary

Tell what you learned about problem-solving strategies in this section.

. Answers to Selected Lesson Exercises

2. (b) 6 oranges and 12 grapefruits

3. (a)

(b) Three gallons would be the least expensive.

4. 28th day (Hint: Where is the snail after 27 days and

nights?)
Number of Number of
Gallons Quarts Total Cost 5. 10th day
0 11 $38.50
1 7 $33.00 6. 24th day
2 3 $27.50
3 0 $25.50 7. Hint: Use an “up” number that is 4 more than the

“down” number.



8.

14 - 14 = 196

9. (a) Yes. $3.72 + $2.98 + $1.75 <$4 + $3 + $2 = $9

(b) How much change will she receive from a $10 bill?

. 1.6 Homework Exercises
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10. (a) The first four sentences are not needed.

(b) How many hours they were driving

Basic Exercises

1.

Describe the guess-and-check strategy in your own
words.

. Which step of Polya’s four-step scheme involves the

consideration of various problem-solving strategies?

. Craig Chandler is 5 years older than Linda. The

product of their ages is 1,184. How old are they?
(Guess and check.)

. A seventh-grade class sold 82 tickets for their con-

cert. Adult tickets cost $8 each, and children’s tickets
cost $3 each. The total sales were $431. How many
adult tickets and how many children’s tickets were
sold? (Guess and check.)

. Stephanie bought 25 pieces of fruit (apples and or-

anges), which cost $8.40. If an apple costs $0.24 and
an orange costs $0.39, how many of each did she
buy? (Guess and check.)

. Find 'V 1444 without using a calculator V key.

(Guess and check.)

. A baseball league has 6 teams: the Bats, the Dia-

monds, the Flies, the Goose Eggs, the Hot Dogs, and
the Relish. If every team plays each of the other
teams 4 times, how many games must be scheduled?
(Make a table.)

. A bank sells the following packets of traveler’s checks:

five $20 bills, three $50 bills, three $100 bills, and five
$100 bills. How many different ways are there to buy
$500 in traveler’s checks? (Make a table.)

. An office staff includes a manager (M), an assistant

manager (AM), two secretaries (S), and two sales
agents (SA). Construct a 7-week vacation schedule
for them, taking into consideration the following
constraints.

1. The manager is taking weeks 5, 6, and 7 off.
Everyone else gets 2 consecutive weeks off.

2. No more than two people can be on vacation at
one time.

3. At least one secretary and one sales agent must be
present in the office each week.

4. When the manager is away, the assistant manager
and both sales agents must be at work.

M AM S1 S2 SA1  SA2

Week 1

Week 2

Week 3

Week 4

Week 5 X

Week 6 X

Week 7 X

10. During 6 weeks in the summer, each of 4 workers

will take 3 weeks off. No more than 2 workers may
be off at one time, and everyone wants at least 2
consecutive weeks off. Complete the following
schedule.

Week Week Week Week Week Week

1 2 3 4 5 6
Molly X X X
Paul
Wong
Clio

11. A well is 100 ft deep. A muscle-bound worm at

the bottom climbs up 5 ft each day and slips back 2 ft
each night. On what day does it reach the top of the
well? (Draw a picture.) Explain your reasoning.
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£ § 12. A snail at the bottom of a well goes up 8 feet each
day and slides back 4 feet at night. When will the
% snail reach the top of the well if it is
(a) 50 feet deep? Explain your reasoning.
(b) 100 feet deep? Explain your reasoning.
(c) Suppose the well is y feet deep. Describe a
method for finding the answer.

. A well is 60 ft deep. Write a worm or snail problem
so that the slimy animal reaches the top on the
(a) 20th day. (b) 19th day. (c) 18th day.

2 B3
[a—y
(8]

14. Deborah Ball asked a third-grade class the following
question. “I have pennies, nickels, and dimes in my
pocket. Suppose I pull out two coins. How much
money might I have?”

(a) List all the possible answers.

(b) Most of the children found 6 possible amounts, but
they didn’t know how to prove that they had all the
possible answers. How would you prove it?

15. At a party where the guests have never met one an-
other, everyone wants to shake hands with everyone
else. How many handshakes will occur if there are
(a) 2 people at the party?

(b) 3 people at the party?

(c) 4 people at the party?

(d) 8 people at the party? Use the pattern from parts
(a), (b), and (c).

16. Janice wants to select 2 books to read from a list of
10 books. How many different pairs of books can
she choose?

17. For what type of problem would you consider using
the guess-and-check strategy?

18. For what type of problem would you consider using
the draw-a-picture strategy?

In problems 19-21, tell which of the four strategies you
would use to solve the problem. You do not have to solve
the problem.

19. I took a certain two-digit number and reversed the
digits. Then I added the numbers together. The sum
was 131. What were the two numbers?

20. I have a piggy bank full of nickels, dimes, and quar-
ters. What are all the possible ways to make $0.60?

21.

g5 22

g5 23.

24,

25.

26.

217.

How many 6-inch by 6-inch square tiles would it
take to cover a floor that is 10 ft by 14 {t?

Solve the following problem and tell which of

the four strategies you used. A 10-1b bag of mixed
nuts contains 20% peanuts. How many pounds of
peanuts should be added to change the mixture to
80% peanuts?

Solve the following problem and tell which of the
four strategies you used. After throwing 25 darts at
the following target, what is the highest score below
100 that it is impossible to score?

Solve the following problem and tell which of the
four strategies you used. An apartment has two
adjacent rectangular rooms, each 9 ft by 12 ft. They
share a 9-ft-long wall. What is the perimeter of the
apartment?

An airplane is carrying 76 pieces of luggage. The
average weight of a piece of luggage is 24 pounds.
The airplane is supposed to carry no more than
2,000 pounds of luggage. Is it over its weight limit?
Tell why or why not without computing the exact
weight of the luggage.

A baseball team has a uniform budget of $400 for its
16 players. A jersey costs $12.95, and pants cost
$16.95. Is there enough money to buy a jersey and
pants for each player? Tell why or why not without
computing the exact cost.

Consider the following problem. “Claudinna has a

phone plan that charges a $22 monthly fee plus

$0.09 per call. Last month, she paid $31 for phone

service. How much will Claudinna pay for phone

service this month?”

(a) What information is not needed to answer the
question?

(b) What additional information is needed to answer
the question?



28. Consider the following problem. “At the bake sale,
they sold 4 varieties of donuts. The donuts cost
$0.35 each. At the end of the sale, there were
10 donuts left. What were the total sales of donuts at
the bake sale?”

(a) What information is not needed to answer the
question?

(b) What additional information is needed to answer
the question?

Extension Exercises

29. (a) Sophie wants to enclose 100 yd? of field with a
rectangular fence. What is the minimum perime-
ter of fencing she can use?

(b) Now Sophie wants to enclose N yd? of field with
a rectangular fence. What is the minimum
perimeter of fence she can use?

30. (a) June has 40 yards of fencing for her yard.
What is the maximum rectangular area she can
enclose? (Draw a picture, make a table, and
guess and check.)

(b) Now June has F yards of fencing for her yard.
What is the maximum rectangular area she can
enclose? (Draw a picture, make a table, and
guess and check.)

31. A farmer wants to transport a fox, a goose, and a bag

% of corn across a river in a boat. He can take only one
of the three across on each trip. He cannot leave the
fox and the goose alone, because the fox will eat the
goose. He cannot leave the goose and the corn alone,
because the goose will eat the corn. How will he get
the fox, the goose, and the corn across the river?
(Draw a picture and guess and check.)
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@ 32. (a) A man and two small children want to cross the

river in a small boat. The boat is big enough only
to hold either the man or the two children, both
of whom can row. How can all three get across
the river in the boat?

(b) Solve the same problem for four adults and two
children, all of whom can row.

(c) Solve the same problem for six adults and two
children, all of whom can row.

(d) Describe how to work out the problem for two
children and any number of adults.

ﬂ 33. (a) I'm inviting 20 people to a party, and I want to
seat them all at one long table. I'm going to put
together a series of card tables that seat one per-
son on each side and form one long table. If
arrange the card tables in a single row, how many
card tables will I need?*

(b) Give a general solution for seating 2N people
(N is a whole number greater than 3). How many
tables are needed?

34. Another option for the party in the preceding exer-
cise is to use rectangular tables, as shown.

What is a formula that relates the number of chairs
(C) to the number of tables (T)?7*

35. In the preceding exercise, one student gives the
answer C = 2 + 4T and another gives the answer
C =6 + 4(T — 1). Are both answers correct?
Explain why or why not.

36. Another arrangement of rectangular tables (see the
preceding exercise) gives more room on the table for
serving platters.

C C CcC C

c C c C

What is the formula that relates the number of chairs
to the number of tables?*

“For more practice, go to www.cengage.com/math/sonnabend
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% 37. Choose a current textbook series for either elemen-
tary or middle school. What does the series teach
about problem-solving strategies in each grade?

Video Clip

38. Go to www.learner.org and watch “Teaching Math:
A Video Library K-4,” video #42. Fourth graders

(Continued in the next column)

I Chapter 1 Summary

solve a puzzle problem. Discuss the lesson. Name
three specific strengths of the lesson and one way the
lesson might be improved. (To sign up for access to
the Annenberg videos, click on the button that says
“free video on demand.” Select a video such as
“Teaching Math: A Video Library K-4.” Scroll down
to your program (#42) and click on VoD. Then click
on “Sign up here!” and create your account.)

What methods of reasoning do mathematicians use that
people also use to analyze problems in everyday life?
Two methods commonly used to discover new ideas in
mathematics and everyday life are inductive and deduc-
tive reasoning. Induction involves making a reasonable
generalization from specific examples. Scientists and
mathematicians use induction to develop general
hypotheses or theorems. People may also develop preju-
dices and superstitions with induction.

To verify conjectures, one uses deductive reasoning,
the process of drawing a necessary conclusion from
given assumptions. Detectives use deduction in drawing
conclusions, and mathematicians use deduction to prove
theorems. Mathematicians often develop new ideas by
using induction to make a generalization or state a theo-
rem, followed by deduction to prove that the generaliza-
tion or theorem must be true.

Both types of reasoning can lead to false conclu-
sions. Induction is not totally reliable, because what
happens a few times may not always happen. Supersti-
tions and prejudices are examples of erroneous gener-
alizations. Deductions are sometimes false because
valid deductive reasoning based on false assumptions
can lead to a false conclusion.

Study Guide

A superior ability to find patterns distinguishes
human beings from other animals and machines. Mathe-
maticians develop new ideas by recognizing and general-
izing patterns. Finding a pattern makes use of induction,
and extending the pattern based on a general rule requires
deduction. Finding and extending patterns enables people
to make predictions about the future and to develop
classifications.

Problem solving is now a focus of school mathe-
matics. Whenever possible, mathematical ideas should
be developed from problem situations of interest to the
learner. Three types of problems children study are
one-step translation problems, multistep translation
problems, and puzzle problems. In solving most of these
problems, Polya’s four steps can be followed: (1) Under-
stand the problem, (2) devise a plan, (3) carry out the
plan, and (4) check and assess your results.

Devising a plan or strategy is often the hardest step.
Four strategies commonly used to solve mathematics
problems are guessing and checking, making a table,
drawing a picture, and solving a simpler problem.
Arithmetic, algebra, and geometry problems can some-
times be solved more easily with these strategies.

To review Chapter 1, see what you know about each of
the following ideas and terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

1.1 Inductive Reasoning 4

Making generalizations 5
Counterexamples 6

1.2 Deductive Reasoning 11

Drawing conclusions 13
Hypotheses and conclusions 14
Does deductive reasoning always work? 15

1.3 Inductive and Deductive Reasoning 23
Is it inductive or deductive reasoning? 23
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Review Exercises 63

Inductive and deductive reasoning with number Solving a series of related problems 48
tricks 24 Open-ended problems 49
Converse of a statement 26
“If and only if” 27 1.6 Problem-Solving Strategies
14 Patt - and Skills 53
) atterns Guessing and checking 54
Arithmetic sequences 32 Making a table or list 56
Geometric sequences 35 Drawing a picture 56
Other sequences 36 Solving a simpler problem 57
Patterns in sums and differences 37 Estimate or exact answer 58
Proving a generalization 37 Finding necessary information 58

: Choosing a strate 60
1.5 Problem Solving 44 g gy

Types of problems 45
Four steps in problem solving 46

Mathematical Reasoning in Grades 1-8

The following chart shows at what grade levels selected Typical Grade Level
mathematical reasoning topics typically appear in ele- Topic in Current Textbooks

mentary and middle-school mathematics textbooks. Un-

derlined numbers indicate grades in which the most time Using inductive reasoning 1,2,3,4,5,6,7, 8
i t on the given topic Using deductive reasoning 1,2,3,4,5,6,7,8
15 spen g pIcC. Number sequences 1,2,3,4,5,6,7,8
Arithmetic and geometric sequences 7,8
Problem-solving steps (Polya) 1,2,3,4,5,6,7,8
Problem-solving strategies 1,2,3,4,5,6,7,8
Review Exercises
% 1. Tell what you learned about inductive reasoning in (b) Make a generalization about the digits in the
this chapter. Include what it is, how it works, and result.
when it does not work. Give examples in mathemat- (c) How long does the pattern continue? Try 5, 6,
ics and everyday life of how it is used. and 7 as factors.
% 2. Give an example of how a student might use induc- @ 5. What is deductive reasoning?

tive reasoning.
% 6. Make up an example of valid deductive reasoning
3. Is the sum of any three consecutive counting num- that
bers divisible by 3? (a) leads to a true conclusion.
(b) leads to a false conclusion.
142857 X 1 = 142857
142857 X 2 = 285714 7. The rule is: “If you finish your fish, then I will give
_ you some fruit.”
142857 X3 = 428571 (a) What can you conclude if you do not receive
(a) Write the next example, continuing the pattern. some fruit?
(b) What will happen if you do not finish your fish?
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In Exercises 9-11, identify whether induction or deduc-

Chapter 1 Mathematical Reasoning

Consider the following Pica-Centro game.

Guesses Responses
Pica Centro

Correct Digit, Correct Digit,
Digits Wrong Position Correct Position
437 1 1
257 0 0
143 1 1
0809 0 1

What is the secret number? Explain how you deter-
mined one of the correct digits.

tion is being used.

9.

10.

11.

@ 12.

% 13.

14.

15.

People have died in the past. I assume that everyone
will die in the future.

I know Alicia is in the bedroom, the kitchen, or the
bathroom. I do not find her in the bedroom or the
kitchen. I conclude that she is in the bathroom.

I know that x > y and y > z. I conclude that x > z.

Write a paragraph describing inductive reasoning
and deductive reasoning and how to tell the differ-
ence between them.

Consider the following number trick.

Pick a number.

Add 5.

Multiply by 3.

Subtract 9.

Subtract your original number.

Divide by 2.

Prove that you will always end up with three more
than you started.

(a) Write the converse of the following statement:
If it is raining, then the ground gets wet.
(b) Is the converse true?

Write the following statements in an “if-then”

format.

(a) A rectangle is a square if it has four congruent
sides.

(b) I will call only if there is a problem.

16.

17.

18.

19.

20.

A sequence begins 6, 30, . ... What is the next term
if the sequence is
(a) arithmetic? (b) geometric?

Consider the following sequence.
20, 19, 18, 17, . ..

(a) Is the sequence arithmetic, geometric, or neither?

(b) What is the position rule for the nth term?

(c) What is the 40th term?

(d) Does part (b) require inductive or deductive
reasoning?

(e) Does part (c) require inductive or deductive
reasoning?

Consider the following sequence.
27,000, 9,000, 3,000, 1,000, . . .

(a) Is the sequence arithmetic, geometric, or neither?

(b) If it is arithmetic give the value of a and d. If it is
geometric, give the value of a and .

(c) If it is arithmetic or geometric, use the variables
FIRST, NEXT, and PREVIOUS to write the two
equations for the sequence.

(d) What is the nth term in the sequence?

Consider the following sequence.
3,12,27,48, ...

(a) Is the sequence arithmetic, geometric, or neither?

(b) If it is arithmetic give the value of a and d. If it is
geometric, give the value of a and .

(c) If it is arithmetic or geometric, use the variables
FIRST, NEXT, and PREVIOUS to write the two
equations for the sequence.

(d) What is the 6th term in the sequence?

(a) Fill in the missing numbers.
1=()
3+ 5=()

7+94+11=()

(b) What would the next equation be if the pattern
continued? Is the equation true?

ﬁ 21. Examine the following pattern.

£-12=3-5
$-22=3.7
6’ —3=3-9

(a) Write the next example that follows the pattern.



@ 22,

g
24.

25.

(b) Complete the following generalization. For any
counting number N greater than two,
N? — =

(c) Prove that your equation in part (b) is true.

Make up an example of a multistep translation
problem.

Explain how an auto mechanic repairing an engine
could use Polya’s four steps.

Solve the following problem using Polya’s four
steps. Make up an appropriate question and answer it
for each of the four steps.

Examine the following figure.

13/e|e|@
1243 |14 |5
g2 |19Q6
10098 |7

If the pattern in the square continues, what number
will appear in the upper right-hand corner?

How many rectangles are there in the figure?
Explain your reasoning.

@ 26.

) £3 27.

g5 28

29.

@E%.

R £33
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An exercise says, “You have 2 Ib of cottage cheese,
and you buy 3 1b more. How much do you have
now?” Make a more open-ended problem. (Hint:
Require more than one method or include a prob-
lem extension.)

You have 9 coins and a balance. Eight of the coins
are regular, and one is a lighter, counterfeit coin.
Show how you could identify the counterfeit coin
after 2 weighings.

Consider the following problem. You took 11 orders

for either a tuna salad sandwich ($1.90) or a buck-

wheat Newburg ($1.50) but forgot how many of each.

If the bill comes to $17.70, how many of each were

ordered?

(a) What would be a good strategy for solving this
problem?

(b) Solve the problem using your strategy. Explain
your reasoning.

An employer wishes to select 2 people for a job from
Alice, José, Mary, and Reggie. How many ways are
there to do this? Explain your reasoning.

A well is 40 ft deep. A snail climbs up 9 feet each
day and slips back 5 feet at night. How long will the
snail take to reach the top of the well? Explain your
reasoning.

A well is 40 ft deep. Make up a snail problem in
which the snail reaches the top on the
(a) 18th day. (b) 19th day.

Alternate Assessment—Keeping a Portfolio

Use a portfolio to display your best work. You can also show how your abilities devel-
oped during the course. Include topics that you found interesting or exercises that taught
you something significant.
To start your portfolio, select one or more pieces of your work from Chapter 1.
Write a description of each piece telling what it is, what mathematics is used, and why
you think it is one of your most significant or best works. Add to your portfolio as you
go through the course.



Sets and Functions

2.1 Sets Every area of mathematics utilizes sets and functions in some way. For
2.2 Operations on Two Sets example, Chapters 3, 4, 5, and 7 each concern a particular set of numbers (e.g.,
2.3 Functions and Relations whole numbers). You will also study different sets of shapes (e.g., rectangles

and parallelograms) and the relationships among them. Graphing involves
functions and relations (sets of ordered pairs). Functions are used to represent
a variety of everyday situations that involve two variables in which each value
of one variable determines a unique value for the second variable. An example
would be the weight of some apples and their price. In statistics, one studies
data sets; and in probability, one examines sets of possible outcomes. You have
already used set pictures (Venn diagrams) to illustrate logical relationships.
This chapter introduces the basic ideas of sets, but this book as a whole
does not place great emphasis on formal set theory. Neither does the current
elementary-school mathematics curriculum. Functions are introduced in

Section 2.3 and covered in more depth in Chapter 11.

2.1 Sets

NCTM Standards

® create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)

George Boole (1815-1864; Figure 2—1, on the next page) developed set theory. Born to
an English working-class family, Boole taught himself six foreign languages and a good
deal of mathematics. He believed that the essence of mathematics lies in its deductive
organization.

Georg Cantor (1845-1918; Figure 2-2, on the next page), a German mathematician,
extended set theory to include infinite sets, a topic so controversial that it caused one of
his former teachers to turn against him. Partly as a result of being ridiculed by that
teacher, Cantor suffered a nervous breakdown. He died in a mental hospital.

Today Boole’s and Cantor’s work with finite and infinite sets is an accepted part of
mathematics. In this text, sets will be used to define whole-number addition and multiplica-
tion and will serve as a model for each of the four whole-number operations in Chapter 3.

66
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Photo courtesy of Library of Congress
Photo courtesy of Library of Congress

Figure 2-1  George Boole Figure 2-2 Georg Cantor

In the 1960s and early 1970s, some elementary-school teachers used sets to explain
counting and arithmetic. Teaching that was heavily based on set theory was not well re-
ceived in elementary schools, and today sets are generally not studied as a separate topic
at that level. However, we often talk about sets of numbers or shapes, about subsets, and
about the elements two sets have in common. Venn diagrams are introduced in most
middle-school programs as an aid to problem solving.

LE 1 Opener
What did you learn about sets in elementary or secondary school?

What education courses must you pass to receive state teacher certification? Who in
your class likes to eat pizza? The answers to these questions would each comprise the
members of a set.

A set is a collection of objects called members or elements. To define a set, one
can list the members and enclose them in braces. For example, the set of primary colors
is {red, yellow, blue}.

The expression “x € A” means that x is a member of set A. The expression “x & A”
means that x is not a member of set A.

LE 2 Concept
Fill in each blank with € or &.

(a) 4 {2,4,6}
(b) Orange juice

the set of all junk foods.

A set with no members is called an empty or null set. For example, the set of all
pink elephants in your math class is an empty set. The set of all whole numbers that are
between 2 and 3 is another empty set. An empty set is denoted by the symbol { } or the
Norwegian letter @.
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LE 3 Concept

Make up another description that would represent an empty set.

People invented numbers so they could count objects. At first, people used only the
first few counting numbers. The infinite set of counting or natural numbers is the result
of thousands of years of work in expanding this initial set of numbers and developing
more efficient notation.

We take the symbol O for granted, but at first people thought a symbol for “nothing”
was unnecessary. Once 0 was included as a symbol for “nothing” and as a placeholder,
numeration systems made significant advances (see Chapter 3).

By putting together 0 and the set of counting numbers, one obtains the set of whole
numbers.

Definition: Whole Numbers
The set of whole numbers W = {0, 1, 2, 3, ...}.

Equal, Equivalent, Finite, and Infinite Sets

One might compare two sets to see whether they are identical or whether they contain
exactly the same number of elements. Two sets are equal if and only if they contain
exactly the same elements. For example, if A = {2,3} and B = {3, 2}, then A = B.

To compare two sets, one can try to place their elements into a one-to-one corre-
spondence. A one-to-one correspondence pairs the elements of two sets so that for each
element of one set, there is exactly one element of the other. For example, suppose Bill
and Sue are going to sit in seats 1 and 2 in a row. The sets {1, 2} and {Bill, Sue} can be
placed into the two different one-to-one correspondences shown in Figure 2-3.

O=© - 0=

Figure 2-3

Two sets are equivalent if and only if there is a one-to-one correspondence between
the sets. The following exercise examines the differences between equal and equivalent sets.

LE 4 Concept

A={1,2,3} B={1,3,5} C=1{1,2,3,4}
D = {Sara, John, Will} E = {bat, ball, glove, cap} F=1{1,3,2}

(a) Which sets are equivalent?

(b) Which sets are equal?

(c) If two sets are equivalent, are they equal?

(d) If two sets are equal, are they equivalent?

(e) Show a one-to-one correspondence between A and D.

(f) How would you use equivalent sets from this exercise to show how many objects

are in set E?
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A set is a finite set if it is empty or if it can be placed into a one-to-one correspon-
dence with a set of the form {1, 2, 3, ..., N}, where N is a whole number. The number
of elements in a finite set must be a whole number. The set of days of the week is a finite
set containing seven elements. The set of whole numbers is an infinite set because it
does not contain a finite number of elements. A more formal definition of an infinite set
appears in the extension exercises.

LE 5 Concept
Decide whether each of the following sets is a finite set or an infinite set.
(a) The set of whole numbers less than 6

(b) The set of all the pancakes in Arizona right now
(¢) The set of counting numbers greater than 6

Universal Sets and Subsets

If you wanted to decide which days to exercise, you would choose from the 7 days of the
week. Let

U = {Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, Saturday }

U is the universal set that contains all elements being considered in a given situation.
Assume that you decide on a 3-day schedule, either A or B, or a very light exercise
schedule, C.
A = {Monday, Wednesday, Friday }

B = {Tuesday, Thursday, Saturday}
c={}

Under schedule A, the set of days on which you will not exercise is A= { Sunday,
Tuesday, Thursday, Saturday}, the complement of A.

Definition: Complement of a Set

The complement of a set D, written B is the set of elements in the universal set
that are not in D.

Think of set D as “not D.”

LE 6 Concept

(a) Write the set of elements in B in the exercise-scheduling example.
(b) What does B represent in relation to the days on which you will exercise?

Figure 2—4 shows that set A is an example of a subset of U, because each element of
A is contained in U. For the same reason, B and C are also subsets of U.

Monday Sunday Tuesday
Wednesday A Thursday B
Friday Saturday

Figure 2-4
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The definition of a subset is as follows.

Definition: Subset

Set A is a subset of B, written “A C B,” if and only if every element of A is also
an element of B.

When A is not a subset of B, written “A € B,” it means that A contains an element that is
not in B.

LE 7 Concept

Which of the following sets is a subset of the one-digit whole numbers that are even:
{0,2,4,6,8}?

(@ {48 (M {3} ({46810} (@]}

You may wonder why { } in the preceding exercise is a subset of {0, 2, 4, 6, 8}.
For { } to be a subset, every element in { } must also be in {0, 2, 4, 6, 8}. Because
there are no elements in { }, it is true that every element in { } is also an element of
{0,2,4,6, 8}!

A subset of {0, 2, 4, 6, 8} represents a possible choice. For example, you might
choose {4, 6} or {0, 2, 4, 6, 8} from {0, 2, 4, 6, 8}. Another choice would be to select no
elements, creating the subset { }.

You may be familiar with C, the notation for a proper subset. The expression
“A C B” means that every element of A is also an element of B and that B contains at
least one element that is nor in A. So {1, 2} is a proper subset of {1, 2, 3}, but {1, 2, 3} is
not a proper subset of {1, 2, 3}. The symbols C and C are analogous to = and < for
relationships between numbers.

How does one distinguish between C and €? The symbol C shows a relationship
between sets, as in “{8} C {8, 10}.” It shows that a ser containing 8 can be formed using
elements of {8, 10}. The symbol € shows that one object is a member of a set, as in
“8 € {8, 10} or “{8} € {{8}, {10}}.”

D LE 8 Concept
Fill in each blank with € or C.

(@ 12 {10,11,...,19} (b){2,4} — {0,2,4,6,8}

Discussion

P An Investigation: Subsets

X % | LE 9 Reasoning

H

Is there a pattern in the number of subsets that different-sized sets have?

(a) Understanding the Problem What are you supposed to do in this investigation?
(b) Devising a Plan and Carrying Out the Plan Complete the following table.
(Hint: The empty set is a subset of every set.)
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Set

List of Subsets Number of Subsets

{1}

{11 2

{1,2}

{1,2,3}

{1,2,3,4}

(¢) Explain why {1, 2, 3, 4} has twice as many subsets as {1, 2, 3}.
(d) On the basis of your response to part (c), a set with N elements appears to have
subsets.

(e) Looking Back In part (d), you used reasoning.

@ LE 10 Summary

Tell what new set symbols or terminology you learned in this lesson. Give an
example of how each symbol is used.

. Answers to Selected Lesson Exercises

2.(a) € (b) &
3. The set of all positive numbers less than 0

4. (a) A, B, D, and F are equivalent, and C and F are
equivalent.

b)A=F (c) No (d) Yes

(e)
Sara
~ John
— Will

(f) Put set E into a one-to-one correspondence with
set C.

. 2.1 Homework Exercises

5. (a) Finite
(b) Finite
(c) Infinite

6. (a) {Sunday, Monday, Wednesday, Friday }
(b) The days you do not exercise

7. (), (d)

8. (a) € (because 12 is not a set)
(b) C (because {2, 4} is a set)

Basic Exercises

1. Let A be the set of odd numbers. Are the following
true or false?
(alleA (byl0e A
()6 &A (d{3}€A

@ 2. Write a verbal description of each set.
(a) {4,8,12,16, ...}
(b) {3,13,23,33,...}
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@8.

10.

11.
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. Which of the following would be an empty set?

(a) The set of purple crows
(b) The set of odd numbers that are divisible by 2

. What two symbols are used to represent an empty

set?

. Which of the following represent equal sets?

D = {orange, apple} F = {apple, orange}
1,2} G={1,2,3}
H=1{a,b,cd}

. (a) Which of the following represent equivalent sets?

D = {orange, apple}
A={1,2} G=1{1,2,3}
E={} N=© H={a,b,c, d}

(b) How would you use sets and set concepts from
this exercise to show a first grader how many
objects are in set D?

(c) How would you use sets and set concepts from
this exercise to show a first grader that set H has
more than three members?

F = {apple, orange}

. (a) True or false? If two sets are not equal, then they

are not equivalent.
(b) If part (a) is true, give an example that supports
it. If part (a) is false, give a counterexample.

Historical evidence reveals that some hunting tribes
counted using equivalent sets. The tribal mathemati-
cian placed a rock in a pile for each hunter who left
on an expedition. What do you think the mathemati-
cian did when the hunters returned (besides eat)?

. Decide whether each set is a finite set or an infinite

set.
(a) The set of whole numbers greater than 6
(b) The set of all the grains of sand on Earth

Decide whether each set is an infinite set or a finite
set.

(a) The set of people named Lucky

(b) The set of all perfect square numbers

Suppose the universal set U = {math, science,
English, Spanish, history, art}, and consider two pos-
sible subsets, A = {math, English, history, art} and
B = {math, English, science, Spanish, art}. List

the elements of A and B.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Suppose the universal set U = {1, 2, 3,4,5,6,7,
8,9,10},A={1,3,5,7,9},and B = {1, 2,3,4,5}.
List the elements of A and B.

The following Venn diagram shows sets A, B, and U.
Shade in the interior part of the rectangle that repre-
sents A.

Suppose A contains all positive whole numbers. If
the universal set is all whole numbers, describe A.

Which of the following sets are subsets of {1, 3,5,7}?
(@ {1,3,5,7} (b) {9, 11,13, ...}
©{} (d) {5}

Rewrite the following expressions using symbols.
(a) A is a subset of B.
(b) The number 2 is not a member of set 7.

LetA = {3,4,5,6,7, 8}. Are the following true
or false?

()2 & A (b) {4} €A
(©4€A (d) {4} CA
Suppose S is the set of all squares, Q is the set of all

quadrilaterals (four-sided figures), and T is the set
of all triangles. Are the following true or false?

@T1TcCcs (b)SCQO ©QCs
Fill in each blank with € or C.

@f{ )} — {1,3}

(b) Jean {Tom, Jean}

Decide which symbol, €, &, C, or ¢, is equivalent

to the underlined word in each sentence.
(a) German shepherds are dogs.

(b) Juanita is Spanish.

(c) Jane is not a skydiver.

A school committee C = {Bobbie, Rupert, Sly,
Jenny, Melissa} requires a majority vote to pass any
new rules. Each of the following two sets contains a



22.

winning coalition with enough voters to pass a new

rule. Complete the list of winning coalitions, using

just the first letter of each person’s name. (Make an
organized list.)
{B,R,S} {B,R,S,J}

The United Nations Security Council has 15 mem-

bers, of which 5 are permanent and 10 are elected for

2-year terms. No substantive measure can pass un-
less all 5 permanent members (the United States, the

Russian Federation, the United Kingdom, France,

and China) vote for it. Overall, nine votes are needed

to pass a proposal.

(a) How many votes are needed from temporary
members?

(b) You may refer to the 10 temporary members as
T,, Ty, Ts, . . ., Tyo. List five different winning
coalitions that each contain exactly nine
members.

Extension Exercises

23.

24,

Set A is infinite if and only if it can be put into a
one-to-one correspondence with a proper subset of
itself. For example, {0, 1, 2, 3, ...} is infinite be-
cause it can be put into a one-to-one correspondence
with its proper subset, {10, 11, 12, 13,...}.

e
e
e
e
e

Show that the following sets are infinite.
(a) {20, 21,22,...}
(b) {0,2,4,6,8,...}

Georg Cantor was the first to apply set theory to infi-

nite sets. This led to some strange and surprising

results.

(a) Make a conjecture about which set has more
elements, W = {0, 1,2,3,...} or
E=1{0,2,4,6,...}.

(Continued in the next column)

25.

26.

27.

28.
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(b) Cantor reasoned that two equivalent infinite sets
(like finite sets) are those that can be put into a
one-to-one correspondence. How did he match
the members of W and E in a one-to-one corre-
spondence to show that they are equivalent sets?

(a) A bag contains balls of 2 different colors. How
many balls must you select to be sure of getting
at least 2 of one color?

(b) A bag contains balls of 2 different colors. How
many balls must you select to be sure of getting
at least 3 of one color?

(c) A bag contains balls of 2 different colors. How
many balls must you select to be sure of getting
at least 4 of one color?

(d) A bag contains balls of 2 different colors. How
many balls must you select to be sure of getting
at least N of one color?

(a) A bag contains balls of 3 different colors. How
many balls must you select to be sure of getting
at least 2 of one color?

(b) A bag contains balls of 3 different colors. How
many balls must you select to be sure of getting
at least 3 of one color?

(c) A bag contains balls of 3 different colors. How
many balls must you select to be sure of getting
at least 4 of one color?

(d) A bag contains balls of 3 different colors. How
many balls must you select to be sure of getting
at least N of one color?

A bag contains balls of K different colors. How
many balls must you select to be sure of getting at
least N balls of one color?

How many one-to-one correspondences are possible
between each of the following pairs of sets?

(a) Two sets, each having 2 members

(b) Two sets, each having 3 members

(c) Two sets, each having 4 members

(d) Two sets, each having N members
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2.2

Operations on Two Sets

NCTM

ideas

e create and use representations to organize, record, and communicate mathematical

¢ identify, compare, and analyze attributes of two- and three-dimensional shapes
and develop vocabulary to describe the attributes (3-5)

® use geometric models to solve problems in other areas of mathematics, such as
number and measurement (3-5)

Standards

(pre-K-12)

ANB
Figure 2-5

Finding the complement of a set is an operation on one set that produces another set.
Other set operations act on two sets to produce another set, just as the operation of addi-
tion on two numbers, such as 2 + 3, results in another number, 5. This lesson covers two
set operations: intersection and union. A third operation, the Cartesian product, is pre-
sented in the homework exercises.

LE 1 Opener

In Figure 2-5, suppose A is the set of students in the math club and B is the set of
students in the science club. What do you know about the students in the shaded
region?

Intersection and Union

Should Susan and Bert get married? Susan likes skydiving, bronco busting, and chess.
Bert likes Sumo wrestling, mountain climbing, and chess. What interests do they have in
common?

If A is the set of Susan’s interests and B is the set of Bert’s interests, the answer to
the question is the intersection of sets A and B (members of A and B), written A N B.
The only member of A N B is “chess.” “And” is a key word suggesting intersection.
In everyday language and in mathematics, “and” indicates that both conditions must
be true.

Definition: Intersection

The intersection of sets A and B, written A N B, is the set containing the
elements that are in both A and B.

The shaded part of the set picture in Figure 2-5 is A N B. If A and B have no elements in
common, then A N B={ }or®@.
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Discussion

AUB
Figure 2-6
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LE 2 Concept

The math club membership A = {Joe, Sam, Li, Clara}, and the science club member-
ship B = {Juan, Li, Clara}.

(a) Whatis A N B?

(b) Which numbered region of Figure 2—-5 would contain students who are in the
math club but not in the science club?

(¢) The region in part (b) is the intersection of which two sets? (Hint: One is the
complement of a set.)

LE 3 Reasoning

If BN C = C, what is the relationship between B and C?

When two or more sets are joined together, the new set they form is called the
union of those sets. Getting back to Susan and Bert, Susan has a sports car and an air-
plane, and she has a bicycle that she and Bert received as an engagement gift. Set
C = {car, plane, bicycle}. Bert has a motorcycle, a skateboard, and that same bicycle.
Set D = {motorcycle, skateboard, bicycle}. If Susan and Bert marry, they will com-
bine these vehicles to form the union of items belonging to either Susan or Bert or
both, written C U D. The set C U D = {car, plane, bicycle, motorcycle, skateboard}.

Definition: Union
The union of sets A and B, written A U B, is the set containing all elements that
are either in A or in B or in both A and B.

“Or” is a key word suggesting union. “Or” has a slightly different meaning in math-
ematics than it sometimes does in everyday speech. In everyday speech, “or” often
means “one or the other (but not both).” In mathematics, “A or B” means “A or B or
both.” The shaded area in the set picture in Figure 2-6is A U B.

Union and intersection are called set operations because they replace two sets with
a third set, just as arithmetic operations replace two numbers with a third number. Two
properties of set operations are discussed in the homework exercises.

LE 4 refers back to LE 2.

LE 4 Concept

(a) InLE 2, whatis A U B?
(b) Describe a situation in which the members of A U B would be together after school.

Intersection and union are represented in words as “and” and “or,” respectively.

LE 5 Reasoning

Decide whether each of the following compound statements is true or false. Use the
logical meaning of “or” as one or the other or both. (This sort of question appears on
some teachers’ exams.)

(@ 5+7=8o0r6—2=4.

(b) 8+3=11and9 —5=17.
(¢) 7+2=90r8—1=17.




76 Chapter 2 Sets and Functions

Now consider a problem that involves two or more set operations. How does group-
ing (parentheses) affect the results?

LE 6 Skill
A = {1, 10, 100}, B = {10, 20, 30}, and C = {20, 25, 30}

Which two of the following are equal?(A UB) N C,LAU (BN C), AUB) NAUCQC)
Find out in parts (a)—(c).

(@ AUB)NC=____ (Hint: Firstfind A U B.)

b)AUBNC =____
©0 AUBINAUC) =____

The results of LE 6 suggest that A U (BN C) = (A U B) N (A U C). Is this equa-
tion true for all sets A, B, and C? Shade two Venn diagrams to find out.

X & | LE 7 Reasoning

(a) Draw a three-set Venn diagram, and label the sets A, B, and C.

(b) Shade the region or regions representing A U (B N C).

(c) Draw a second three-set Venn diagram, and shade the region or regions represent-
ing (A U B) N (A U O). (Hint: Use the numbered regions shown below. First find
A U Band A U C. Then find their intersection. For example, A U B would be re-
gions 1,2, 3,4,5,and 6.)

A B

A
ava
N

C

Now consider four different set symbols that you have studied in Sections 2.1 and 2.2.
See if you can use them correctly.

D LE 8 Concept
i Fill in each blank with €, U, N, or C.
(@ {3,5} — {6} =({3,5,6}
(b) 3 {1,2,3}

(© {3} —{1,2,3}

Two-Set and Three-Set Venn Diagrams

All teachers are college graduates. No dirty clothes smell nice. Some smart people are
athletic. (In logic, “some” means “at least one.”) Each of these statements can be
illustrated with a two-set Venn diagram, as shown in Figure 2-7.
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G
College
graduates

N
Nice-
smelling
things

A
Athletic
people

All teachers are No dirty clothes Some smart
college graduates. smell nice. people are athletic.
TcG DNN=@ S N A is not empty.

Figure 2-7

LE 9 Concept

A fifth grader says the first diagram in Figure 2—7 shows that all college graduates are
teachers. How would you show the student that this is not correct?

LE 10 Concept
Draw a two-set Venn diagram illustrating each of the following statements, and write

the relationship between the two sets, using symbols.

(a) All fish are good swimmers.
(b) No U.S. senators are teenagers.
(¢) Some football fans are happy.

LE 11 Concept
(a) Write a sentence describing the set relationship shown in Figure 2-8.

(b) Use symbols to represent the relationship between sets A and P.

Venn diagrams with overlapping circles are used to organize information about how
many elements are in different overlapping groups.

LE 12 Reasoning

Let U = {all students at Euclid College}, M = {students taking a math course},
and S = {students taking a science course. }.

The Venn diagram in Figure 2-9 shows student enrollment in mathematics and
science courses. How many students are

(a) taking mathematics but not science?
(b) taking mathematics and science?
(c) taking neither mathematics nor science?

LE 13 Reasoning

The Venn diagram from a fourth-grade textbook (@ Figure 2—-10, on the next page)
shows which students belong to each of three clubs. Which students are in

(a) the math and Spanish clubs?
(b) the science club but not the math club?
(c¢) the science and Spanish clubs, but not the math club?
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School Clubs

Enrichment e — - ‘

Venn Diagrams
A Venn Diagram uses circles to show the relationship

' between sets of data or objects. Circles overlap (intersect)
when some data belong to more than one group.

' 1. Which students belong to all three clubs?

math science

2. To what clubs does Brian belong?

From Scott Foresman Addison Wesley Math Grades, Grade 4,

©2008 by Pearson Education, Inc. Used by permission.

All rights reserved.

® Figure 2-10 Venn diagrams in grade 4

If you know some information about sets of people, you can sometimes deduce
other information. The following exercise uses both a Venn diagram and a grid model.

X 5 | LE 14 Reasoning

A fourth-grade class has 25 students. Ten of them are ten years old, twelve of them
are boys, and four of them are ten-year-old boys.

(a) Organize the information by placing numbers in a Venn diagram of two overlapping
circles. Label one circle “ten-year-olds” and the other “boys.” (Hint: The circle for
ten-year-olds has a rotal of 10.)

(b) On the basis of your diagram, how many students are girls who are not ten years
old?

(¢) Now, shade a square with a pencil for each student who is ten years old.

(d) Shade a square with a pen for each student who is a boy (and remember that four
students are ten-year-old boys). Answer part (b) again.

Next consider a situation in which you have only limited information about the sets.

D_ LE 15 Reasoning
A sixth-grade class has 28 students. There are 13 twelve-year-olds and 16 girls.

Discussion

(a) What is the largest number of students that could be twelve-year-old boys?
(b) What is the smallest number of students that could be twelve-year-old boys?

Attribute Blocks

As a teacher, you will sometimes use objects or models to introduce ideas to your stu-
dents. Attribute blocks are manipulatives (objects) used in elementary school to study
shapes, sets, and classification. Attribute blocks are so named because they have a
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L] [] []

VANV AT/ N
O Qe O

>

O O

1
1
1

Figure 2-11

variety of attributes: shape, color, size, and (sometimes) thickness. A typical set of attrib-
ute blocks is shown in Figure 2—11. You can buy a set or make one of your own.

Squares  Blue

LE 16 Concept

Which attribute blocks in Figure 2—12 belong in the overlapping part? If you have a
set of attribute blocks and some circular loops, use them to make a Venn diagram for
Figure 2-12.

Figure 2-12
LE 17 Reasoning
In Figure 213, which attribute blocks belong to the left-hand part of the circle on the
left? (Assume all the shapes shown are the larger size.)
Bi
Triangles 8

(/D
\_/

Gray
Figure 2-14

Q00O
I —
-
Figure 2-13

LE 18 Reasoning
Which attribute blocks in Figure 2—11 belong in Sections 1, 2, 3, and 4 of Figure 2—147?

LE 19 Summary

Tell what you learned about intersection and union in this section. How are they
similar? How are they different?
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. Answers to Selected Lesson Exercises

2. (a) {Li, Clara}
(R S
(c)ANB

3.CCB

4. (a) {Joe, Sam, Li, Clara, Juan}
(b) A joint meeting of the math and science clubs

5. (a) True (b) False (c) True

6.(a) AU B = {1, 10, 20, 30, 100} and
(AU B) N C = {20, 30)
(b) {1, 10, 20, 30, 100}
() {1, 10, 20, 30, 100}

7. Shade regions 1, 2, 4, 5, and 6 in parts (b) and (c).

8. (a) U
(b) € (because 3 is an element)
(c) C (because {3} is a set)

9. Show the student where in the diagram there are
college graduates who are not teachers.

10. (a)

Good

swimmers

(b)

Teenagers

©

Football
fans

11. (a) No animals are plants.
bANP=9Q

12. (a) 800 (in M but not in §)
(b) 300 (in M and S)
(c) 650 (outside of M and S)

13. (a) Candice, Dan, Gwen
(b) Brian, Brad, Celeste, Mike, Sara
(c) Brian

14. (a)
ten-year-olds boys

(b)7
(©)

15.(a) 28 — 16 = 12
(b) 0 (if all 13 twelve-year-olds are girls)

16. The small and large blue squares
17. The large gray, blue, and white triangles
18. 1 = {big blue and white triangles},

2 = {small gray triangle},

3 = {big gray triangle},
4 = {big gray square, circle, and rectangle}
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Basic Exercises

1.A={1,3,5,7,9, 11} and
B=1{3,6,9,12,15,18}.
@ ANB=
(b)AUB=
(c)IsA C B?

2. Suppose U is the set of cards in a regular deck of 52
cards, R is the set of red cards, and T is the set of
twos.

(a) What cards arein RN T?

(b) What cards arein R U T'?

(c) Whatis R?

(d) Parts (a) and (b) involve sets R and 7, set defini-
tions, and reasoning.

@ 3. Tell how an intersection of two streets is like an
intersection of two sets.

@ 4. Compare and contrast the union of two sets and the
intersection of two sets.

5. Decide whether each of the following is true or false.

Use the logical meaning of “or” as one or the other
or both.

(@8+5=130r6 —2 =4.
(b)7—4=1lorl0—2=4.
c)5+7=8and 6 —2 =4,

6. Decide whether each of the following is true or false.

(a)7+2=9and8 —1=17.
b)4—3=1or8+1=0.
c)4+4=8o0r5-3=0.

7. U is the set of all college students, M is the set of
male college students, F'is the set of female college
students, E is the set of education majors, and Y is
the set of college students under 22 years of age.
(a) Describe £ N F in words.

(b) Describe £ N Y in words.
c)MUF=
dMNF=

. W is the set of overweight people, S is the set of

cigarette smokers, and E is the set of people who
exercise regularly. Describe the following sets in
words.

@wns bywus CWNSNE
@ w eywns
9. A logician says, “I will eat fish or spinach for din-

10.

11.

12.

13.

14.

15.

16.

ner.” What will the logician possibly eat for dinner?

A logician says, “Tomorrow will be rainy or cold.”
What is the logician possibly predicting for
tomorrow?

If BU C = C, then how are sets B and C related?

IfA N BN C = B, then how are A and C related to B?

(a) The operation N is associative because
ANB)NC=ANMBNCO)forall sets A, B,
and C. Write a comparable equation for U and
decide whether the operation U is associative.

(b) Support your conclusion in part (a) by shading
two Venn diagrams and comparing them.

The operation N is commutative because
AN B = BN A forall sets A and B. Is the
operation U commutative?

A=1{1,2,3},B={3,4,5},and C = {2, 4,6, 8}.

@ANMBUOC) =____

B ANBUC=___

C©OANBUMANC) =

(d) Which two answers from parts (a)—(c) are the same?

(e) Shade two three-set Venn diagrams to show that
the two equal expressions you selected in part (d)
will be equal for all sets A, B, and C.

ANB b AUBUC=___

c)AUBUC=

(d) Which two answers from parts (a)—(c) are the
same?

(e) Shade two three-set Venn diagrams to show that
the two equal expressions you selected in part (d)
will be equal for all sets A, B, and C.
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17. A has 3 members, and B has 2 members.
(a) What is the largest number of members A U B
could have?
(b) What is the smallest number of members A U B
could have?

18. A has a members and B has b members, where a = b.
(a) What is the largest number of members A U B
could have?
(b) What is the smallest number of members A U B
could have?

19. A sixth-grade class has 24 students. Four of them are
in the chess club, 6 are in the Spanish club, and 2 are
in both clubs.

(a) Shade squares with a pencil to represent the
students in the chess club.

(b) Shade squares with a pen to represent the stu-
dents in the Spanish club (and remember that 2
are in both clubs).

(c) Based on your diagram, how many students are
in neither club?

20. A third-grade class has 32 students. There are 17 boys
and 22 eight-year-olds.
(a) What is the largest number of the girls that could
not be eight years old?
@ (b) Explain your reasoning.

21. Out of 40 apartments at Cubicle Village, 25 have
porches and 22 have storage rooms.
(a) What is the largest number of apartments that
could have a porch and a storage room?
(b) What is the smallest number of apartments that
could have a porch and a storage room?

22. Out of 30 apartments at Swampview, 20 apartments
receive the New York Times and 14 apartments
receive the Sporting News.

(a) What is the largest number of apartments that
could receive both publications?

(b) What is the smallest number of apartments that
could receive both publications?

23.

24.

25.

26.

27.

28.

29.

30.

31.

Assume 2 € (A U B). Which of the following state-
ments could be true?

(a) 2isin A but notin B. (b) 2 is in B but not in A.
(c) 2isin both A and B. (d) 2 is in neither A nor B.

True or false?

(a) IfA C B, then B C A. b AUD =0
AND=9 doed

Fill in each blank with €, U, N, or C.

(@1l —_{1,2}

(®{1,3,5} — {5} = {5}

© {67} — 56,7}

Fill in each blank with €, U, N, or C.

(@ {3} —{2,3,6} () 8 {7,8,9}
If possible, make up two sets such that the number

of elements in A plus the number of elements in B is
(a) less than the number of elements in A U B.

(b) equal to the number of elements in A U B.

(c) greater than the number of elements in A U B.

Make up two sets A and B such that the number of el-
ements in A equals the number of elements in A N B.

Draw a two-set Venn diagram to illustrate each of the
following statements, and use symbols to represent
the relationship between the two sets.

(a) All parallelograms are quadrilaterals.

(b) No man is an island.

(c) Some college graduates are taxi drivers.

Draw a two-set Venn diagram to illustrate each of the
following statements, and use symbols to represent
the relationship between the two sets.

(a) All musicians are creative people.

(b) No square is a triangle.

(c) Some vegetables are green.

(a) Write a sentence describing the set relationship
shown in the figure.

F
Fruits

T
Tomatoes

(b) Use symbols to represent the relationship
between sets F and 7.



32. (a) Write a sentence describing the set relationship

33.

34,

35.

shown in the figure.

T p
Triangles Pentagons

(b) Use set symbols to represent the relationship
between sets 7 and P.

The following type of question appears on a national
teachers’ exam. Which of the following is NOT con-

sistent with the sentence:

“Some values of N are greater than 10.” (Hint: “NOT
consistent” means it contradicts the given sentence.)

(a) 5 is a value of V.

(b) All values of N are greater than 10.

(c) Some values of N are less than 10.

(d) 40 is not a value of N.

(e) No numbers greater than 10 are values of N.

Which of the following is NOT consistent with the
sentence:

“All values of x are greater than 4.”

(a) 5 is not a value of x

(b) 95 is a value of x.

(c) Some values of x are less than 2.

(d) All values of x are less than 100.

(e) No numbers less than 10 are values of x.

A survey is taken of 500 adults. The results follow.
Let U = {all adults}, 7' = {adults who watch televi-
sion}, and R = {adults who read books}.

u

10

How many adults

(a) watch television and read?

(b) watch television but do not read?

(c) do not watch television and do not read?

(d) Express the sets in parts (a), (b), and (c) with set
notation.
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36. A survey is taken of 300 college students about

37.

38.

39.

40.

41.

whether they eat breakfast and whether they have a

job. Two hundred seventy eat breakfast, and 150

have a job. Twenty have a job and do not eat

breakfast.

(a) Draw a two-set Venn diagram that displays these
results.

(b) How many students eat breakfast but do not have
ajob?

A researcher asked 100 seventh graders whether they

play tennis or swim. Twenty-one play tennis, and

30 swim. Fourteen play tennis and swim.

(a) Draw a two-set Venn diagram that displays these
results.

(b) How many students play neither sport?

A researcher asked 50 college students if they drive to

school and if they work. Twenty-four drive to school,

and 34 work. Eighteen drive to school and work.

(a) Draw a two-set Venn diagram that displays these
results.

(b) How many students neither drive to school nor
work?

Make up your own problem like Exercise 21.
Make up your own problem like Exercise 37.
Suppose T = {tennis players}, C = {chess players},

and A = {artists}. The regions of the Venn diagram
of sets 7, C, and A are labeled 1-8.

T C

A
ava
N

A

Which region or regions would contain

(a) your name?

(b) people who are artists and tennis players?

(c) people who are chess players but not artists?

(d) people who are tennis players?

(e) people who are artists and chess players but do
not play tennis?
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42. Suppose P = {people who like prunes}, G = 46.
{people who like grapes}, and R = {people who like
raspberries}. The regions of a Venn diagram of sets
P, G, and R are labeled 1-8.
A B

P G All the attribute pieces in set A have a certain attribute
that the shapes in set B do not have. What attribute

II could it be?
47.
Pol
v 8 oveoms Dark figures

: A
N,

Which region or regions would contain 8
(a) your name?
(b) people who like raspberries and grapes? Circles
le who lik berri d but not
© gfl?rﬁ)efs:?w © TIe TASphErTies and grapes but no Which region would each figure go in?

(d) people who like raspberries?
(e) people who like raspberries but not grapes? (a) ' (b) Q () (d)
43. Consider a set of attribute blocks; 7' = {triangles} @ ‘
and G = {gray}.
(a) Whatis TU G?  (b) Whatis TN G?
. ) ) ) 48. Teachers sometimes have children sort keys. Name
44. Usmg the set of attribute blocks described in the two different attributes of kCyS that the children

lesson, tell which ones would belong in the right-
hand section of the circle on the right.

could use to sort them.

49. Following are figures that do or do not qualify for
set P.

45. Which attribute blocks described in the lesson ﬁ
belong in Sections I, I, III, and IV? No O /\

Small Rectangles

e Which of the following is in set P?
' @ (b) © ()
O [\ /




50. Following are words that do or do not qualify for

set P.
Yes LATE PIE ROAM
No LOW HOUSE ENTREE

Which of the following is in set P?
(a) EITHER (b) QUIT (c) SHE (@I

Extension Exercises

51.

HERE'S THE NEW STATISTICS
ON THE MENS MORALE SIR.

8% UNDECIDED|

WHAT poYou THINa
THIS INDICATES ?

@ Field Enterprises, Inc., 1976

(a) What do the percentages in the cartoon add up to?
(b) Why can the percentages add up to more than
100% and the data still be correct?

ﬂ 52. (a) At Neil Postman College, 90% of all first-year
students take English and 80% take mathematics.
What is the minimum percentage of students who
take both subjects?

(b) At the same college, 75% of the first-year
students take social science. What is the mini-
mum percentage of students who take all three
subjects?

53. Blood types can be illustrated by a Venn diagram.
There are three antigens, A, B, and Rh, that may or

(Continued in the next column)

l [ s% wanTour..

4% HATE MY &UTS..
$6% ARE PLANNING
T© DESERT...4ND

Reprinted with special permission of NAS, Inc. © Field Enterprises, Inc. 1976
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may not be present in any human’s blood. If you
have the A antigen or the B antigen in your blood,
that letter appears in your blood type. If you have
neither the A nor the B antigen in your blood, the let-
ter O appears in your blood type. If you have the Rh
antigen in your blood, a plus sign (+) appears in
your blood type. If you don’t have Rh, a minus sign
(—) appears in your blood type. (You probably won-
der how anyone ever made up this system to type
blood. I wonder, t0o.)
(a) The blood types can be shown nicely in a Venn
diagram. I started it for you. Fill in the types in
the regions that have question marks.

A O-

(b) The approximate percentages of each blood type
in the world are as follows.

‘ A ‘ (0] ‘ B ‘ AB
+ 37% 32% 11% 5%
- 6% 6.5% 2% 0.5%

Fill in these percents in the appropriate regions of
a Venn diagram.
(c) The following chart can be used for transfusions.

Blood Type Can Receive
(0] (0]
A A, O
B B,O
AB A,B,AB,O

Which blood type is the “universal donor”?

54. Following are the results of a survey about preferred
alcoholic beverages.

Don’t Drink Only Drink Hard

Drink Beer or Wine Liquor
Age ) (B) (H)
18-30 () 40 42 18
31-55 (M) 26 46 28
Over 55 (E) 21 43 36

(Continued on the next page)
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Using the letters in parentheses from the table to rep-
resent each set, tell how many people are in each of
the following sets.

(@)Y b)ENB c)MNN
@yryum (e) N ®)YUMUE

55. Another set operation, the Cartesian product,
shows all the ways you can pair a member of one set
with a member of a second set.

(a) Suppose you have 3 shirts, S = {purple, yellow,
green}, and 2 pairs of pants, P = {red, blue}. How
many possible shirt-pant outfits could you create?

(b) Complete the following. The Cartesian product

S X P = {(purple, red), (purple, blue), ( ),
( ) ), ( ) ), ( , )}
n 56. (a) If A has 3 elements and B has 1 element, then
A X B has elements.
(b) If A has 3 elements and B has 3 elements, then
A X B has elements.

(c) Using the results of the preceding exercise and
parts (a) and (b), complete the following.
If A has m elements and B has n elements, then
A X B has elements.

57. Apply the generalization from part (c) of the preced-
ing exercise. Marissa has 10 blouses and 7 skirts.
How many different blouse-skirt outfits can she
create?

58.A={1,2}and B = {0,2,4, 6}
(a) AX B=
(b) How many ordered pairs are in A X B?

59. Which of the following is equal to A U B?
(Hint: Make up sets of elements for A, B, and U,
or shade some Venn diagrams.)

() AUB b ANB (©)ANB

ﬂ 60. Which of the following is equal to A N B?
(@AUB (b)ANB (c)ANB

Technology Exercise

61. Go to www.shodor.org/interactive/activities and
try out the activity called “Venn Diagrams.” Would
you use this activity with children in elementary
school?

i 2.3 Functions and Relations

NCTM Standards

variable (3-5)

* represent and analyze patterns and functions, using words, tables, and graphs (3-5)

® investigate how a change in one variable relates to a change in a second

It is often useful to study two things that are changing at the same time.

LE 1 Opener

(a) Give an example of a quantity or measurement that changes.
(b) Give an example of something else that changes in relation to your answer to

part (a).

(¢) You have some hot soup sitting on the dining room table. Name two measure-
ments that are changing, and tell how they are changing.

In the preceding exercise, you considered two quantities that are connected to one
another. Functions can often be used to describe such relationships.


www.shodor.org/interactive/activities

Input
1 gallon

|
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Functions

Function
machine
—— Output
36 miles
Figure 2-15

The amount you learn in a mathematics class is a function of the amount of time you
spend studying. The height of a candle is a function of the time it has been burning. A
person’s salary is a function of the number of hours worked.

A function can be represented with a table, an equation, a rule (in words), or a
graph. Consider the following specific example of a function.

LE 2 Concept

A bank teller at Merger Savings Bank makes $14 an hour for working up to 8 hours
each day.

(a) Complete the table.

number of hours (x) | 0 214168
pay in $ (y) 0|28

(b) An equation that relates x and yis y = .
(¢) Give a rule in words that tells how to find y for a given value of x.
(d) Sketch a graph of the five points in part (a).

A function connects two sets of numbers such as the number of hours you work
and your pay. A function matches each value of the first variable (called the input) to
exactly one value of the second variable (called the output). Functions result from our
observation and analysis of patterns.

Lejeune Dirichlet, a German mathematics professor, defined a function in 1837.

Definition: Function

A function from set A to set B assigns each member of set A to exactly one member
of set B.

A function is often illustrated with a “function machine” (Figure 2—-15). The set
of input values is the domain, and the resulting set of output values is the range. ® Fig-
ure 2—16 on the next page shows how functions are introduced in a sixth-grade textbook.

LE 3 Concept
What are the domain (input set) and range (output set) for the bank teller function in
LE 2?

Does every table of values make a function? No. Consider a table that shows the
square roots (y) of some perfect square numbers (x).

x| 0|1 1| 4 4 equation: x = y?

ylol| 1| -1]2]=2
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.

Classroom
Connection

b R T 3. o N & - N3 | 7 ™7 - u&

Graphing Functions

' Check Skills i What You'll Learn
You'll Need
|

To make a function table and to graph a function

1'::;;‘;:':33::'“ o) New Vocabulary function
expression and an

equation are B

different. See below. | | Why Learn This?

Evaluate each
expression for x = 3.

28+ x113.18+ x 6

Pretend you have a machine. You can
put any number, or input, into the
machine. The machine performs an

4.4x 12 5.21-x18 operation on the number and
provides a result, or output. A
for Help function is a rule that assigns exactly
ien 33 one output value to each input value.
.

~ Suppose you tell the machine to multiply by 4.
A function table, such as the one at the right,
shows the input and output values, 7 28

Check Skills You'll Need
1. An expression does not

have an equal sign. - 2 2
LU Completing a Function Table
o Complete the function table if the rule is Output = Input - (=2).

+— Multiply —1 by —2. Place 2 in the Output column.
+= Multiply 1 by — 2. Place —2 in the Output column.
3 6 “= Multiply 3 by —2. Place —6 in the Output column.

{aj Quick Check

1. Complete the function table for each rule.
a. Output = Input + 4 b. Output = Input — 8

From Prentice Hall Math Course 1&2 Student Edition © 2008 by Pearson Education, Inc. Used by permission. All rights reserved.

® Figure 2-16  Functions in grade 6

This example is not a function because each x-value is not assigned to exactly one
y-value. An x-value of 1, for example, is assigned to two different y-values.

When you match the members of one set to the members of another set, you define
a relation. But not all relations are functions.

LE 4 Concept

Each arrow diagram matches the corresponding members of the input and output
sets with arrows. Which of the diagrams illustrate a function from set A to set B?
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(@) A B

(0 A B

|

LE 5 Concept

(a) input: person output: zip code of residence
(b) input: country output: capital
(c) input: month output: number of days

Graph of a Function

Tell whether each of the following represents a function.

Chocolate
Vanilla
Strawberry

89

The tales in this lesson illustrate how the pay for the bank teller (a function) does
not have two ordered pairs with the same x-value, but x = y* (not a function) does have

two ordered pairs with the same x-value. How is this difference reflected in graphs?

LE 6 Concept

points appear in relation to one another?

(a) Suppose a graph has two different points with the same x-value. How will the

Did you formulate the vertical line test in the preceding lesson exercise?

(b) Part (a) describes a graph that is not a function. On the basis of this, how can you
use a vertical line to tell when a graph is not a function?

Vertical Line Test

represent a function.

If any vertical line intersects a graph at more than one point, the graph does not

LE 7 Skill

State whether each graph represents a function.

(a) Price (b) Height of
baseball

Time

#of
apples

(©
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When a function involves a countable set such as apples, the graph (LE 7(a)) is a
discrete set of points. When a function involves a measurement such as height (LE
7(b)), the graph is a continuous curve or set of curves.

Finding a Rule

In Section 1.4, you found rules for the nth term of arithmetic and geometric sequences.
This is related to finding an equation of a function.

LE 8 Concept

Consider the number sequence 30, 40, 50, . . .

(a) Is the sequence arithmetic, geometric, or neither?

(b) What is the rule for the nth term of the sequence?

(¢) The relationship between n and each number in the sequence creates a function.
The table shows three points.

n 1 2 3
y 30 40 50

Find the equation of the function.
(d) Suppose a mathematical repair person charges $y for n hours of labor using this
function. Describe the repair rates in words.

In business and science, researchers often look for a pattern in a set of data points.
One can sometimes find an equation that fits the data.

X % | LE 9 Reasoning

Suppose you light a 10-inch candle when the lights go out, and you record the follow-
ing data.

T (elapsed time in hours) ‘ 0 ‘ 1 ‘ 2 ‘3

H (candle height in inches) ‘ 10 ‘ 8 ‘ 6 ‘

(a) Fill in the last value for H.

(b) What is H when T = 5?

% (¢) Describe the relationship between H and T.
(d) Writeaformula: H=____ |

(e) Graph each pair of values for 7" and H.

Height (inches)

10

N &~ O @

Time (hours)

o

1 2 3

(f) What pattern do you see in the graph?
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The game “guess my rule” is often used to introduce the concept of a function in
elementary school. See if you can guess the rules in the following exercise.

¥ %| LE 10 Reasoning

Suppose a teacher thinks of a rule. Then for each input given by a student, the teacher
applies the rule and gives the result. In each part, state the teacher’s rule in words and
as an equation.

(a) |Student says (x) 0 1 10 20
Teacher says (y) | 3 4 103 403

(b) |Student says (x) 0 1 5 10

Teacher says (y) | O 1 1 0

If you have the equation of a function, you can use a graphing calculator or spreadsheet
to quickly generate a set of output values for a given set of input values. Spreadsheets are
discussed in more detail in Section 7.2. Graphing calculators and spreadsheets are used with
functions in Chapter 11.

@ LE 11 Summary

Tell all the different ways you can represent a function. Make up an example of
an application of a function and show the different ways to represent it.

. Answers to Selected Lesson Exercises

2.(a) number of hours (x)| 0 > 4 6 8 6. (b) Answer follows the exercise.
pay in $ (y) 0| 28 | 56 | 84 | 112 7. (a) Yes (b) Yes (c) No
(b)y = 14x 8. (a) Arithmetic

(c) yis 14 times x.
(d) The five points lie on a straight line that passes
through the origin.
3. Domain: {0, 2, 4, 6, 8} range: {0, 28, 56, 84, 112}
4. (a)

5. (a) No (Someone may have two residences.)
(b) Yes (c) No (February)

(b) nth term = 20 + 10n

(c)y =20+ 10n

(d) The charge is $20 plus $10 for each hour, or the
charge is $30 for the first hour and $10 for each
additional hour.

9.(a)4 )0 (dH=10-2T
(f) The points are on a line.

10. @)y =x>+3
(b)Ifxiseven,y = 0. If xisodd, y = 1.
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. 2.3 Homework Exercises

1. A construction worker at Hard-Headed Builders 7. (a) Tell which of the following diagrams represents a

makes $23 an hour for working up to 8 hours
each day.
(a) Complete the table.

number of hours (x) 0 2 4 6 8

payin$ (y) 0 46

(b) An equation that relates x and y is y =

@ (c) Give a rule in words that tells how to find y for a
given value of x.

(d) Sketch a graph of the five points in part (a).

2. A manufacturer of tennis balls packs 3 balls in

each can.
(a) Complete the table.

number of cans (x) 1 2 3 4

number of balls (y) 3 6

(b) An equation for y in terms of x is y =

(c) Give a rule in words that tells how to find y for a
given value of x.

(d) Sketch a graph of the four points in part (a).

. What are the domain (input set) and range (output
set) for the function in Exercise 1?

. What are the domain and range for the function in
Exercise 2?

. Measuring creates a relation between two sets. In a
shoe store, a salesperson measures the length of each
customer’s left foot. This would create a measuring
function.

(a) What could be the domain of the function?

(b) What numbers might be in the range?

. A function has the rule P = 8N — 50. The range
(output set) for P is {46, 62, 78}. What is the domain
(input set)?

function from set A to set B.
(b) Give a possible rule relating each set of ordered
pairs.

m A

8. (a) Tell which of the following diagrams represents a
function from set A to set B.
(b) Give a possible rule relating the ordered pairs.

1 A B 2 A B

~— Odd
Even

3) —F Math

Walker4—1 | & Science

9. Which of the following are functions from x to y?*
(Assume that the entire domain is given.)
(@ {42 “3) 44 45)}
® {1, 7 2,8 3,9 410}
© {24 G4 44 6.4}

10. Which of the following are functions from x to y?*
(Assume that the entire set of ordered pairs is given.)
(@) {(1,2),(2,2), 3,4, (4, 5)}
() {(1,3), 5, 1), (5,2), (7,9}
(c) {(95, 15), (10, 30), (15, 45)}

“For more practice, go to www.cengage.com/math/sonnabend


www.cengage.com/math/sonnabend

11. Which of the following assignments creates a
function?
(a) Each student in a school is assigned a teacher for
each course.
(b) Each dinner in a restaurant is assigned a price.
(c) Each person is assigned a birth date.

12. The Royal 8 Stadium theater charges $4 for chil-
dren ages 5-17, $8 for adults, and $6 for seniors
(65 and up). There is no charge for children under 5.
Which of the following sets of ordered pairs creates
a function?

(a) (age, price) (b) (price, age)

13. Tell whether each graph represents a function.*

(@) ¥ (b) v (c) Scores
4 °
3| @
2| @ °
1 °
0 Name
X X Joe Sue Lee

14. Tell whether each graph represents a function.*

(@ v (b) Speed (0 V¥
Time g
X

. A construction company charges $60,000 plus
$65 per square foot to build a house. The total cost
C = 60,000 + 65F, in which F equals the floor
space in square feet.

C
150,000

100,000 -—"
50,000

0+—F+—+—F+—+—+—+—+—
0 200 400 600 800 F

(a) On the basis of the graph, what is the domain
(input set)?
(b) What is the range (output set)?
% (c) Explain why the graph exhibits a function from
set F'to set C.

16. Your hybrid car gets 44 miles per gallon. You fill up
the tank with 15 gallons and drive. The number of

*“For more practice, go to www.cengage.com/math/sonnabend
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gallons, g, left after you drive m miles is given by

=15-17
J 44
8
15
10
5
0 -t } =+
0 300 600 660 m

(a) On the basis of the graph, what is the domain
(input set)?
(b) What is the range (output set)?
@ (c) Explain why the graph exhibits a function from
set m to set g.

- 17. Read the following table.

N (number sold) ‘ | ‘ 2 ‘ 3 ‘ 4 ‘ 5

P (profit) ‘1‘3‘5‘7‘

(a) Write a formula that relates each N value to its
corresponding P value.

(b) Use your rule to fill in the last value of P.

(c) You found a rule in part (a) by using
__ reasoning.

(d) Plot each pair of values for N and P on a graph.

(e) What pattern do you see in your graph?

(f) Write a rule for the nth term of

1,3,5,7,...

18.x‘0‘1‘2‘3

(a) Fill in the last value for y, continuing the pattern
in the table.

(b) A formula relating ytoxisy=____ .

(c) Does part (b) involve induction or deduction?

19. Read the following table.

L(length)‘l‘2‘3‘4‘5

V (volume) ‘ 1 ‘ 8 ‘ 27 ‘ 64 ‘

(a) A rule that relates L to Vis V = .
(b) Use your rule to fill in the last value of V.
(c) Write a rule for the nth term of

1,8,27,64, ...


www.cengage.com/math/sonnabend
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20. Read the following table.

X I 1 I 2 I 3 I 4 I 5
Y I 5 I 12 I 31 I 68 I
(a) A rule that relates X to Yis Y =

(Hint: See the preceding exercise.)
(b) Use your rule to fill in the last value of Y.

. 21. (a) Look at the following table and find an approxi-
mate formula for obtaining the flash number N
555‘ from the ASA film speeds. (Hint: Find VS.)

ASA Film speed (S) I 100 I 200 I 400 I 800

Flash Number (N) I 120 I 170 I 240 I 340

(b) Use your formula to find the flash number for an
ASA film speed of 64.

22. Alkanes are a type of hydrocarbon that include
methane (CHy), ethane (C;Hg), and propane (C3;Hg)
shown below.

H H H H H H

| I | I I |
H-C—-H H-C-C—-H H-C-C-C-—-H

I I I I I I

H H H H H H

methane ethane propane

(a) How many carbon atoms and hydrogen atoms
would the next alkane in the pattern have?

(b) If x is the number of carbon atoms and y is the
number of hydrogen atoms in an alkane (written
C, H,), what is a formula relating x and y?

23. Examine the following designs.

[] [1] [T

Pattern 1 Pattern 2 Pattern 3

Pattern (x) I 1 Iz I 3 I 4 IN

Perimeter (y) I 4 I 6 I I I

(a) Find the perimeter of Pattern 3 and write it in the
table.

(b) Draw Pattern 4 and find its perimeter.

(c) Plot each pair of values for x and y.

(d) What pattern do you see in your graph?

(e) Figure out the formula for the perimeter of
Pattern N.

24. Examine the following designs.

Pattern 1 Pattern 2 Pattern 3

Pattern (x) I1I2I3I4I10IN

Perimeter (y) I 8 I I I I I

(a) Find the perimeters of Patterns 2 and 3 and write
them in the table.

(b) Draw Pattern 4 and find its perimeter.

(c) Graph each pair of values for x and y.

(d) What pattern do you see in your graph?

(e) Try to guess the perimeter for Pattern 10.

(f) Figure out a formula for the perimeter of
Pattern N.

25. Find a rule that works for all of the following num-
ber pairs, and use that rule to fill in the blanks.

Expenses Reserves
0 — 8
1 —_— 7
2 — 6
3 — —
N — —

26. Fill in the blanks, finding a rule that works for each
number pair.

Regular Price Sale Price
$10 — $8
$20 — $16
$30 — $24
$40 — N
$N — -

Extension Exercises

27. Some relations are transitive. The relations “is equal
to” and “is less than” are transitive, as illustrated by
the following. For real numbers x, y, and z, if x = y and
y=2zthenx=z;andifx <yandy <z thenx <z.

The relation “is the same age as” is also transi-
tive. If person x is the same age as person y and per-
son y is the same age as person z, then person x is the



same age as person z. (x, y, and z are not necessarily
different people.)
Name two other relations that are transitive.

28.y = x + 2 and z = 3y.
(a) Describe (in words) the rule that relates x to y.
(b) Describe (in words) the rule that relates y to z.
(c) Find a function that relates z directly to x.
(d) Describe (in words) the rule that relates z to x.

29.A = {5, 10, 15,20}, and B = {9, 18}. List the
elements (x, y) of A X B such that x < y.

I Chapter 2 Summary
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Technology Exercise

30. Go to www.shodor.org/interactive/activities and try
out the activity called “Number Cruncher.” Would you
use this activity with children in elementary school?

Project

31. Drop a ball from different heights. Each time, meas-
ure the initial height and the height of the first
bounce. Can you find an equation that relates the
height of the first bounce to the initial height?

Sets are an organizing concept in mathematics. In
elementary-school arithmetic, one examines the operations
and properties of sets of numbers. Geometric shapes can
also be grouped into sets according to various characteris-
tics, such as the number of sides. In statistics, data are
collected in sets. In probability, one studies sets of possible
outcomes.

A set can be represented by a list of elements, a ver-
bal description, or a symbol. In studying two sets, one
may want to compare their elements. If one set is con-
tained in the other, then it is a subset of the other set.

One can operate on two sets to create a third set that
is related to the other two. The intersection of two sets

Study Guide

contains all objects that are in both sets. The union of
two sets contains all objects that are in one set or the
other set or both. The Cartesian product of two sets cre-
ates ordered pairs from the elements of the two sets.

Attribute blocks help children develop their under-
standing of geometric concepts as they sort and classify
shapes. Attribute blocks can also be used within Venn di-
agrams to give a visual representation of relationships
among sets.

In many mathematics problems, one studies a func-
tion that assigns each member of a set to exactly one
member of a second set. A function can usually be repre-
sented with a graph, a table, an equation, or words.

To review Chapter 2, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

2.1 Sets 66

Elements or members 67
Empty set 67

Whole numbers 68

Equal and equivalent sets 68
One-to-one correspondence 68
Infinite and finite sets 69
Complements 69

Subsets 70
Listing subsets 71

2.2 Operations on Two Sets 74

Intersection and union 74
Two-set and three-set Venn diagrams 76
Attribute blocks 78

2.3 Functions and Relations 86

Functions 87

Domain and range 87
Graphs of functions 89
Vertical line test 89
Finding arule 90


www.shodor.org/interactive/activities
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Sets and Functions in Grades 1-8

Although set language is used in all areas of mathemat-
ics, set theory is not studied in most elementary schools
currently as it was in the 1960s and early 1970s. The
following chart shows at what grade levels set topics typ-
ically appear in elementary- and middle-school mathe-
matics textbooks.

Review Exercises

Typical Grade Level
Topic in Current Textbooks
One-to-one correspondence 1
Venn diagrams 4,5,6,7,8
Functions 5,6,7,8

1. (a) How many subsets does {3, 5, 7} have?
(b) If the universal setis U = {3, 4, 5, 6, 7}, create a
set A that is equivalent to {3, 5, 7}.
(c) Show a one-to-one correspondence between set A
and {3, 5,7}.

(d) What is A?

2. Give an example of two sets that are equivalent but
not equal.

\

3. A partition of a set divides it into nonempty proper
subsets. Two partitions of the set {1, 2, 3} are shown.

BlS

(a) How many different partitions are there of {1,2,3}?
(b) How many different partitions are there of

{1’ 2’ 3’ 4}?
4. Fill in each blank with €, U, N, or C.
(a) {7,9} ____{7,9,10} = {7,9}
b)y8 _____{3,5,8}

5. Let R = {31, 32, 33, 34, 35}, and let W be the set of
whole numbers. Determine whether the following
are true or false.

@RCW (BI0ER (ORUW=W

6.A=1{10,11,15,16},B = {11, 12,13}, C = {13,
16,17}, and U = {10, 11, 12, 13, 14, 15, 16, 17}.
@@AUBNC=
MAUBNC=

7. A fifth grader asks what the difference is between
the intersection and the union of two sets. What
would you tell the student?

9] 8. This semester, 1000 students registered for classes at

a college; 300 of them signed up for math.

(a) What is the smallest number of students who could
have registered for a course other than math?

(b) What is the largest number of students who could
have registered for an English class?

(c) What is the largest number of students who could
have registered for both math and English?

9. (a) Use the following information to determine how
many households in a community have dogs.
Explain your reasoning.

1. Seven households have only cats.

2. Six households have no pet.

3. Two households have only dogs.

4. There are no pets in the community other than

cats and dogs.

5. There are 18 households.
(b) Part (a) is an example of reasoning.
10. In which region or regions does each of the follow-

ing belong?

Women Parents

Employed

(a) A seven-year-old boy who plays when he’s not in
school

(b) A man with two young children who works

(c) Women who are not parents

(d) You



11. What attribute blocks belong in

Section I?
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(b) What is the range (output set)?

% (c) Explain why the graph exhibits a function from x

Gray Triangles to P.
15. Consider the following function for the speed and
force of crash impact for a particular car.
Speed (mph) Force
20 ——— 100
Not thick 30 225

12. (a) Tell which of the following diagrams represents a

function from set A to set B.
(b) Give a possible rule relating

each ordered pair.

40 ——— 400
50 ——— 625

60 ———

(a) When the speed doubles, the force is multiplied
by .

Y] A B V) L .
(b) Fill in the force for 60 mph that continues the pat-
\_ tern.
[\ (c) Find a formula relating force to speed.

13. Does the following represent a function for the

domain {0, 1,2, ...,90}?

14. Suppose the daily profit P (in $) from selling x neck-

tiesis P = 10x — 25.

(d) What factors in addition to speed would affect
the impact force of a car?
(e) What is a reasonable domain for this function?

16. Suppose you have to wait for a train to pass at a rail-
x = Number of Students y = Number of pp y. .. . . P
in a Section of Math 130 Sections of Math 130 road crossing. The waiting time is related to the
speed of the train.
0-7 0
8-32 1 .
R ) Speed (mi/hr) 20 |30 [ 40 | 50| 60
63-90 3 Waiting time (min) ‘ 6 ‘ 4 ‘ 3 ‘ 24 ‘ 2

A formula that relates waiting time 7 to speed S is
T =

P
75 . 17. Which of the following is NOT consistent with the
o ‘ sentence: “All values of 7 are less than 25.”
Lo (a) 8 is a value of 7.
o’ 5 10 x (b) 20 is not a value of z.
=25 (c) No numbers greater than 20 are values of .

(a) According to the graph, what is the domain

(input set)?

(d) Some values of ¢ are greater than 50.
(c) All values of ¢ are greater than 10.

(Continued in the next column)

Alternate Assessment—Keeping a Journal

Use a journal to describe in your own words the major concepts and procedures that you
learned in Chapter 2. You can also write your thoughts or feelings about what you have
learned. What is something interesting that you learned? What topics are giving you dif-
ficulty? What questions do you have about the material?

Alternatively, you could add to your portfolio.



Whole Numbers

3.1 Numeration Systems Many of us take whole numbers for granted, not fully appreciating that

3.2 Addition and Subtraction whole numbers have many significant applications and that they provide the
of Whole Numbers

3.3 Multiplication and Division
of Whole Numbers

3.4 Properties of Whole-Number
Operations track of the federal budget and the amount of unemployment.

3.5 Algorithms for Whole-
Number Addition and
Subtraction

3.6 Algorithms for Whole-
Number Multiplication
and Division

3.7 Whole Numbers: Mental
Computation and Estimation

3.8 Place Value and Algorithms
in Other Bases

basis for working with fractions, decimals, and integers. Whole numbers help
us locate streets and houses. They help us keep track of how many bananas

we have. And in a country with about 300 million people, they help us keep

3.1 Numeration Systems

NCTM Standards

® Use multiple models to develop initial understandings of place value and the
base-ten number system (K-2)

¢ Create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)

Focal Points

Grade K
Representing, comparing, and ordering whole numbers, and joining and separating
sets.

98
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Grade 1
Developing an understanding of whole number relationships, including grouping in
tens and ones.

Grade 2
Developing an understanding of the base-ten numeration system and place-value
concepts.
Today m<?st countries use the simple, efficient basejten place-value system. Simple as it
bhat. dress ? appears, it took thousands of years to develop. Using place value and a base, one can
_ express amounts in the hundreds or thousands with only a few digits! Big deal, you say?

Try writing a number such as 70 using tally marks (Figure 3—1).

LE 1 Opener

Tell how to represent 7 in another numeration system that you know.

The Tally System

People first used numbers to count objects. Before people understood the abstract idea
of a number such as “four,” they associated the number 4 with sets of objects such as
four cows or four stars. A major breakthrough occurred when people began to think of
“four” as an abstract quantity that could measure the sizes of a variety of concrete sets.

No one knows for sure, but the first numeration system was probably a tally system.
Figure 3—1 The first nine numbers would have been written as follows.

A system such as this, having only one symbol, is very simple, but large numbers are
difficult to read and write. Computation with large numbers is also slow.

The Egyptian Numeration Systems

About five thousand four hundred years ago, even before your professors were born, the
ancient Egyptians improved the tally system by inventing additional symbols for 10, 100,
1,000, and so on. Symbols for numbers are called numerals. The Egyptians recorded
numerals on papyrus with ink brushes. Most of our knowledge about Egyptian numerals
comes from the Moscow Papyrus (18507 B.C.) and the Rhind Papyrus (1650 B.C.).
Egyptian numerals are rather attractive symbols called hieroglyphics (Figure 3-2).
Using symbols for groups as well as for single objects was a major advance that made it
possible to represent large quantities much more easily. The ancient Egyptian numera-
tion system uses ten as a base, whereby a new symbol replaces each group of 10 sym-
bols. The Egyptian system is additive, because the value of a number is the sum of the
values of the numerals. For instance, Q@OIll represents 100 + 100 + 1 + 1 + 1, or 203.
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Egyptian Numerals Value
(staff) 1

(heel bone) 10

(scroll or coil of rope) 100

(lotus flower) 1,000

(pointing finger) 10,000
(tadpole or fish) 100,000

(astonished man) 1,000,000

® 0N 95

Figure 3-2

D LE 2 Skill

(a) Speculate as to why the Egyptians chose some of the symbols shown in Figure 3-2.
(b) Write 672 using Egyptian numerals.

Discussion

You can see from LE 2 that the early Egyptian system requires more symbols than
our base-ten system. The Egyptians later shortened their notation by creating a different
symbol for each number from 1 to 9 and for each multiple of 10 from 10 to 90, as shown
in Figure 3-3. For example, 7 changed from Illlll to Z. This change necessitated memo-
rizing more symbols, but it significantly shortened the notation.

| Y

N\ N\

Figure 3-3

% — éésf@
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LE 3 Skill
Write 672 using the later Egyptian system.

The Babylonian Numeration System

The Babylonian numeration system developed about the same time as the Egyptian sys-
tem. However, more of the Babylonians’ work has been preserved because they used
clay tablets instead of papyrus.

The Babylonians made a significant improvement by developing a system based on
place value, in which the value of a numeral changed according to its position. A place-
value system reduces the number of different symbols needed.
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The Babylonians used place value (for numbers greater than 59), a base of 60, and
two symbols: < for 10 and 'Y for 1. The 3,800-year-old tablet in Figure 3—4 shows
Babylonian numerals.

The University Museum, University of Pennsylvania (neg. #69434).

Figure 3-4

LE 4 Concept

To write 672 in Babylonian numerals, use eleven 60s and twelve 1s.

(Note: 672 + 60 = 11 R 12.) Because <Y represents 11 and <Y'Y represents
12, the Babylonian numeral for 672 is <Y<YY. How does the number of
symbols needed to write 672 compare with the Egyptian system used in LE 2
and LE 3?

The Babylonians lacked a symbol for zero until 300 B.c. Before that time, it was im-
possible to distinguish between certain numerals. For example, 83 and 3623 are 1+ 60 +
23 and 1-60? + 23, both written as Y<<Y YY. The Babylonians sometimes, but not
always, put a space between groupings to indicate an empty place.

Zero serves two purposes: as a placeholder and as a symbol for nothing. Around
300 B.c., the Babylonians invented 4 as a placeholder. The expression 1 - 60> + 23 was
then written as YA <L<LYYY, where 4 indicates that there are zero 60s. Even then,
they did not use 4 on the right, so 1 and 60 were both written as Y.

LE 5 Skill

What base-ten numeral could represent the same number as < 4 <<<LY?

Between them, the Egyptians and Babylonians developed most of the foundations
of our numeration system: a base (ten), unique symbols for one through nine, place
value, and a partial symbol for zero. The symbol 4 worked like 0 within a number but
was not used at the end of a number.
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The Mayan Numeration System

Between 300 and 900, the remarkable Mayans of Central America developed an accu-
rate calendar, a system of writing, and a modified base-twenty numeration system with
place value. While the Babylonians eventually developed a symbol for zero as a place-
holder, the Mayan system developed a symbol for zero that also signified nothing. The
system only required three symbols, although the Mayans used different variations of
the shell (zero) depending upon its position in a numeral.

Mayan numeral |

Base-ten value | 0 | 1| 5

They used combinations of these three symbols to erte numerals for O through 19.
For example, 8 was written as ** *, and 19 was written as ——. Notation for whole num-
bers greater than 19 used Vertlcal place value. The next vertical place value is 20. For
example, =+« represents eight 1s and five 20s, or 108, in base ten.

After the 20s place comes the 18 - 20s place. Each subsequent place is 20 times the
previous one: 18 - 202, 18 - 20°, . . ..

LE 6 Skill

Write each Mayan numeral as a base-ten numeral.

@ oo« (b : (0)

The Roman Numeration System

Roman numerals can still be found today in books, outlines, and movies and on monu-
ments. Roman numerals are used for page numbers in prefaces and for copyright dates
in movies.

The basic Roman numerals have the following base-ten values.

Romannumeral|I|V|X|L|C|D|M

Base-tenvalue | 1 | 5 | 10 | 50 | 100 | 500 | 1000

To find the value of a Roman numeral, start at the left. Add when the symbols are
alike or decrease in value from left to right. Subtract when the value of a symbol is less
than the value of the symbol to its right. For example, XI is 11, and IX is 9. The Roman
numeration system was developed between 500 B.C. and A.D. 100, but the subtractive
principle was not introduced until the Middle Ages.

LE 7 Skill

(a) Write MCMLIX as a base-ten numeral.
(b) Write 672 (base ten) as a Roman numeral.
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Our Base-Ten Place-Value System

Between A.D. 200 and 1000, the Hindus and Arabs developed the base-ten numeration
system we use today, which is appropriately known as the Hindu-Arabic numeration
system. The Hindus (around A.D. 600) and the Mayans (date unknown) were the first to
treat 0 not only as a placeholder but also as a separate numeral.

LE 8 Skill

Which numeration system generally uses the smallest total number of symbols to rep-
resent large numbers?

(a) The tally system (d) The Mayan system
(b) The early Egyptian system (e) The Roman system
(¢) The Babylonian system (f) Our Hindu-Arabic system

The Hindu-Arabic numerals O, 1, 2, 3, 4, 5, 6, 7, 8, and 9 were developed from
300 B.C. to A.D. 1522. The numerals 6 and 7 were used in 300 B.C., and the numerals
2, 3,4, and 5 were all invented by A.D. 1530.

We use these numerals in a base-ten place-value (Hindu-Arabic) system to represent
any member of the set of whole numbers, W = {0, 1, 2, 3, . .. }. The Hindu-Arabic system
has three important features: (1) a symbol for zero, (2) a way to represent any whole num-
ber using some combination of ten basic symbols (called digits), and (3) base-ten place
value, in which each digit in a numeral, according to its position, is multiplied by a specific
power of ten. Each place has ten times the value of the place immediately to its right.

The following diagram shows the first four place values for whole numbers, starting
with the “ones” place on the far right.

n =N
n e B3 Q0

assweg o~
w e s s X

S
(10%) (10%) (10") 1)
3 4 2 6

3,426 can be decomposed in expanded form as

3 thousands, 4 hundreds, 2 tens, and 6 ones
or 3,000 + 400 + 20 + 6
or (3 X 10%) + (4 X 10%) + (2 X 10Y + 6

This expanded form shows the value of each place.

Exponents offer a convenient shorthand. In base ten, 10! = 10, 102 = 10- 10 =
100, and 10 = 10- 10 - 10 = 1,000. In the numeral 10, 10 is the base and 3 is the expo-
nent. René Descartes invented the notation for an exponent in 1637. In an expression
of numbers being multiplied such as 10 - 10 + 10, each 10 is called a factor. (The term
“factor” will be defined formally in Section 3.3.)
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Definition: Base, Exponent, and a"

If a is any number and n is a counting number, then
a"=a-a+...*a
n factors

where a is the base and 7 is the exponent.

Your calculator may have a special key for working with exponents. Scientific cal-

culators usually have a powering key such as . To compute 5°, press E
Graphing calculators also have a powering key. To compute 5%, press ENTER|

LE 9 Skill

A base-ten numeral has digits A B C. Write this numeral in expanded notation.

% LE 10 Communication

What is the difference between a place-value numeration system such as the Hindu-
Arabic system and a system such as the Egyptian system that does not have place value?

You may be so accustomed to using place value that you don’t give it a second thought.
The Babylonians made some use of place value in their systems. Our own place-value
system was first developed by the Hindus and was significantly improved by the Arabs.

The oldest place-value model is the abacus. The abacus was developed more than
2,400 years ago as a calculating device. Today, many people still use it for computation.
A simplified abacus like the one in Figure 3—-5 may be used in elementary school after
children have had experience with less difficult models, such as base-ten blocks. The
abacus in Figure 3-5 shows 1,233.

(1000 100 10 T
Figure 3-5

Until the twelfth century, when paper became more readily available, the abacus
was the most convenient tool for computations. Paper offered a new medium for doing

arithmetic.
A battle ensued from 1100 to 1500 between the abacists, who wanted to use Roman
Abacists vs. Algorists numerals and an abacus, and the algorists, who wanted to use Hindu-Arabic numerals
Figure 3-6 and paper (Figure 3-6). By 1500, the algorists had prevailed.

Models for Place Value

To understand and communicate mathematical concepts, one must be able to relate con-
crete and pictorial models to abstract ideas. For example, children learn about base ten
using a variety of concrete materials such as base-ten blocks. Base-ten blocks come in
the shapes shown in Figure 3-7.
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Block Name Value
ﬁ Unit 1
(Tt Long 10
Flat 100

(T
Block 1,000

Figure 3-7

LE 11 Skill

What number is represented in Figure 3—-8?

IS

105

How do base-ten blocks and the abacus compare? Base-ten blocks are a propor-

Figure 3-8 tional model because they show the proportional size differences in digits with different
place values. For example, a ten is 10 times bigger than a one. The abacus is a nonpro-
portional model because representations of digits with different place values look the
same (except for the location). For example, the ring for a ten looks just like the ring for

a one instead of being ten times bigger.

What sort of difficulties do children have with place value?

LE 12 Communication

Classroom A first grader says that the next number after 39 is “three and ten.” Give an explanation

Connection

with base-ten blocks that will help the child understand why the next number is 40.

Counts and Counting Units

Suppose 386,212 people attended a concert. It would be possible to count the number of
people at the concert one by one. The number 386,212 is a count, and “people” is the
counting unit. The count (or cardinal number) of a set is the number of elements in the

set. Every count has a counting unit.
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LE 13 Skill

Name the count and counting unit for

(a) the number of letters in your first name.
(b) the number of seats in your classroom.

Measures and Measuring Units

Jackie weighs 108 pounds. The number 108 is a measure, and pounds are the unit of
measure. Unlike counting units such as people, units of measure such as pounds can
be split into smaller parts. Other examples of units of measure are hours, meters, and
square feet.

LE 14 Skill

Name the measure and unit of measure for your height in inches.

LE 15 Concept
Tell whether the number in each part is a count or a measure.

(a) 26 cows (b) 26 seconds (¢) 26 miles

Besides representing counts and measures, numbers are also used as identifiers
(player No. 27) and to indicate relative position (4th).

Rounding
24,000 Attend U2 Concert

If you recently read about attendance at a concert or looked up the population of the
world, you probably read an approximate, or rounded, figure. A number is always
rounded to a specific place (for example, to the nearest thousand). The following exer-
cise concerns the rounding of whole numbers between 24,000 and 25,000.

LE 16 Opener

(a) If a whole number between 24,000 and 25,000 is closer to 24,000, what digits
could be in the hundreds place?

(b) If a whole number between 24,000 and 25,000 is closer to 25,000, what digits
could be in the hundreds place?

As you saw in the preceding exercise, numbers between 24,000 and 24,500 are
closer to 24,000 than to 25,000, and they have 0, 1, 2, 3, or 4 in the hundreds place. In
rounding to the nearest thousand, these numbers would be rounded down to 24,000.
However, numbers that are between 24,500 and 25,000, such as 24,589, would be
rounded up to 25,000 because they are closer to 25,000 than to 24,000. All of these num-
bers have 5, 6, 7, 8, or 9 in the hundreds place.

24,000 24,286 24,500 24,589 25,000
Closer to Halfway Closer to
24,000 25,000

than to 25,000 than to 24,000
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The number 24,500 is exactly halfway between 24,000 and 25,000, so it could be
rounded either way. The rule used in our schools is to round up all such numbers that are
exactly in the middle. All other whole numbers from 24,501 to 24,599 with 5 in the hun-
dreds place should be rounded up to 25,000. Rounding 24,500 up to 25,000 enables
children to learn one rule for all numbers with a 5 in the hundreds place.

Rounding Whole Numbers

The steps for rounding a whole number to a specific place are as follows.

1. Locate the rounding place and then check the digit one place to its right.
2. (a) If the digit is less than 5, the digit in the rounding place stays the same.
(b) If the digit is 5 or greater, increase the digit in the rounding place by 1.

LE 17 Skill
Exactly 386,212 people attended the Earaches’ rock concert.

(a) Round this number to the nearest thousand.
(b) Use a number line to show that your answer is correct.

LE 18 Reasoning
Devise a plan and solve the following problem.

A newspaper headline says “83,000 SEE KITTENS DEFEAT DUST BUN-
NIES.” If this is a rounded figure, the actual attendance could have been between
what two numbers?

Whole-number rounding will be used in estimation later in this chapter.

Rounding is not always done to “the nearest.” The other two types of rounding are
rounding up and rounding down. In buying supplies, one often has to round up to deter-
mine how much to purchase.

LE 19 Concept
I need 627 address labels for a company mailing. They come in groups of 100.

(a) How many labels will I buy?
(b) How does this illustrate rounding up?

LE 20 Summary

Tell what you learned about place value in this section. What pictorial models can
be used to show place value?
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. Answers to Selected Lesson Exercises

2. (a) The Egyptians would have used a staff in travel-

ing. The scroll relates to their development of
papyrus. The lotus flower, tadpoles, and fish
would have been found in a culture that devel-

oped around the Nile River. The astonished man

is amazed by the amount of 1,000,000.
) 99999oNnNNNNNNI

3. 990909)Y

4. It takes fewer distinct symbols and a smaller total
number of symbols.

5.10-60% + 31 = 36,031
6. (a) 13

(b) 131

(c) 100

7. (a) 1959
(b) DCLXXII

8. (d) or ()

9.100A +10B + C

. 3.1 Homework Exercises

10.

11.

12.

13.

15.

16.

17.

18.

19.

In a place-value system, the value of a numeral
changes depending upon its location. In a system
that does not have place value, the value of a nu-
meral is always the same.

1030

Show 39 as 3 tens and 9 ones. How would I show
the next whole number? It is 3 tens and 10 ones.
Exchange 10 ones for 1 ten. The result is 4 tens
or 40.

(a) Counting unit: letters (b) Counting unit: seats
(a) Count (b) Measure (c) Measure
(a)0,1,2,3,0r4 (b)5,6,7,8,0r9
(a) 386,000
(b) ° ° ®

386,000 386,212 387,000
82,500 and 83,499 (inclusive) if attendance is

rounded to the nearest thousand

(a) 700 (b) 627 is rounded up to the next 100.

Basic Exercises

1. Write the following Egyptian numerals as Hindu-
Arabic numerals.

@99nnnnn  ®) 2N

2. Write the following Egyptian numerals as Hindu-

Arabic numerals.
(@) = Z (b) O) >| ,>

3. (a) Do both of the following Egyptian numerals
represent the same number?
Nl 1Nl
(b) What difference between Egyptian and Hindu-
Arabic numerals is suggested by part (a)?

. Write the following Babylonian numerals as Hindu-
Arabic numerals.
@<KLYY ObOYIKKYYY

. Write 324 as

(a) an early Egyptian numeral.
(b) a late Egyptian numeral.
(c) a Babylonian numeral.

. Write 92 as

(a) an early Egyptian numeral.
(b) a late Egyptian numeral.
(c) a Babylonian numeral.

. Write each Mayan numeral as a base-ten numeral.

@eeee B =— ©
v T Y=




8. Write each base-ten numeral as a Mayan numeral.
(@14 ()27  (c)60

9. What are three important characteristics of our
base-ten numeration system?

10. Name three places where you might find Roman
numerals.

11. Give the Hindu-Arabic numeral for the following.
(a) XIV (b) XL
(c) MDCXIII (d) MCMLXIV

12. Write a Roman numeral for the following.
@4  (b)24  (c)1998

13. How many symbols would be needed to write 642
using each of the following?
(a) Tallies
(b) Early Egyptian numerals
(c) Roman numerals

14. What was an advantage of the Babylonian system
over the early Egyptian system?

15. Write the following base-ten numbers using
expanded notation.
(a) 407 (b) 3,125

16. A base-ten numeral has the digits A A A. The value
of the A at the far left is times the value of the
A at the far right.

17. A base-ten numeral has the digits A B C D. Write
this numeral using expanded notation.

18. Rewrite each of the following as a base-ten numeral.
(@) (8 X 10%) + (6 X 10) + 2
b)) (2 X 10H + (3 X 10% + @ X 105 + 5

19. What number is represented in each part?

(b) 2 flats and 7 units

20. How would you represent 380 using base-ten blocks?
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21. Chip trading is a common place-value model that uses
colored chips and a mat. In base ten, the columns on
the mat represent powers of ten. For example, 4523 is
represented by 4 red, 5 green, 2 blue, and 3 yellow
chips.

Red Green Blue Yellow
4 5 2 3

(a) How would you represent 372?

(b) Ten blue chips can be traded in for one
chip.

(c) Which is more abstract, chip trading or base-ten
blocks? Explain why.

22. What number is represented in the following
picture?

100

23. One way to represent 127 is with 12 tens and 7 ones.
List three other ways.

24. T have 7 base-ten blocks. Some are longs and some
are units. Their value is an even number between 40
and 60. What blocks do I have?

25. A second grader writes “two hundred and ten” as
20010.
(a) How might this student write “three hundred and
seven”?
(b) What does the student understand about place
value?
@ (c) Give an explanation that will help the student
understand why the correct notation is 210.

26. A second grader knows that 34 is 3 tens and 4 ones.
Then you ask, “How else could you represent 347
For example, it would be 2 tens and ones.”
The student cannot answer this question. What hint
would you give the student?

27. Tell whether the number in each part is a count or a
measure.
(a) 42 yards (b) 42 pens (c) 42 minutes
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28. Tell whether the number in each part is a count or a
measure.
(a) 7 cats (b) 7 days (c) 7 meters

29. Is money a counting unit or a unit of measure?
Consider whether the definition of a unit of measure

in the text would apply to 25 dollars and to 25 cents.

30. How can you distinguish between counting units and
units of measure?

31. Round each of the following numbers to the nearest
hundred.*
(a) $625, the price of lunch for two at La Vielle
Chaussure
(b) $36,412, the one-game salary of a superstar
athlete

32. According to the 2000 U.S. Census, the population
of Cleveland was 478,403. Round this number to the
nearest hundred thousand.*

33. Give the place to which each number has been
rounded.

Original Number Rounded Number
(a) 418 420
(b) 418 400
(c) 368,272 370,000

34. Match the amount in each part with one of the
following estimates.

4 40 400 4,000
4,000,000 400,000,000

(a) Number of students in a typical elementary
school

(b) Population of Chicago

(c) Number of miles an adult can walk in an hour

(d) Distance, in miles, from Boston to San Diego

(e) Population of North America

35. You have $126 in a checking account. The auto-
mated cash machine will give you only $10 bills.
(a) What is the most money you can withdraw?
(b) Does this illustrate rounding up, rounding down,
or rounding to the nearest?

*For more practice, go to www.cengage.com/math/sonnabend

36. Ballpoint pens come in packs of 10. You want 23
pens for your class.
(a) How many pens will you order?
(b) Does this illustrate rounding up, rounding down,
or rounding to the nearest?

37. (a) About 8,000 people attended a baseball game. If
this figure has been rounded to the nearest thou-
sand, the actual attendance was between what two
numbers?

@ (b) Tell how you found the answer.

38. If the quarterback in the following cartoon is right,
what is the greatest number of people that could be
there watching?

DON'T BE NERVOUS...
ROUNDED OFF TO THE
NEAREST MILLION,
THERE'S NO ONE HERE !

Carolina Biological Supply Co

Extension Exercises

39. Write a ten-digit numeral in which the first digit tells
the number of zeroes in the numeral, the second digit
tells the number of 1s, the third digit tells the num-
ber of 2s, and so on. (Hint: There are no 8s or 9s in
the numeral.)

40. A number is called a palindrome if it reads the same
forward and backward; 33 and 686 are examples.
How many palindromes are there between 1 and
1,000 (inclusive)?
(a) Devise a plan and solve the problem.
(b) Make up a similar problem and solve it.


www.cengage.com/math/sonnabend

Technology Exercise

41. If you have a calculator such as the TI-73 with a
place-value feature, enter 1234 and find out how
the calculator shows the place value of different
digits.
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Project

42. (a) Find out what the first five digits of a zip code
tell the post office.
(b) Find out what the first three digits of a Social
Security number indicate.

3.2 Addition and Subtraction
of Whole Numbers

NCTM Standards

¢ understand various meanings of addition and subtraction of whole numbers and
the relationship between the two operations (K-2)

® model situations that involve addition and subtraction of whole numbers, using
objects, pictures, and symbols (K-2)

e create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)

Focal Points

Grade K
Representing, comparing, and ordering whole numbers, and joining and separating
sets.

Grade 1
Developing understandings of addition and subtraction and strategies for basic
addition facts and related subtraction facts.

Addition and subtraction involve more than computing 3 + 6 or 63 — 27. Computa-
tional skills are not useful unless you know when to use them in solving problems. Chil-
dren should learn how to recognize situations that call for addition or subtraction.

LE 1 Opener

How would you describe what addition is?

Addition Definition and Closure

In elementary school, teachers explain the meaning of addition by giving examples.
Later, one can formally define important ideas such as addition. The idea of combining
sets (that is, union) is used to define addition. An example is combining 2 fresh bananas
with 3 older bananas to obtain a total of 5 bananas.
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Definition: Whole-Number Addition

If set A contains a elements, set B contains b elements, and A N B = &, then
a + b is the number of elements in A U B.

In the addition equation @ + b = ¢, a and b are called addends, and c is called
the sum. The German mathematician Widmann used the + sign for addition (and
the — sign for subtraction) in his book published in 1498.

LE 2 Concept

(a) If two whole numbers are added, is the result always a whole number?
(b) In part (a), did you use induction or deduction?
(¢) Would a whole-number addition problem ever have more than one answer?

Your responses to the preceding exercise should confirm that the sum of two whole
numbers is a unique whole number. For example, 3 + 5 equals 8, a unique whole num-
ber. This is called the closure property of addition of whole numbers.

The Closure Property of Addition of Whole Numbers

If a and b are whole numbers, then a + b is a unique whole number.

Closure requires that an operation on two members of a set results in a unique
member of the same set, “unique” meaning that the result is the only possibility.

Classifying Addition Applications

D

Discussion

Research with children indicates that the most difficult aspect of word problems in arith-
metic is choosing the correct operation. How do children learn which operation to use?

Consider addition. Many applications of addition fall into one of two categories. If
children learn to recognize these two categories, they will recognize most real-world
problems that call for addition. The following exercise will introduce you to the classifi-
cation of addition applications.

LE 3 Opener

What kind of situations call for addition? To illustrate this, make up a word problem
that can be solved by adding 3 and 5. Compare your problem to others in your class.
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Do the word problems fit into one of the following categories? Many addition
applications do.

1. Combine Groups Combine two nonintersecting sets (groups) and find out how
many objects are in the new set.
Example: Tina has 3 cute beagle puppies, and Maddy has 5. How many puppies do
they have altogether (Figure 3-9)?

Figure 3-9

2. Combine Measures Combine two measures of the same type and find the total measure.
Example: Laura is going to Paris for 3 days and to London for 5 days. How long is the
whole trip (Figure 3—10)?

([ 7 L

Count on

Numbers are used to count and to measure. The only difference between categories
1 and 2 is the difference between “groups” and “measures.” Groups have objects that
can be counted with whole numbers—objects such as apples, dogs, or people. Measure
problems involve measures such as distance, weight, and time, which are not limited to
having whole-number values. Most arithmetic applications clearly involve either groups
or measures. Mathematicians would use the term “sets,” but the term “groups” is used in
most elementary-school textbooks.

Not all addition applications fit into the “combine groups (counts)” or “combine
measures” categories, but these two categories identify specific characteristics of addition
applications. Students learn to recognize these two addition categories in elementary
school. Although your future students may not learn the terms “combine groups” and
“combine measures,” these categories will help you (the teacher) to identify more specifi-
cally what your students do or do not understand. For example, a student may know what
2 + 4 equals but may not be able to recognize combining sets as an addition situation.

LE 4 Concept

Classify the addition situation in the cartoon in Figure 3—11.

ALL RIGHT, - | TAKE 2

| NOoW HAVE 5 CLAMSs.

L

@270

Figure 3-11

CLAMS FRoM You, THEN 2+3=5. ESSONS ARE EREAKING
You GivE ME 3 MORE . REMEMBER THAT | -
N— N

i
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LE 5 Concept

Classify the following addition application. “Hy Climber scales some rocks to a
height of 7 ft. If he climbs 3 more feet, he will reach the top. How high is the top?”

Teachers first model the concepts of combining groups and combining measures for
children using manipulatives (objects) and pictures. Manipulatives and pictures establish
connections between addition and everyday applications of it.

m Exam p|€ 1 Makea drawing that represents 2 + 3 = 5 (LE 4) with a set of
counters.

Solution

LE 6 Connection
Show how to solve LE 5

(a) with squares (or snap cubes).
(b) by counting on with a number line.

Example 1 illustrates how a combine groups application can be represented with a
set of counters. Most elementary-school textbooks use pictures of snap cubes to illus-
trate combine measures applications. In whole-number addition and subtraction, text-
books use number lines only when a problem is solved by counting.

Single-Digit Addition

How do children add single-digit numbers?

LE 7 Skill
Classroom What are some different ways a first grader might work out 9 + 6 by counting or
Connection C . .
thinking strategies?
Many children progress through three methods of doing single-digit addition. First,
they tend to use the count-all method. They would count from 1 to 9 and then count 6
more. Second, they tend to use counting on. The child would start at 9 and count 6
more. Later on, many students learn thinking strategies. In this case, the student might
change 9 + 6into 10 + Sor9 + 1 + 5.
% c LE 8 Concept
Glassroom A first grader works out 7 + 3 by counting on. “I start at 7 and want 3 more. That’s

7,8, 9. The answer is 9.”

How would you help the student understand the correct procedure?

A major intellectual breakthrough occurred when people realized that addition ap-
plies to all kinds of objects. The equation 3 + 4 = 7 describes a relationship that applies
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to sets of people, apples, and rocks. The power of mathematics lies in the way we can
apply basic ideas such as addition to such a wide variety of situations.

Using addition with many different kinds of sets also has its drawbacks. Numbers
emphasize similarities between situations. People must then make allowances for differ-
ences in the qualities of the living things or objects being analyzed. Although 3 peaches
plus 4 peaches is the same mathematically as 3 bombs plus 4 bombs, peaches and bombs
are rather different.

Subtraction Definition
In school, students learn how subtraction is related to addition.
LE 9 Skill
Name an addition equation that is equivalentto 6 — 2 = 4.

In answering LE 9, you used the following definition to convert a subtraction equa-
tion to an equivalent addition equation.

Definition: Whole-Number Subtraction

For any whole numbers a and b, a — b = c if and only if @ = b + ¢ for a unique
whole number c.

In the subtraction equation @ — b = ¢, c is called the difference. You can illustrate
the relationship between addition and subtraction with a diagram.

Whole Whole
? a
b c b ?
Part Part Part Part
b+c=7? a-b=7?

Because of this relationship, subtraction is called the inverse operation of addition.
Although subtraction is defined in terms of addition, most children first understand sub-
traction as the process of removing objects from a group.

Classifying Subtraction Applications

Students can learn to recognize applications that call for subtraction by recognizing the
common categories of these applications.

LE 10 Opener

What kind of situations call for subtraction? To illustrate this, make up two word
problems that can be solved by subtracting 2 from 6. Try to create two different types
of problems. Compare your problems to others in your class. (Hint: The categories
are called take away, compare, and missing part.)

Do your problems fit into any of the following categories?
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. Take Away a Group Take away some objects from a group of objects.

Example: Dan had 6 pet fish. Two of them died. How many are left (Figure 3—12)?

XROO0OO

Figure 3-12

. Take Away a Measure Take away a certain measure from a given measure.

Example: A lumberjack has 6 ft of rope. He uses 2 ft of rope to tie some logs. How
much rope is left (Figure 3—13)?

Glesiey [oIoF

S\

or
——t—t—f—F——+—+—+— Count back
001 2 3 ® 5 6 7 8 9 10

Figure 3-13

. Compare Groups Find how many more objects one group has than another.

Example: Maria has 6 cuddly kittens and Pete has 2. How many more kittens does
Maria have than Pete (Figure 3—14)?

ONONORONONG)

OO

Figure 3-14

. Compare Measures Find how much larger one measure is than another.

Example: Sue has two worms. One is 6 inches long, and the other is 2 inches long.
How much longer is the first worm than the second (Figure 3-15)?

Figure 3-15

. Missing Part (Group) Find how many objects are in one part of a group when you

know how many are in the whole group and the other part.
Example: Reese needs 6 stamps for her letters. She finds 2 in a drawer. How many
more does she need (Figure 3—16)?

LI i

Figure 3-16
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6. Missing Part (Measure) Find one part of a measure when you know the whole
measure and the other part.
Example: Luis wants to gain 6 pounds to qualify for the wrestling team. So far he has
gained 2 pounds. How many more pounds does he need to gain (Figure 3—-17)?

Figure 3-17

A student might initially solve a missing part (addend) problem by counting on or
by using an addition fact. Solving equations such as 2 + |:| = 6 for the missing part
(addend) is one of the first algebra topics in elementary school. Once they learn to recog-
nize these six types of subtraction situations, students usually know when to use subtrac-
tion in solving problems.

In LE 11 and LE 12, classify the subtraction application.

LE 11 Concept

Jaclyn and Erica are working on a project. Jaclyn has worked 7 hours, and Erica has
worked 4. How much longer has Jaclyn worked than Erica?

LE 12 Concept

The following is a true story. I used to have 3 umbrellas. I no longer have 2 of them. I
lost 1 on the subway, and the other suffered an early internal breakdown. How many
umbrellas do I have now?

The take away and compare models of subtraction are usually introduced with
manipulatives and pictures in elementary school. Missing-part problems currently re-
ceive limited coverage in most elementary-school textbook series.

How do the three types of subtraction differ? In take away, you have one group or
measure and part of it is removed. In missing part, there are two parts. You have one part
of a group or measure, and you want to know how much is in the other part. In compare,
you have two different groups or measures that you compare.

LE 13 Skill

Show how to solve LE 11 with squares (or snap cubes), and write the arithmetic equa-
tion it illustrates.

Single-Digit Subtraction

Classroom
Connection

How do students subtract single-digit numbers?

LE 14 Skill

What are some different ways a first grader might work out 13 — 5 by counting or
thinking strategies?

Many students progress through three methods of doing single-digit subtraction.
First, they tend to use the take away method drawing 13 dots and crossing out 5 of
them. Second, they tend to use counting up. The student would start at 5 and count up
to 13. Later on, many students learn thinking strategies. In this case, the student adds on
to 5 to obtain 13. They couldsay 5 + 5 = 10 and 10 + 3 = 13.
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£ An Investigation: Number Chains

g

O'Q

H

LE 15 Reasoning

A number chain is created by adding and subtracting. The number in each square in
Figure 3—18 is the sum of the numbers that are next to it on both sides.

O-F-OEO

Figure 3-18

What is the relationship between the far-left-hand and far-right-hand numbers on
the number chain in Figure 3—19?

O-LHOLFOHO

Figure 3-19

(a) Understanding the Problem 1If you put 10 in the far-left-hand circle, what num-
ber results in the far-right-hand circle?

(b) Devising and Carrying Out a Plan Try some other numbers in the far-left-hand
circle, and fill in the remaining circles. Look for a pattern.

(¢) Make a generalization of your results from part (b).

(d) Looking Back Did you use inductive or deductive reasoning in part (c)?

(e) Start with X in the far-left-hand circle and fill in all the other circles to prove your
conjecture in part (c).

LE 16 Reasoning

Consider the number chain in Figure 3-20.

14

12 17
15
Figure 3-20

(a) Fill in the circles with numbers that work.

(b) If possible, find a second solution.

(c) Start with X in the upper-left-hand circle and use algebra to fill in all the circles.

(d) What does your answer in part (c) tell you about the relationship between the
numbers in opposite corners?

LE 17 Summary

Tell what you have learned about classifying addition and subtraction applications.
Give an example of each classification.
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2. (a) Yes (b) Induction (c) No

4. Combine groups

5. Combine measures

6. @l LT TTTTT T ]7+3=10
NV

R S R R S
b 0 1 2 3 4 5 6 7 8 9 4

7. The answer follows the exercise.

8. Use blocks. Start with 7. Then count on with 3 more

blocks.

. 3.2 Homework Exercises

9.

11.

12.

13.

14.

15.

2+4=6
Compare measures

Take away a group

The answer follows the exercise.

(a) 23 (d) Inductive

Basic Exercises

1. Which of the following sets are closed under
addition?
(a) {2,4,6,8,...}
b){1,3,5,7,...}
() {0, 1}

2. Make up a set containing one element that is closed
under addition.

3. Which category of addition, combine groups or
combine measures, is illustrated in the following
problem? “The Samuels moved into a brand new
house and lived in it for 8 years. They sold it to the
Wangs, who have now lived there for 11 years.
How old is the house?”

4. (a) What addition fact is illustrated by placing the
rods together as shown?

g / /J /S /7 /
ofofofofof

(b) Which category of addition is illustrated?

@7.
@8.

. Use the definition of subtraction to rewrite each of the

10.

. (a) What addition fact is illustrated in the diagram?

(b) How would you use a number line to show a
child that 4 + 2 = 6?

. What are some different ways a student might work

out 8 + 5 by counting or thinking strategies?

Make up a word problem that illustrates the combine
sets category.

Make up a word problem that illustrates the combine
measures category.

following subtraction equations as an addition equation.
(@7—-2=7 (b)N — 72 =137
(c)x—4=N

Is whole-number subtraction closed? (Hint: Check
the two parts of the closure property.)
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In Exercises 11-14, classify each application as one of
the following: take away a group, take away a measure,
compare groups, compare measures, missing part (groups),
or missing part (measures).

11.

12.

13.

14.

15.
16.

17.

@ 18.

19.

20.

21.

You have 6 pots and 4 lids. How many fewer lids are
there than pots?

Hy Climber hikes to an altitude of 3,600 ft. The
summit has an altitude of N feet. How much higher
does he have to climb?

Suppose 8 children go to a carnival, and 5 of them go
on rides. The rest play games. How many play games?

Kong had 8 bananas. Kong ate 3. How many are left?

Show how to solve Exercise 13 with blocks, and tell
what arithmetic equation it illustrates.

Show how to solve Exercise 14 with blocks, and tell
what arithmetic equation it illustrates.

Match each category with a description.

compare
take away
missing part

remove part of a group
know one part, figure out the other
involves two groups

What is the difference between the compare and
missing-part classifications?

(a) What subtraction fact is shown?

— N
7

o 1 @ 3 4 5 6

(b) How would you use a number line to show a
student that 5 — 2 = 3?

(a) What subtraction fact is illustrated?
(b) Which category of subtraction is illustrated?

(a) What subtraction fact is illustrated?

OOOKRKKXX

(b) Which category of subtraction is illustrated?

22,

23.

24,

.
.=
.=
.
\?

% 30.

31.

How would you act out each of the following with

counters?

(a) Cedric has 8 apples. He gives three to a friend.
How many are left?

(b) Cedric has 8 apples. Dominique has 3. How
many more does Cedric have than Dominique?

(c) Cedric wants 8 apples for a party. He has 3. How
many more does he need?

Make a drawing that shows 8 — 2 = 6, using
(a) take away a group. (b) compare groups.
(c) compare measures.

What are some different ways a child might work
out 12 — 9 by counting or thinking strategies?

Make up a word problem that illustrates the missing-
part (measures) category.

Make up a word problem that illustrates the
compare-groups category.

Make up a word problem that illustrates the take-
away measures category.

Write a word problem that requires computing
10 — (3 +9).

A first grader works out 8 — 3 by counting back on a

number line. “I start at 8 and go back 3. That’s 8, 7, 6.

The answer is 6.”

(a) What is the student confused about?

(b) How would you help the student understand the
correct procedure?

A first grader works out 6 + = 10 by count-

ing forward. “I start at 6 and count up to 10. That’s

6,7,8,9,10. The answer is 5.”

(a) What is the student confused about?

(b) How would you help the student understand the
correct procedure?

Represent the following with algebraic expressions,
using the variable x.

(a) The difference between 10 and a number

(b) A number decreased by 2

(c) The sum of a number and 6



32,

33.

34.

35.

36.

37.

@ 38.

Represent the following with algebraic expressions,
using the variable n.

(a) The sum of 4 and a number

(b) 3 less than a number

(c) A number increased by 6

Solve the following using addition and subtraction:
“Margarita starts off with $A. She buys food for $F
and clothes for $C, and then she receives a paycheck
for $P. Write an expression representing the total
amount of money she has now.”

Consider the following problem. “Last year, your
salary was $A and your expenses were $B. This year,
you received a salary increase of $X, but your ex-
penses increased by $Y. Write an expression showing
how much of your salary will be left this year after
you have paid all your expenses.”

(a) Devise a plan and solve the problem.

(b) Make up a similar problem.

Consider the following problem. “Under what
conditions for whole numbers a, b, and ¢ would
(a — b) — ¢ be a whole number?”

(a) Devise a plan and solve the problem.

(b) Make up a similar problem.

Ifa—b=c,thena—(b+1)=

Have you ever seen a combining problem that
requires subtraction? These problems are usually
taught in problem-solving units.

(a) Consider the following problem. “Dad just hung
up 3 shirts from the laundry in the closet next to
his other shirts. Now there are 10 shirts in the
closet. How many were there before?” What
category (from the section) and operation are
illustrated?

(b) Write another word problem that involves com-
bining and requires subtraction.

Have you ever seen a take-away or comparison
problem that requires addition? Consider the
following problem. “A clerk takes 24 cartons of
orange juice out of the storeroom. Now 10 cartons
are left. How many were there to start with?” Write
a word problem that involves a comparison and
requires addition.
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39. You are familiar with the “greater than” (>) symbol.
“Greater than” can be defined using addition. For
whole numbers a and b, a > b when a = b + k for
some counting number k.

(a) Use the definition to show why 8 > 6.
(b) Write a definition for “less than” (<) using
subtraction.

40. “Less than” and “greater than” can be defined in
terms of a number line.

0 1 2 3 4 5 6

(a) For whole numbers a and b, a > b means that a
is located to the i of b on the
number line. (left, right)

(b) Write a similar definition of a < b.

Extension Exercises

41. (a) If possible, write each of the following numbers
as the sum of two or more consecutive counting
numbers. For example, 13 = 6 + 7 and 14 =

2+ 3+4+5.
= 6
2= =
3= =
5= 10

(b) Propose a hypothesis regarding what kinds of
counting numbers can be written as the sum of
two or more consecutive counting numbers.

(c) The hypothesis in part (b) is based on
reasoning.

ﬂ 42. (a) For each number from 1 to 20, find all the ways
to write it as the sum of two or more consecutive
counting numbers.

(b) Find a pattern in your results to part (a), and see
if it applies to other counting numbers.

(c) On the basis of your results, tell whether 27 and
38 can be written as the sum of three consecutive
counting numbers. How about four consecutive
counting numbers?

43. Last night, three women checked in at the Quantity
Inn and were charged $30 for their room. Later, the
desk clerk realized he had charged them a total of $5
too much. He gave the bellperson five $1 bills to
take to the women. The bellperson wanted to save

(Continued on the next page)
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44,

% 45.

g5 46.

them the trouble of splitting $5 three ways, so she
kept $2 and gave them $3.

Each woman had originally paid $10 and received
$1 back. So the room cost them $9 apiece. This
means they spent $27 plus the $2 “tip.” What hap-
pened to the other dollar?

Consider the following problem. “How could you
measure 1 oz of syrup using only a 4-0z container
and a 7-oz container?”

(a) Devise a plan and solve the problem.

(b) Make up a similar problem.

All the pairs of whole numbers that add up to 6 com-
prise a fact family.

0+6, 1+5 2+4, 3+3,
442, 5+1, 6+0

(a) Plot the points (0, 6), (1, 5), (2, 4), (3, 3), (4, 2),
(5, 1), and (6, 0) on an xy graph.

(b) What geometric pattern do you see in the points?

(c) On a separate graph, plot the points for the fact
family of 7.

(d) What geometric pattern do you see in the points
in part (c)?

(e) Make a generalization based on your results to
parts (b) and (d).

(f) Is part (e) an example of induction or deduction?

(a) Find six pairs of solutions to x — y = 3 for whole
numbers x and y.

(b) Graph x — y = 3 for whole numbers x and y.

(c) Repeat parts (a) and (b) with x — y = 4.

(d) Propose a generalization about x — y = kin
which x, y, and k are whole numbers.

(e) Is part (d) an example of induction or deduction?

% 47.

7% 48.

49.

50.

A function has exactly one output for each input or
set of inputs. Explain why the operation of addition
is a function.

Each letter represents a digit. Find a possible solution.

_|_
gg‘bﬂ:hlblh

Consider the following problem. “Place the digits 1
to 9 in the squares so that all horizontal, vertical, and
diagonal sums of three numbers equal 15.”

(a) Devise a plan and solve the problem.
(b) Make up a similar problem.

Fill in the digits from 1 to 9 in the circles so that the
sum on each side of the triangle is the same and as

large as possible.

O O
O O
OOO0O0O

3.3 Multiplication and Division
of Whole Numbers

NCTM Standards

ideas (pre-K-12)

* understand various meanings of multiplication and division (3-5)

® create and use representations to organize, record, and communicate mathematical
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Focal Point

Grade 3
Developing understandings of multiplication and division and strategies for basic
multiplication facts and related division facts.

123

To understand multiplication and division better, you will classify the kinds of situations
that call for multiplication or division. Sound familiar?

LE 1 Opener

How would you describe what multiplication is?

Multiplication Definition

Historically, people developed multiplication as a shortcut for certain addition problems,
such as 4 + 4 + 4. Research suggests that children first understand multiplication as
repeated addition, but this has not been clearly established.

LE 2 Skill
Write 4 + 4 + 4 as a multiplication problem.

This repeated-addition model of multiplication can be used to define multiplication of
whole numbers.

Definition: Whole-Number Multiplication
For any whole numbers a and b where a # 0,
aXb=b+b+---+0b.

a terms

Ifa=0,then0 X b =0.

According to the definition, 3 X 4 = 4 + 4 + 4. However, because multiplication is
commutative (see Section 3.4), 4 X 3 = 4 + 4 + 4 is also an acceptable equation in
elementary school. In a X b = ¢, a and b are called factors and c is called the product.

An English minister, William Oughtred (1574—1660), created more than 150 mathe-
matical symbols, only three of which are still in use, the most important being the symbol
X for multiplication. Some seventeenth-century mathematicians objected, saying that
the symbol X for multiplication would be confused with the letter x. One of them,
Gottfried Wilhelm von Leibnitz (1646—1716), preferred the dot symbol - for multiplica-
tion. Multiplication of two variables such as m and n can be written as mn without the
use of either multiplication symbol.

LE 3 Concept

(a) If you multiply any two whole numbers, is the result always a whole number?
(b) In part (a), did you use induction or deduction?
(¢) Would a whole-number multiplication problem ever have more than one answer?
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O OO
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Figure 3-23

Your responses to LE 3 (a) and (c) should suggest that whole-number multiplication

is closed.

The Closure Property of Multiplication of Whole Numbers

If a and b are whole numbers, then a * b is a unique whole number.

Classifying Multiplication Applications

D

Discussion

Multiplication is used in a variety of applications, which usually fall into one of five
categories.

LE 4 Opener

Make up two word problems that can be solved by computing 3 X 4. Try to create
two different types of problems. Compare your problems to others in the class.
(Hint: The categories include equal groups and measures, array, area, and pairings.)

Do your problems fit into any of the following categories?

. Equal Groups Find the total number of objects, given a certain number of groups,

each with the same number of objects.
Example: 1 bought 3 packages of tomatoes. Each package contained 4 tomatoes.
How many tomatoes did I buy (Figure 3-21)?

OO\/OO\/OO
00/ \O00/\OO

Figure 3-21

. Equal Measures Find the total measure that results from repeating a given measure

a certain number of times.
Example: On a long car trip, I average 50 miles per hour. How far will I travel in
6 hours (Figure 3-22)?

R Y Y

1 1 1 1 1 1 1

T T T T T T T

0 50 100 150 200 250 300 miles
Figure 3-22

. Array (Group) Find the total number of objects needed to occupy a given number

of rows and columns.
Example: A class has 4 rows of desks with 3 desks in each row. How many desks are
there (Figure 3-23)?

. Area (Measures) Find the total measure in square units, given the width (number

of rows of squares) and length (number of columns of squares). This category estab-
lishes an important connection between multiplication and area.
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4 ft

Figure 3-24
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Example: A rug is 4 feet by 3 feet. What is its area in square feet (Figure 3-24)?

5. Counting Principle (Pairings) Find the total number of different pairs formed by
pairing any object from one set with any object from a second set.
Example: Ella has 3 blouses and 4 skirts. How many different blouse-skirt outfits can
she make (Figure 3-25)? In each case, the first item is chosen from B = {B|, By, B3}
and the second item from S = {Si, S5, S3, S4}. The counting principle states that we
can count the outfits (ordered pairs) by multiplying 3 by 4.

Blouse Skirt Outfits

B;S, B,S, BS; BS,

B,S; B)S, B,S; B)S, gl glgl
BjS; ByS, BsS; BjS, By Si B:Si
Organized List of Ordered Pairs S, B;S,
S ByS,

B < S, BS,
2 S3 B,S3
Sy B,ySy

S, S, S S,
1 X X X X 51 B35S,
B, S5 B35S
) X X X X Ss B3S;
By| X X X X 5 B354
Array Tree Diagram
Figure 3-25

Anyone who can recognize these five situations will usually know when to multiply
to solve a problem. The units in multiplication problems present a new kind of difficulty
for children. In many cases, the two factors have different kinds of units (such as “toma-
toes” and “packages of tomatoes”), unlike addition and subtraction which use the same
units throughout. LE 5 and LE 6 will give you practice in recognizing different types of
problems that require multiplication.

LE 5 Connection

Classify the following multiplication application. “A juice pack contains 3 cartons of
juice. How many cartons are in 4 juice packs?”

LE 6 Connection

Classify the following multiplication application. “How many square feet is the
surface of a rectangular tabletop that is 5 feet long and 4 feet wide?”

In elementary school, repeated sets, repeated measures, arrays, area, and the counting
principle are usually introduced with manipulatives and pictures.

LE 7 Skill

Show how to solve LE 5 using a set of counters, and write the arithmetic equation
it illustrates.

LE 8 Skill

Show how to solve LE 6 using paper squares, and write the arithmetic equation it
illustrates.
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Division Definition

Just as subtraction is defined in terms of addition, division is defined in terms of multi-
plication.

LE 9 Skill
What multiplication equation corresponds to 12 + 3 = 47

In answering LE 9, you used the following relationship between multiplication and
division.

Definition: Whole-Number Division
If x, y, and ¢ are whole numbers and y # O, then x + y = gifand only if x = y - q.

The definition tells us that a problem such as 18 + 6 = ¢ can be viewed as 6 - g = 18.
This means we can solve a division problem by looking for a missing factor. Students
can learn basic division facts by thinking about related multiplication facts. This rela-
tionship is also useful for solving equations.

In x + y = g, x is called the dividend, y is called the divisor, and ¢ is called the
quotient. The Swiss mathematician Johann Rahn introduced the division (<) symbol in
1659. Some countries preferred Leibniz’s division symbol, the colon, which is still used
today. The definition of division establishes that division is the inverse operation of mul-
tiplication. The connections among whole-number operations are summarized in the
following diagram.

Repeated
addition
ADDITION MULTIPLICATION
Inverse Inverse
operations Repeated operations
subtraction
SUBTRACTION DIVISION

All of these connections have already been discussed except for division as
repeated subtraction. Imagine that a child (who does not know what “division” is) has
8 cookies to distribute. She serves 2 cookies per person, and she wants to figure out how
many people she can serve. She could use repeated subtraction to determine the answer.

NNV NV N

f f
0 2 4 6 8

N & O\ 0
[
SENESEN]
[ |
O N O\

Whole-number division problems such as 8§ + 2 can be thought of as asking how
many times 2 can be subtracted from 8 until nothing remains. The answer is 4. Some
students use addition and go up instead of down. A student might add 2s until the total
equals 8 and conclude that it takes four 2s to make 8. So it is possible to relate division
to addition, subtraction, or multiplication.

The preceding definition of division applies to examples with whole-number
quotients and no remainder. For other whole-number division problems with nonzero
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divisors, one can always find a whole-number quotient and a whole-number remainder.
For example, 13 + 4 = 3 RI.

LE 10 Skill

Using multiplication and addition, write an equation that is equivalent to
13 + 4 =3RI.

The preceding exercise illustrates the division algorithm.

The Division Algorithm (for a = b)

If @ and b are whole numbers with b # 0, then there exist unique whole numbers ¢
and r such that a = bg + r, in which 0 = r < b.

The division algorithm equation @ = bg + r means
Dividend = divisor * quotient + remainder

The quotient ¢ is the greatest whole number of b’s that are in a. The remainder r is how
much more than bq is needed to make a.

Classifying Division Applications

D

Discussion

Have you ever needed to divide 12 by 3?7 What types of situations require computing
12 + 37

LE 11 Opener

Make up two word problems that can be solved by dividing 12 by 3. Try to create two
different types of problems. Compare your results to others in your class. (Hint: The
categories include equal groups, equal measures, partition, array, and area.)

Do your problems fit into any of the following categories?

1. Equal Groups Find how many groups of a certain size can be made from a group

of objects.
Example: 1 have a dozen eggs. How many 3-egg omelets can I make (Figure 3-26)?

Figure 3-26

2. Equal Measures Find how many measurements of a certain size equal a given

measurement.
Example: A walk is 12 miles long. How long will it take if a walker averages 3 miles

per hour (Figure 3-27)?

Figure 3-27
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O O OO
ONONONG
ONONONG

Figure 3-30

?m

Figure 3-31

. Partition (Share) a Group Find the number in each group when you divide a

group of objects equally into a given number of groups.
Example: We have 12 yummy strawberries for the 3 of us. How many will each per-
son get if we are fair about it (Figure 3-28)?

OO00O0 | 0000|0000

Figure 3-28

. Partition (Share) a Measure Find the measure of each part when you divide a

given measurement into a given number of equal parts.
Example: Let’s divide this delicious 12-inch submarine sandwich equally among the
three of us. How long a piece will each of us receive (Figure 3-29)?

12 in.

[=—4in—] 4in.—~| 4in.—>

Figure 3-29

. Array Find the number of rows (or columns), given an array of objects and the

number of columns (or rows).
Example: Twelve people are seated in 3 rows. How many people are there in each
row (Figure 3-30)?

. Area Find the length (or width) of a rectangle, given its area and its width (or

length).
Example: A rug has an area of 12 m? and a width of 3 m. What is its length (Fig-
ure 3-31)?

Students who recognize these types of situations will usually know when to divide

to solve a problem. The hardest distinction for people to make is between the “equal”
categories (1 and 2) and the “partition” categories (3 and 4). For 12 + 3, a “partitioning”
problem would say, “Divide 12 into 3 equal parts,” and an “equal groups” problem would
say, “How many 3’s make 12?”

You can also compare the two types of division applications as follows.

Equal Groups total number + number in each group

Partition a Group total number + number of groups

Division is also related to fractions and ratios. These topics are discussed in Chap-

ters 6 and 7, respectively.

In LE 12, LE 13, and LE 14, classify the division applications.

LE 12 Connection

Judy, Joyce, and Zdanna split a box of 6 pears equally. How many pears does each
woman receive?
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LE 13 Connection

The Arcurris drove 1,400 km last week. What was the average distance they drove
each day?

LE 14 Connection

My National Motors Gerbil gets 80 miles per gallon. How many gallons would I use
on a 400-mile trip?

Equal groups and measures, partitioning a group or measure, arrays, and area are
usually introduced with manipulatives and pictures in elementary school.

LE 15 Skill

Show how to solve LE 12 using a set of counters, and write the arithmetic equation
it illustrates.

LE 16 Skill

Show how to solve LE 14 using a number line, and write the arithmetic equation it
illustrates.

All through elementary and middle school, students develop the problem-solving
skill of choosing the correct operation. Students who have difficulty with this may bene-
fit from spending more time studying classifications of the four operations. The follow-
ing chart summarizes the most common classifications of arithmetic applications.

Classifying Arithmetic Applications

Addition Subtraction

1. Combine groups 1. Take away a group
2. Combine measures 2. Take away a measure
3. Compare groups
4. Compare measures
5. Missing part (group)
6. Missing part (measure)
Multiplication Division
1. Equal groups 1. Equal groups
2. Equal measures 2. Equal measures
3. Array 3. Partition (share) a group
4. Area 4. Partition (share) a measure
5. Counting principle 5. Array
6. Area
c LE 17 Concept
Classroom A third grader solves a word problem. While most of the class divides (15 + 3), she

Connection

uses subtraction to find the correct answer. How do you think she does it?
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Division by Zero

D

Discussion

D

Discussion

\

D

Discussion

\

\

Division problems involving zero are a source of confusion. What is 4 + 0? 0 + 0?
0 + 4?7 According to the definition of division, 4 = 0 and 0 + 0 are undefined because
you cannot have 0 as a divisor. However, 0 + 4 is defined. Students wonder why one
problem is defined, but the other two are not.

LE 18 Opener
Why are problems such as 4 + 0 undefined?

Expressions involving division by zero are most easily examined by converting the
expression to a related multiplication equation. They can also be analyzed using any of
the six division categories. The equal-groups model is usually the easiest to use.

Example 1
(a) What is 4 +~ 0?
(b) Explain why, using multiplication or the division category of your choice.

Solution

Method 1 uses the definition of division to rewrite the division problem as a multiplica-
tion equation with a missing factor.

Method1 4 -+ 0 = ? would mean 0 X ? = 4. There is no solution to 0 X ? = 4, so we
make 4 -+ 0 undefined.

Method 2 Using equal groups, 4 + 0 would mean “How many groups of 0 will make
47" There is no solution. No matter how many groups of 0 you have, you can never
make 4. So we make 4 + 0 undefined. |

LE 19 Communication

(a) Whatis 0 ~ 4?

(b) Explain why, using multiplication or the division category of your choice. A good
explanation should use complete sentences that are accurate, well-organized, and
clear, with an appropriate amount of detail.

LE 20 Communication

(a) Whatis 0 ~ 0?
(b) Explain why, using multiplication or the division category of your
choice.

In elementary school, we simply teach students that they cannot divide a number
by zero, after doing some examples such as 4 = 0 and 2 + 0. The difference between
0 + 0 and these other examples is not discussed. You are unlikely to find 0 + 0 in an
elementary-school textbook, but a student may ask you about it.

LE 21 Summary

Tell what you have learned about classifying multiplication and division applications.
Give an example of each classification.
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Working Backward

In Chapter 1, you studied problem-solving strategies such as induction, guess and check,
and drawing a picture. Now you can add another strategy, working backward, to your
repertoire. Sometimes you can solve a problem by working backward from the final re-
sult to the starting point. For example, police have to work backward at the scene of a
traffic accident to figure out what happened. Some working-backward problems involve
the four operations of arithmetic you just studied.

- ’
9

H

LE 22 Reasoning

(a) Hy Roller received a raise in his weekly pay. After he received his first new pay-
check, he spent $6 on tacos. He spent 3 of what was left on a gift for his father.
Now he has $200. How much is his weekly pay? (Draw a diagram and work
backward step by step.)

(b) Does working backward involve inductive reasoning or deductive reasoning?

Consider working backward when a problem involves a series of reversible steps,
the final result is known, and the initial situation is unknown.

Order of Operations

What order do you perform the operations in 7 + 3 X 6? When you do a computation,
the order in which you add and multiply may affect the answer.

AL

l"

=

LE 23 Reasoning

(a) Everyone in the class should do 7 3 6 E on a calculator. Collect the
results.

(b) Explain how you can obtain 60 as an answer.

(¢) Explain how you can obtain 25 as an answer.

(d) Which answer is right?

Because problems such as 7 + 3 X 6 are potentially ambiguous, mathematicians
have made rules for the order of operations. Normally, we use parentheses to indicate the
order, by writing either (7 + 3) X 6 or 7 + (3 X 6). However, when using a calculator,
parentheses are often omitted. All computers and most calculators automatically use the
following rules for order of operations with and without parentheses. These rules tell
how to handle grouping symbols (usually parentheses or brackets), exponents, and the
four arithmetic operations.

Order of Operations

Work within the innermost parentheses or brackets.

1. Evaluate all exponents.
2. Multiply and divide, working from left to right.
3. Add and subtract, working from left to right.

Repeat this process until all calculations in parentheses and brackets are done.

4. Follow rules 1-3 for the remaining computations.
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The rules for the order of operations are also useful in working out a complicated set of
computations with a calculator. You might find the answer to the first few computations,
and then use that answer to continue your calculations. Apply the order of operations in

the following exercise.

LE 24 Skill

Compute the following using the correct order of operations.

(@ 6—18=3+7X(2+1)
(b) 12—324+2X5

() m*—4-m+2)forn=3andm =5

£ An Investigation: Operating on 3s

g

5

H

LE 25 Reasoning

Using four 3s and any of the four operations, try to obtain all the numbers from 1 to
10. Here, O is done as an example.

0=3-3+3-3

3 X4

. (a) Yes (b) Induction

4. Answers follow the exercise.

W

. Equal groups (4 groups of 3)

6. Area

N

8.

5% 4=20
9.12=3X4
10.4 X3 +1=13

4X3=12

11.

(c) No 12.

13.

14.

15.

OO0 OO0 OO0 00O

16.

17.

18.

Answers follow the exercise.
Partition (share) a group

Partition (share) a measure (each day receives an
equal share of the distance)

Equal measures (how many 80s make 400)
OO0 |00|00
6+3=2

0 80 160 240 320 400

400 +80 =5
15-3=12,12-3=9,9-3=6,6 —3 =3,
3 — 3 = 0. You can take away three 5 times.

Sol5+3=5.

See Example 1.



19.(a)0 ~4=0
(b)0 +4 =7?isthesameas4 X ?=0.So0? = 0.

20. (a) 0 + 0 is undefined.

(b) 0 + 0 = ?is the same as 0 X ? = 0. So ? could
stand for any number! Because each division
problem must have one definite answer, we say
0 + 0 is undefined.

. 3.3 Homework Exercises
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22. (a) $406 (double $200 and add $6)
(b) Deductive

24. (a) 21 (b) 13 (c)25—-4-5=5

Basic Exercises

1. (a) Rewrite 7 + 7 + 7 as a multiplication problem.

(b) Children may first compute 3 X 7 by skip
counting (counting by some whole number
greater than 1). How might a child skip count to
find the answer to 3 X 77

(c) Skip counting is sometimes shown by a series of
jumps along a number line. Show how to do this
for3 X 7.

2. (a) How might a child skip count to find 7 + (4 X 5)?
(b) Ilustrate part (a) with jumps along a number line.

3. Tell which of the following sets are closed under
multiplication. If a set is not closed, show why not.
(@ {12} ®{0,1}  (c){2,4,6,8,...}

@ 4. Explain what it means to say that whole numbers are
closed under multiplication.

In Exercises 5-8, classify each application as one of the
following: equal groups, equal measures, array, area, or
counting principle.

5. Each person in the United States creates about
6 pounds of solid garbage per day. How much solid
garbage does a person dispose of in a year?

6. In a student council election, 5 people are running
for president and 3 people are running for vice
president. How many different pairs of candidates
can be elected to the two offices?

7. Tacos come 10 to a box. How many tacos are in
3 boxes?

8. A classroom has 6 rows of desks with 5 desks
in each row. How many desks are there in the
classroom?

9. How would you explain to a child why the area of
the rectangle shown is 6 ft>?

3 ft

2 ft

10. The following two word problems require multiply-
ing 8 by 3. Which problem illustrates a more realistic
use of mathematics?

(a) Bill has 8 pencils. Courtney has 3 times as many.
How many pencils does Courtney have?

(b) Concert tickets cost $8 each. How much would
3 tickets cost?

11. (a) What multiplication problem is shown in the
following diagram?
N N

0 1 2 3 4 5 6

(b) How would you use a number line to show a
child that 3 X 4 = 12?

12. (a) What multiplication fact is illustrated?

OO0 OO0 OO0 OO0

(b) What category of multiplication is illustrated
(area, array, counting principle, equal)?
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13. Make a drawing that shows 2 X 5 = 10, with
(a) equal measures.
(b) an array.

14. Make a drawing that shows 5 X 3 = 15 with
(a) equal groups. (b) the counting principle.

% 15. Make up a word problem that illustrates the array
category for multiplication.

% 16. Make up a word problem that illustrates the equal
measures category for multiplication.

% 17. Write a realistic word problem that requires comput-
ing (3 +6) X 7.

% 18. Write a realistic word problem that requires comput-
ing (4 X 8) — 5.

% 19. A second grader wants to work out 5 X 2 with coun-
ters. She gets a set of 5 and a set of 2, and then she is

stuck.

(a) Where would she get the idea for this approach?

(b) What would you tell the child to help her?

% 20. A sixth grader doesn’t understand why you can make
20 outfits from 5 blouses and 4 skirts. What would
you tell the student?

21. Fill in the blanks in each part by following the same

rule used in the completed examples.

(a) 4 — 26 (b) 3—10
5—35 4—14
6 — 46 5—>18
8—____ 10— _____
X— X—

(c) The process of making a conjecture about the
general formula in the last blank in parts (a) and
(b) is an example of reasoning.

22. What is the next number in each sequence?
(a)7,15,31,63,
(b) 20,37,71,139, _____

23. (a) Write the number of small squares using an
exponent other than 1.

CJ24.(a) 112 =

(b) Write the number of small cubes using an expo-
nent other than 1.

(b) 1112 =

(c) Without a calculator, guess the values of 11112
and 11,1112,

(d) Use a calculator to check your answers to part (c).

25. Use the definition of division to rewrite each division
equation as a multiplication equation.
(a)63 =7=7 ®O+-N=C

26. Use the definition of division to rewrite each division
equation as a multiplication equation.
(a)40 -8 =7 b)32+-N=6

In Exercises 27-32, classify each application as one of
the following: equal groups, equal measures, partition a
group, partition a measure, array, or area.

27. A car travels 180 miles in 4 hours. What is its aver-
age speed?

28. If I deal a deck of 52 cards to 4 people, how many
cards does each person receive?

29. A car travels 180 miles, averaging 45 miles per hour.
How long does this trip take?

30. A teacher wants to seat 30 students evenly in 5 rows.
How many students sit in each row?

31. Karla has 24 plants. She plans to put 2 plants in each
pot. How many pots will she need?

32. Mussa’s rectangular backyard has 96 yd?, and it is
12 yards long. What is its width?

33. (a) What division fact is illustrated in the diagram?
/\/\

0 1 2 3 4 5 6 7 8

(b) How would you use a number line to show a
child that 10 + 5 = 2?



34.

35.

36.

.
-
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41.

42.

@ 43.

g 4.

% 4s.

(a) What division fact is illustrated in the diagram?

e o o o e o o o
(b) Use a group-partition picture to show that
6+3=2.

Make a drawing that illustrates 10 ~ 5 = 2 with
(a) an array.

(b) partition a measure.

(c) equal groups.

Make a drawing that illustrates 12 +~ 4 = 3 with
(a) partition a group.

(b) equal measures.

(c) area.

Make up a word problem that illustrates the partition
(share) a group category.

Make up a word problem that illustrates the equal
measures category for division.

Make up a word problem that illustrates the equal
groups category for division.

Make up a word problem that illustrates the area
category for division.

(a) How might a child skip count (forward or back)
to find 12 + 3?

(b) Illustrate part (a) with jumps along a number line.

(a) How might a child skip count (forward or back)
to find 18 + 6?

(b) Illustrate part (a) with jumps along a number line.

Write a realistic word problem for 19 + 4 for which
the answer is
(a) 4. (b) 5. (c) 3.

Write a realistic word problem for 82 + 10 for
which the answer is
(@ 9. (b) 8. (o) 2.

Helmer Junghans has 37 photographs to put in a
photo album. Write a question about Helmer’s task
that has an answer of

(a) 10. (b) 1. () 9.
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46.

47.

48.

49.

50.

51.

(a) When whole numbers are divided by 5, how
many different possible remainders are there?

(b) Repeat part (a) for division by 6.

(c) Repeat part (a) for division by a counting
number N.

The Hersheys buy a 6-slice pizza for the 4 members of

their family. They each eat an equal number of slices

and give any leftover slices to their pet goat Dainty.

(a) How many slices does each eat?

(b) How many slices does Dainty get?

(c) Is the answer to part (a) a quotient, a remainder,
or neither?

(d) Is the answer to part (b) a quotient, a remainder,
or neither?

Ninety-seven children want to go on a field trip in

school buses. Each bus holds 40 children.

(a) How many buses are needed?

(b) Is the answer to part (a) a quotient, a remainder,
or neither?

A class has 26 students. The teacher forms teams

with 6 students on them. The students who are left

over will be substitutes.

(a) How many substitutes are there?

(b) Is the answer to part (a) a quotient, a remainder,
or neither?

The number N = 15 X 12 + 3.
(a) What is the remainder when N is divided by 15?
(b) What is the quotient when N is divided by 15?

(a) Whatis 7 = 0?

@ (b) Explain why, using multiplication or the division

52.

category of your choice.

(a) Whatis 0 + 77

% (b) Explain why, using multiplication or the division

54.

category of your choice.

Try computing 4 <+ 0 on a calculator. What is the
result? What does the result mean?

(a) Whatis 0 =~ 0?

@ (b) Explain why with multiplication or the division

% 5S.

category or your choice.

A fourth grader says that “3 divided into 6 is the
same as 3 divided by 6.” Is that right? If not, what
would you tell the student?
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56. A third grader says that 4 = 0 means you have 4
cookies and no one to share them among. This leaves
you with 4 cookies so 4 + 0 = 4. Is this correct? If
not, what would you tell the student?

57. Tell how to solve 40 + 8 with
(a) addition.
(b) subtraction.
(c) multiplication.

58. Tell how to solve 12 + 4 with
(a) addition.
(b) subtraction.
(c) multiplication.

ﬂ 59. (a) Fill in the missing numbers.

N NS

26

(b) What kind of reasoning, inductive or deductive,
do you use to fill in the blanks?

60. Fill in the missing numbers.

() (b) 30
} +10 | =3
| x2 | Subtract?
26
| x2
8

61. Frank picked some daisies. He gave half of them

to his wife. Then he divided what was left evenly
among his brother, his daughter, and his horse. They
each got 6 daisies. How many daisies did he pick?

62. Carroll Matthews went to a gambling casino. He did

not look in his wallet beforehand, but he remembers
how he spent his money. He paid $5 for parking.
Then he spent $3 on an imitation orange juice drink.
Then he lost half of his remaining money gambling.
Now he has $14. How much did Carroll start with?

63. In a two-person game of Last Out, the players take
turns removing either one or two chips. The person
who removes the last chip loses the game. If you go
first and the game starts with 11 chips, describe a
winning strategy. (Work backward.)

64. Sharon takes a number, adds 2 to it, and then multi-
plies the result by 3. She ends up with N. What was
the original number in terms of N?

65. (a) Complete each table.

X X X

x+3 |57 |4x| 8 |12| |4x+3 |27 |51

% (b) Tell how you completed each table.

66. (a) Complete each table.

t t t

t—5 |3 |7 /3| 4|6 t/3—-5 | 2|5

@ (b) Tell how you completed each table.

67. Compute the following.*
(a)B3+5—-4+2X3
(b) 7> + 2 x 32
©)x—(7—y)+3yforx=8andy =2

68. Compute the following.*
@l0xX2—-6+2+1
b)I8—2XME4+1)

(c)m*— (2 + 4n) form = 8and n = 3

69. Without using a graphing calculator, tell the result of
each of the following. Then check your answer.

(a) To compute V9 + 16, a child enters: 9+ 16
(b) To compute 2(3%), a child enters: 2 X 3 /\ 4

70. Without using a graphing calculator, tell the result of
e each of the following. Then, check your answer.

(a) To compute V'8 + 4 + 3 - 2, achild enters:

[V]@ x4 +3x2)
(b) To compute (3 + 6) = (1 + 2), a child enters:
3+6+(1+2)

*For more practice, go to www.cengage.com/math/sonnabend


www.cengage.com/math/sonnabend

71.

72.

@ 73.

74.

75.

76.

77.

Solve the following problems mentally.

r_ 35
(a)5 20 (b)t+2 7
(¢)8(y —2)=40

Solve the following problems mentally.
@4ax[]=28  (d=2
(¢) 7(y +2)=35

Explain why whole-number division is not closed.

Because whole-number division is not closed, what
kind of numbers had to be invented?

Students can analyze multistep problems if they

can choose the correct operation for each step. For

each of the following, tell if it is a groups or mea-

sures problem and tell what two categories are illus-
trated in the problem (area, array, combine, compare,
counting principle, equal, missing part, partition,
take away).

(a) At a carnival, Puneet tried to knock down 4 rows
of 3 pins. On his first throw, he hit 7 pins. How
many were left?

(b) Wally ate 2 pears. Juanita ate twice as many. How
many pears did the two of them eat all together?

For each of the following, tell if it is a groups or

measures problem and tell what two categories are

illustrated in the problem (area, array, combine,

compare, counting principle, equal, missing part,

partition, take away).

(a) How many miles must you travel each day to
complete a 3,260-mile car trip in 2 weeks?

(b) A National Motors Capon travels 276 miles on
12 gallons of gas. How far does it travel on a
full 20-gallon tank of gas?

For each of the following, tell if it is a groups or
measures problem and tell what two categories are
illustrated in the problem (area, array, combine,
compare, counting principle, equal, missing part,
partition, take away).

(a) You have 10 library books. Then you return 2 of
them and lend 3 to a friend. How many books do
you have left?

(b) An auditorium has 20 rows with 28 seats in each
row. If 16 seats are empty at a concert, how many
people are seated there?
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78.

% 79.

% 80.

(from NAEP, 2007, grade 4) Five classes are going
on a bus trip, and each class has 21 students. If each
bus holds 40 students, how many buses are needed
for the trip?

(a) Is this a groups or measures problem?

(b) What two operations and categories are illus-
trated in the problem (area, array, combine,
compare, counting principle, equal, missing part,
partition, take away)?

A function has exactly one output for each input or
set of inputs. Explain why the operation of multipli-
cation is a function.

A function has exactly one output for each input or
set of inputs. Explain why the operation of division
(with a nonzero divisor) is a function.

Extension Exercises

81.

83.

84.

A 5 X 5 square grid has 16 squares on the border.

How many squares would an n X n grid have on the
border? (Simplify your answer.)

25 X 25 = 625

26 X 24 = 624

27 X 23 = 621

(a) Predict the answer to the next multiplication
problem that extends the pattern. (Hint: Look at
the last digit of each factor.)

(b) Check your guess in part (a).

(c) Repeat parts (a) and (b).

(d) Start with 40 X 40 = 1,600 and repeat parts (a)
and (b) three times.

(e) Make a generalization about your results.

(f) Use algebra to show why your generalization is
true. (Hint: Use (x + a)(x — a).)

You need to measure 7 oz of medicine, and all you
have are two transparent 2-0z measuring cups and a
glass. How can you do it?

The square of a number is 9 less than 10 times the
number. What is the number? (Guess and check.)
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=] 85. Every new book now has an ISBN (International

Standard Book Number) such as 0-86576-009-8
(Precalculus Mathematics in a Nutshell). The first
digit indicates the language of the country in which
the book is published (for example, O for English).
The digits 86576 represent the publisher (William
Kaufmann, Inc.). The digits 009 identify the book
for the publisher. Finally, the last digit is the check
digit, which is used to check that the rest of the
number is recorded correctly. To obtain an ISBN
check digit:

Step 1 Multiply the first nine digits by 10, 9, 8, 7,
6, 5, 4, 3, and 2, respectively. For 0-86576-009-8,
OX10)+B8X9 +(6X8 +(5XT7)+(7X6)
+(6 X5+ (0X4) +(0X3)+ (9 X2)=245.
Step 2 Divide the sum by 11 and find the
remainder.

245 + 11 =22R3

Step 3  Subtract the remainder from 11 to match the

check digit.
11—-3=8 Yes, it checks!

The check digit is used to check ISBN numbers that
are copied onto order forms. Check the following
ISBN numbers to see if they seem to be correct.

(a) ISBN  0-03-008367-2

(b) ISBN 0-7617-1326-8

The Universal Product Code (UPC) appears on many
grocery items. The first digit identifies the type of
product. The next five digits identify the manufac-
turer. The next five digits identify the specific prod-
uct. The 12th digit (not always printed) is the check
digit, which will reveal some errors in the first 11
digits.

For the product 0-16300-15114 (a brand of
orange juice), the check digit is obtained as follows.
1. Add the digits in positions 1, 3,5,7,9, and 11

and triple the sum.

2. Add the sum of the remaining digits to the result

from step 1.

@ 87.

Pu

3. Create a check digit that makes the sum resulting
from step 2 end in 0.

In this example, 0 + 6 + 0+ 1+ 1+ 4 = 12 and

12X3=36.Thenl +3+0+ 5+ 1+ 36 = 46.

Make the check digit 4 so that 46 + 4 ends in O.

Find the check digit for

(a) 0-14019-02747 (Consumer Reports magazine)

(b) 0-74333-47052 (a brand of peanut butter)

(c) Find a product at home with a UPC and verify
that the check digit is correct.

Whole-number multiplication can also be defined
using the Cartesian product. For whole numbers a
and b, if set A contains a elements and set B contains
b elements, then a - b is the number of elements in

A X B. Use this definition with A = {1, 2} and

B ={1,2,3} toexplain why 2 -3 = 6.

zzle Time

88. In the game Krypto, you are dealt five numbers on

cards and must combine them using any of the four
arithmetic operations to obtain the value on a sixth
card. For example, if you are dealt 3, 4, 6, 8, and 10,
and the sixth card is a 2, you could write:

(10 — 3 — 6) X 8 +~ 4 = 2. Parentheses are needed
so that the subtraction is done before the multiplica-
tion and division. Try the following Krypto
exercises.

(a) Use 5, 7,9, 10, and 12 to obtain 3.

(b) Use 4, 8, 12, 15, and 20 to obtain 15.

Magic Time

89.

.
9:

Here is some number “magic.”

(a) Pick a number between 50 and 100. Now add
58 to the number. Next, cross out the hundreds
digit of your number and add that to the remain-
ing two-digit number. Subtract this number
from your original number. I bet you ended
up with 41.

(b) Show why you will always end up with 41.
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3.4 Properties of Whole-Number Operations

NCTM Standards

e illustrate general principles and properties of operations, such as commutativity,
using specific numbers (K-2)

® understand and use properties of operations, such as the distributivity of multipli-
cation over addition (3-5)

¢ identify such properties as commutativity, associativity, and distributivity and use
them to compute with whole numbers (3-5)

Properties of whole-number operations make it easier to memorize basic facts and do
certain computations. If you learn 7 X 9 = 63, then you know what 9 X 7 equals. The
sum (24 + 2) + 8 is more easily computed as 24 + (2 + 8). These properties are also
the basis for the efficient procedures we use to add and multiply larger numbers. The
properties have names such as “commutative,” “
tive.” Do you feel your memory being jarred?

EEINT3

associative,” “identity,” and “distribu-

The Commutative and Associative Properties

¢

Classroom
Connection

Is a “night light” the same as a “light night”? Is 7 X 9 the same as 9 X 7? These ques-
tions involve the commutative property. In mathematics, the commutative property says
that you can change the order of two numbers in certain arithmetic operations and still
obtain the same answer. Which of the four whole-number operations are commutative?
Investigate this question in LE 1 and LE 2.

LE 1 Opener

Answer the following questions to help determine whether whole-number addition is
commutative.

(a) How would you convince a first grader that 2 + 6 is the same as 6 + 2?
(b) Does 6 + 8 = 8 + 6?

(¢) For any two whole numbers x and y, do you think x + y =y + x?

(d) Your answer to part (c) is based on reasoning.

LE 2 Reasoning

Try some examples and see whether you think the following whole-number
operations are commutative. Give a counterexample for any operation that is not
commutative.

(a) Subtraction (b) Multiplication (c) Division
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By now, you should be convinced that whole-number addition and multiplication
are commutative.

The Commutative Property of Addition for Whole Numbers

For any whole numbers xand y,x + y =y + x.

The Commutative Property of Multiplication for Whole Numbers

For any whole numbers x and y, xy = yx.

The term “commutative” was first used by Francois Servois in 1814. The commuta-
tive properties can be stated in words as follows: When you add two whole numbers, you
may add them in either order, and when you multiply two whole numbers, you may mul-
tiply them in either order. Figure 3-32 illustrates these properties with sets and measures.

(00> ©o® (oo (00>

2+3=3+2 2X3=3X2
Figure 3-32

Note that the commutative property applies to expressions involving one operation,
either addition or multiplication. What about the associative (grouping) property? This
property says that the grouping of numbers for an arithmetic operation will not change
the answer. So which whole-number operations are associative? The following exercises
will help you decide.

X % | LE 3 Reasoning
Answer the following questions, and see whether you think whole-number addition is
associative.

(a) Does (6 +3)+5=6+ 3+ 5)?
(b) Does (24 +2) + 18 =24 + (2 + 18)?
(¢) Do you think (x + y) + z = x + (y + z) for all whole numbers?

X % | LE 4 Reasoning

Try some examples, and see whether you think the following whole-number opera-
tions are associative. Give a counterexample for any operation that is not associative.

(a) Subtraction (b) Multiplication (¢) Division

Are you now entirely convinced that whole-number addition and multiplication are
commutative and associative? They are.

The Associative Property of Addition for Whole Numbers

For any whole numbers x, y,and z, (x + y) + z=x + (y + 2).
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The Associative Property of Multiplication for Whole Numbers

For any whole numbers x, y, and z, (xy)z = x(yz).

The associative properties can be stated in words as follows: When you add a series
of whole numbers, parentheses have no effect on the results, and when you multiply a
series of whole numbers, parentheses also have no effect on the results. In these kinds of
problems, you can move parentheses around or remove them altogether.

Figure 3-33 illustrates these properties with sets.

2+3)+4 2+3+4) 2Xx3)x4 2X (3 x4)

L

= il

Like the commutative property, the associative property applies to expressions involv-
ing one operation, either addition or multiplication. The commutative property allows you
to change the order of the numbers being added (or multiplied). The associative property
allows you to change the order in which the operations are performed. We use the associa-
tive property in algebra to simplify an expression such as 8 + (3x).

Figure 3-33

LE 5 Concept

(a) Does 8- (3-x)=28-3-8-x?(If you're not sure, try substituting some numbers
for x.)

(b) What property says that for a whole number x, 8§ - (3 -x) = (8- 3) - x?

(¢) In algebra, you would simplify 8 - (3 * x) to

Together, the commutative and associative properties allow us to reorder and re-
group numbers in an addition problem in any way we want! We can put the addends in
any order, and we can remove or put them in parentheses. For example, we can change
46 + (28 +4) + 2to (46 + 4) + (28 + 2) using the commutative and associative prop-
erties to create easier computations. The same reordering and regrouping may be done to
any multiplication problem.

LE 6 Concept

(a) Rewrite 8 - (4 +7) + 25 to make it easier to compute mentally.
(b) What properties justify your response to part (a)?

The Identity Property

Some whole-number operations have a unique number called an identity element. The
following exercises will guide you through an investigation of identity elements.
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LE 7 Concept

What whole number, if any, can go in both blanks in the following statement?

For every whole numberw,w + ____ =__ +w=w

LE 8 Concept

What whole number, if any, can go in both blanks in the following statement?

For every whole number w,w+____ =_____-w=w.

LE 9 Concept

What whole number, if any, can go in both blanks in the following statement?

For every whole numberw,w — = __ —w=w.

LE 10 Concept

What whole number, if any, can go in both blanks in the following statement?

For every whole numberw,w ~ _____ =__ +w=w

In LE 7 through LE 10, did you find that only addition and multiplication have a
unique whole number that goes in both blanks and works for all whole numbers? These
special numbers are called identity elements.

Identity Elements for Whole-Number Addition and Multiplication

Zero is the unique additive identity such that, for every whole number w,
w+0=0+w=w

One is the unique multiplicative identity such that, for every whole number w,
wel=1-w=w

There is no identity element for whole-number subtraction or division. Don’t let this
upset you too much. Just enjoy the fact that addition and multiplication do have
identities.

LE 11 Connection

(a) The equation 3 + 5 = 8 is an example of a one-digit addition fact. What one-digit
addition facts use the identity property?
(b) What one-digit multiplication facts use the identity property?

Together, the commutative and identity properties of addition significantly reduce
the number of separate addition facts that need to be memorized. In multiplication, the
commutative and identity properties, along with the fact that 0 X a = 0 for every whole
number a, greatly reduce the number of separate multiplication facts that children must
memorize. You will learn additional strategies children can use to memorize addition
and multiplication facts if you take a course in methods of teaching mathematics.
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The Distributive Property

The distributive property plays an important part in the procedure for multiplying num-
bers such as 4 X 12. The distributive property is the only property in this lesson that in-
volves two different operations at the same time.

| Example 1 Make area drawings to show why 4 X 12 =4 X (10 + 2) =
(4 X 10) + (4 X 2).

Solution
This can be done on graph paper.

12 10 2

4 x 12 = 4 X (10 +2)or(4 x10) + 4 X 2) |

LE 12 Concept
Make area drawings to show why 3 X 14 =3 X (10 + 4) = (3 X 10) + (3 X 4).

Example 1 and LE 12 illustrate the distributive property of multiplication over addi-
tion for whole numbers.

The Distributive Property of Whole-Number Multiplication
Over Addition

For any whole numbers x, y, and z, x(y + z) = (xy) + (x2).

People use the distributive property to break apart multiplication problems and to
combine like terms in algebra. Consider the following exercise.

LE 13 Skill

If x is a whole number, the distributive property of multiplication over addition says
that7-x +3-x =

Do any other distributive properties work for whole-number operations?

S’

g 5

H

LE 14 Reasoning
(a) FX(G— H)=(F X G)— (FX H) would be called the distributive property of

(b) Try some whole-number examples, and see whether you think the property in part
(a) is true.
(¢) The conclusion in part (b) is based on reasoning.

As LE 14 suggests, another distributive property holds for whole numbers.
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Over Subtraction

For any whole numbers x, y, and z, x(y — 2) = (xy — x2).

The Distributive Property of Whole-Number Multiplication

LE 15 Connection

why these two expressions are equal.

The following chart summarizes all the properties of whole-number operations pre-

sented in this section.

A storekeeper buys 24 televisions for $99 each. A method for mentally multiplying
24 X 99 is to compute (24 X 100) — (24 X 1). Use a distributive property to show

The additive identity for whole numbers is 0.

Properties of Whole-Number Operations

The multiplicative identity for whole numbers is 1.

Whole-number addition is commutative and associative.

Whole-number multiplication is commutative and associative.

Multiplication is distributive over addition and subtraction for whole numbers.

Basic Multiplication Facts

A basic multiplication fact is an equation with two one-digit factors and their product
(such as 4 - 9 = 36). The properties in this section make it much easier to memorize the

one-digit basic facts of multiplication.

LE 16 Opener
Students have to memorize the 100 basic facts in the following multiplication table.
What patterns do you see in the table that would make it easier for students to learn
their basic facts?

X|10/1{2|3/4|5/6|7,8|9
0/0/0[0|0O|O|O|0O|0|0|O0
110/1(2|3/4[|5/6|7|8|9
2102 4|6|8[10/12|14|16/18
3/10(316/]9/(12/15|18|21/|24|27
410|4 |8 12/16(20(24|28|32|36
5105 [10/15/20{25|30|35|40|45
6|0 |6(12/18|24|30(36|42|48|54
7107 [14|21|28|35/42|49|56|63
810 |8 |16(24/32|40|48|56|64|72
9109 |18/27/36(45|54|63|72|81
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What properties and strategies make learning the multiplication facts easier? First,
consider the commutative property.

LE 17 Connection

How does the commutative property reduce the number of one-digit multiplication
facts (for example, 3 X 5 = 15) that must be memorized?

The commutative property of multiplication reduces the number of basic facts to be
learned from 100 to 55! Before memorizing the basic facts, children usually learn think-
ing strategies and shortcuts to obtain answers quickly, but not quite as quickly as memo-
rization. Children typically learn the facts for 2 and 5 first. Most children can count by
2s, 5s, and 10s (skip counting) so they are familiar with the basic-fact products that result
from multiplying by 2, 5, and 10.

LE 18 Skill

(a) How would you find 4 X 5 by skip counting by 5s? Show what you did on a
number line.
(b) How would you find 2 X 6 by changing it to a simple basic addition problem?

The facts for 10 involve the shortcut of adding a 0 that is covered at some point after
the facts for 2 and 5 have been covered. Next, children study the facts for 3 and 4. Many
children are quite familiar with counting by 3s and 4s so they can use skip counting
again.

LE 19 Skill

(a) How would you find 6 X 4 by skip counting by 4s? Show what you did on a
number line.
(b) How would you find 3 X 7 by changing it to an addition problem?

Around this time, children will go over the shortcuts for multiplying by 0 and 1
using the Multiplication Property of Zero and the Identity Property for One.

Multiplication Property of Zero

The Zero Property is n X 0 = 0 X n = 0 for all whole numbers 7.

After that, children study the facts for 6 and 8.

LE 20 Skill

(a) Each 6s fact is double the product of a 3s fact. How would you find 6 X 7 using a
basic fact for 3?
(b) How would you find 8 X 7 using a basic fact for 4?

Finally, children study the facts for 7 and 9. Because they have already studied other
facts and the commutative property, the only facts that remain are 7 X 7,7 X 9,9 X 7,
and 9 X 9. Children learn 7 X 7 and 9 X 9 as part of the set of square numbers. What
about 7 X 9and 9 X 7?
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LE 21 Skill

You can use the distributive property to break apart 7 X 9into I X 9 and 6 X 9. How
would you then find 7 X 9?

Basic Division Facts

Basic division facts are obtained from corresponding one-digit multiplication facts.

LE 22 Concept
What two basic multiplication facts correspond to 12 + 3 = 4?

Every basic division fact is related to some basic multiplication fact(s). Fact
families contain related multiplication and division facts. For example, the fact family
for3,4,and 12is3 X4 =12,4 X3 =12,12 =+ 4 = 3, and 12 + 3 = 4. Students use
the concept of fact families to learn basic division facts from basic multiplication facts.
First, students learn basic facts with divisors of 2 and 5. Then, they study divisors of
3 and 4.

The most common method for learning basic facts is to convert the division ques-
tion into a multiplication question and then determine the answer. Students can also use
number lines, arrays, equal groups, and partitioning.

LE 23 Skill

(a) Rewrite 15 +~3 = __ as an equivalent multiplication question with a missing
factor and give the answer.

(b) Show how to find 15 + 3 by using repeated subtraction on a number line.
(Hint: Start at 15 and skip count back.)

(¢) Explain how to draw an array to determine the result of 15 + 3.

Students use the same methods to study other basic facts for division. Next, they
will study divisors of 6, 7, and 8. And finally, they will learn facts for the divisor 9. The
facts with a divisor of 10 involve a shortcut that will be covered at some point after the
facts for 2 and 5 have been covered.

% LE 24 Summary

Tell what you learned about properties of whole-number operations in this section.
Give an example of each property. Give an example of a property that does not hold
for all whole numbers.

. Answers to Selected Lesson Exercises

1. (a) Hint: Use counters. (b) Yes (d) Inductive 4. (@A) No,3—2)—1#3—-Q2—1

No,(8=4d)=2#8 < (4=2
2. (@ No,2—1#1—2 (©No,(8+4) +2#8+ (4+2)

(c)No,2+-1#1+2 5. (a) No

b) Associative property of X
3.(a) Yes  (b) Yes () Property



6. (a) (4-25)-8-7
(b) Commutative and associative properties

7.0

8.1

9. None
10. None

11. (a) 0 + any number or any number + 0
(b) 1 X any number or any number X 1

12. 14

3 X 14
10 4

3 X (10 + 4) or (3 X 10) + (3 X 4)

13.(7 +3)-x
14. (a) multiplication over subtraction

(b) Yes
(c) inductive

. 3.4 Homework Exercises
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15.24 X 99 = 24 X (100 — 1) = (24 X 100) — (24 X 1)

17. The answer follows the exercise.

18. (a) 5, 10, 15,20)

0 5 10 15 (0

b)6+6=12

19. (a) 4, 8, 12, 16, 20,24)
0 4 8 12 16 2
®)7+7+7=2I

20.(a) 6 X7T=2X(3X7) =2X21 =42
(B)8XT=2X4XT)=2X28=56

21.(1 X9) 4+ (6 X9) =9 + 54 =63
22. The answer follows the exercise.

23. (a) 3 X 7 = 15. The answer is 5.
(b) & 4 3 2 1

1
T
0 3 6 9 12 15

(c) Show a total of 15 dots in 3 rows. How many
columns are there? 5. So 15 +~ 3 = 5.

Basic Exercises

@ 1. Write a sentence telling the difference between the
commutative property of addition and the associative
property of addition for whole numbers.

2. (a) Four sets of 3 is the same as 3 sets of 4 because
of the property of

(b) Draw a picture that shows that the two amounts
in part (a) are the same.

3. A second grader figures out (19 + 2) + 8 as follows.
“First, [ add 2 + 8 to get 10. Then 19 + 101s 29.”
What property is the student using?

4. A first grader figures out 2 + 5 by starting at 5 and
counting on 2 more to get 7. What property is the
student using?

5. What whole-number operations are commutative?
6. What whole-number operations are associative?

7. (a) Give a counterexample showing that whole-
number subtraction is not associative.

@ (b) Explain why one side of your equation results in
a smaller number than the other side.

8. Some people confuse 8§ + 2 and 2 + 8.
(a) 8 + 2 # 2 + 8 is a counterexample disproving
what property?
@ (b) Explain the difference between 8 + 2 and 2 + 8.
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9.

10.

@ 11.

% 12.
@ 13.

14.
15.
16.

17.

18.

19.

“For more practice, go to www.cengage.com/math/sonnabend

Tell whether each sequence of activities is
commutative.

(a) Putting on your socks, putting on your shoes
(b) Brushing your teeth, combing your hair

In English, the meaning of a phrase may change
depending upon which words are associated.
“Slow-motion picture” and “slow motion picture”
have different meanings. Therefore, the phrase
“slow-motion picture” is not associative. Which of
the following phrases is associative?

(a) Man eating shark

(b) Smart handsome stranger

(c) Hot dog salesperson

(d) High-school student

You want to buy a carpet that is 6 ft by 9 ft and costs
$5 per square foot. Explain an easy way to compute
mentally the total cost of the carpet.

Three items cost $246, $38, and $4. Explain an easy
way to compute mentally the total cost.

You buy a simulated Astroturf carpet for $38, a talk-
ing wastebasket for $57, and a half-pound chocolate
moose for $2. What is the easiest way to compute
your total bill?

Tell all the different ways to compute 3 - 2 - 4 by
multiplying.

Make area drawings to show why
2X13=2X(10+3)=(2X10)+ (2 X 3).

Make area drawings to show why
3IXT7T=3X2+5=03X2)+3X)3).

Show the steps to compute mentally 45 X 98 using
the distributive property of multiplication over
subtraction.

The equation x(y — z) = xy — xz illustrates what
property ?*

Name the property illustrated.*
@3-2-n=@3-2)-r
b)4-x+3-x=4+3)x
c)n-2=2+n

(d) (8 +2w) + 5w =8+ 2w + Sw)

20.

21.

22.

@ 23.

@ 24,

% 25.

26.

Match each property name with an equation.*

Associative property of addition

Commutative property of addition

Identity property of addition

Identity property of multiplication

Distributive property of multiplication over addition
@n-1=1-n=n

(b)alb + ¢) =ab + ac

©a+0=0+a=a
da+bB+c)=(@+b)+c

Until fourth or fifth grade, many mathematics text-
books refer to some of the properties by alternative
names. Match each name in column 1 with its corre-
sponding name in column 2.

Lower Elementary Upper Elementary

Grades Grades

Order property Associative

Zero property Commutative

Grouping property Identity for addition

Property of one Identity for
multiplication

If x is a whole number, justify each of the following

steps.
(x+ 3)(x + 6)

x(x+6)+3x+6)____
=x2+6x+3x+18
=x2+ (6 +3)x+ 18

x? + 9x + 18 Basic addition fact

A fourth grader says that
3 X (4 X5)=3X4X3XS5.]Is this correct?
If not, why would the student think it is?

A fourth grader says that 0 is the identity number for
subtraction. Is this correct? If not, what would you
tell the student?

You ask two first graders if 2 + 5 = 5 + 2. Margaret
says, “I counted some blocks for each problem and
got the same answer.” Nino says, “They are equal
because one combines 2 blocks and 5 blocks, and the
other combines 5 blocks and 2 blocks. It doesn’t
matter which set comes first. You will get the same
answer.” What is different about each student’s
understanding of the problem?

A third grader says that 8 — 2 equals 2 — 8. Is this
right? If not, what would you tell the student?


www.cengage.com/math/sonnabend

27. (a) Find the total area of the yard shown in the
following picture.
(b) Find the total area a different way.
(c) If possible, show that your two methods are
related by the distributive property.

Flower

G

10 ft rass bed
8 ft 4 ft

28. You drove your car on two different days for busi-
ness purposes, going 22 miles and 20 miles. The
company will reimburse you at the rate of 40 cents
per mile. Show two ways of computing the total cost
that illustrate the distributive property.

29. A, B, and C are whole numbers, and A # 0 and
B # 0. For each equation, find one set of numbers
that makes the equation true and one set of numbers
that makes the equation false.
(@@A~B=B+A
®C+-A+B)=(C+A)+B
cA—-B—-O)=A—-B)—-C
(d) A — B is a whole number.
(e) A + B is a whole number.
HAX((C+B)=(AXC)+(AXB)
@A—-(C+B)=(A—-C)+(A—-B)

30. A, B, and C are whole numbers with C # 0. The
following represent three fairly common algebra
errors. For each equation, find one set of numbers
that makes the equation true and one set of numbers
that makes the equation false.

(@ A —-B?=A>-B
(b)(A+ B> =A>+ B
(c) A(BC) = (AB)(AC)

31. How does the commutative property reduce the
number of one-digit addition facts (for example
3 + 5 = 8) that must be memorized?

32. What one-digit multiplication facts use the identity
property?

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
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(a) How would you find 2 X 6 by skip counting by
6s? Show what you did on a number line.

(b) How would you find 3 X 8 by changing it to an
addition problem?

(a) How would you find 5 X 4 by skip counting by
4s? Show what you did on a number line.

(b) How would you find 2 X 7 by changing it to a
simple basic addition problem?

(a) Each 6s fact is double the product of a 3s fact. How
would you find 6 X 8 using a basic fact for 3?
(b) How would you find 8 X 6 using a basic fact for 4?

(a) Each 6s fact is double the product of a 3s fact. How
would you find 6 X 9 using a basic fact for 3?7
(b) How would you find 8 X 7 using a basic fact for 4?

How would you use the distributive property to
break apart 6 X 8 and compute the result?

How would you use the distributive property to
break apart 7 X 9 and compute the result?

What is the fact family for 56 ~ 7 = 8?
What is the fact family for 42 ~ 6 = 7?

(a) Show how to find 12 + 4 by using repeated
subtraction on a number line.

(b) Explain how to draw an array to determine the
result of 12 + 4.

(a) Show how to find 14 + 2 by using repeated
subtraction on a number line.

(b) Explain how to draw an array to determine the
result of 14 + 2.

Examine these multiplication facts.
2X9=18
3X9=27
4 X9 =36
5X9=45
6 X9 =54

(a) Name two patterns you see in the multiplication
facts of 9.

(b) Do the patterns you mentioned in part (a) also
work for 7 X 9,8 X 9, and 9 X 9?

A fourth grader is having difficulty learning the
basic facts for 5. How could you help the student?
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Extension Exercises

45. (a) When you double both addends, what happens to
the sum?
(b) Use the distributive property to prove your
answer to part (a).
(c) What kind of reasoning did you use in part(a)?
(d) What kind of reasoning did you use in part(b)?

46. (a) When you double both numbers in a subtraction
problem, what happens to the difference?
(b) Use the distributive property to prove your
answer to part (a).

Enrichment Topic

47. Consider the set of whole numbers and the operation
V., which takes the larger of any two numbers as the
result. For example,3V6 =6and 8 V2 = 8.
(a) Is V commutative for whole numbers?
(b) Is there an identity number for V in W?
(¢) Is V associative for whole numbers?

48. Consider the set of numbers A = {5, 6,7, 8} with a
made-up operation called *. The results for * are
shown in the table.

* 5 6 7 8

518|716 5

6176|538

7| 6|5 |87

g | 5|87 1|6

(a) Is * commutative for set A?

(b) Is there a number 7 (an identity element) in A
such that I * a = a * I = a for all numbers a
inA?

(¢c) Does (5% 6) *8 = 5% (6 * 8)?

(d) Is * associative for set A?

3.5 Algorithms for Whole-Number
Addition and Subtraction

NCTM Standards

Focal Point
Grade 2

® develop and use strategies for whole-number computations, with a focus on addi-
tion and subtraction (pre-K-2)

* develop fluency in adding, subtracting, multiplying, and dividing whole numbers (3-5)

* analyze and evaluate the mathematical thinking and strategies of others (pre-K-12)

Developing quick recall of addition facts and related subtraction facts and fluency
with multidigit addition and subtraction.

People have developed procedures to perform paper-and-pencil computations involv-
ing large numbers more easily. Despite having such procedures, people in the Middle
Ages considered whole-number arithmetic a college-level subject! Today students in
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elementary school study some of the best of these computational procedures, called
algorithms. We typically use algorithms to perform computations with two- and three-
digit numbers.

“Algorithm” is a term you can use to impress friends at parties when they ask,
“What are you studying in that math class, anyway?” Tell them, “We’re analyzing a few
algorithms.” Actually, the word “algorithm” comes from al-Khowarizmi, an eighth-
century Persian mathematician, whose books described procedures for arithmetic.

Addition Algorithms

pa C

Classroom
Connection

The Principles and Standards for School Mathematics recommend that rather than sim-
ply teaching students the most efficient algorithm, students first have the opportunity to
develop their own algorithms. Research suggests that students develop a better under-
standing of base-ten arithmetic after devising their own procedures. After a discussion of
various methods, students should learn a standard algorithm.

But what algorithms do students invent? After exploring problems such as 34 + 2,
30 + 40, and 34 + 40, students would be ready for a problem such as 24 + 32. How
would they work it out?

LE 1 Opener
Suppose you ask a group of second graders to compute
24
+ 32

before they have studied the standard algorithm. Write down all the ways you think
a student might find the correct answer. Assume they have base-ten blocks (Activity
Card 1) to help them but no calculators.

When a teacher asks students to devise their own addition algorithms, many stu-
dents will use compensation or breaking apart to compute the answer. In compensa-
tion, the numbers in a problem are adjusted in a way that makes computation easier
but leaves the final result the same. For example, a student might change 24 + 32 to
26 + 30.

In breaking apart, you break apart one or both addends often by using the place
value of the number. For example, a student might compute 20 + 30 = 50 and 4 + 2 =
6 and then combine 50 + 6 = 56. This method is called the partial sums algorithm.

The partial sums algorithm is an expanded algorithm, which is longer and easier
to understand. In the standard addition algorithm, students line up digits according to
place value and proceed from right to left, adding the digits in each column. Figure 3-34
on the next page shows how to compute 42 + 26 with the partial sums and standard
algorithms.

While the partial sums algorithm does not really change for a problem such as
38 + 54, the standard algorithm becomes more complicated because it requires re-
grouping. Students usually learn about regrouping with the standard algorithm by
using base-ten blocks to work out the steps.
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Tens | Ones
4 2
+ 2 6
8
6 0
6 8
Concrete/Pictorial Model Expanded
Algorithm

Figure 3-34

42
+ 26

68

Standard
Algorithm

m Exam ple 1 Suppose you want to introduce a second grader to the standard

algorithm for computing

38
+34

Explain how to work out the 38 + 54 with base-ten blocks.

Follow the same sequence of steps as the standard algor

Solution
Step 1 Show 38 and 54 with base-ten blocks.

ithm.

[ Tens | Ones | [ Tens | Ones |
OA A |80
0 HH|BH 5| s
O 0Q[ |00
OAA| O
HHH|O
HHIE s

Step 2 Add the ones.
8 ones + 4 ones = 12 ones.
Regroup 12 ones as 1 ten 2 ones.
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| Tens | Ones |

[ Tens | Ones |

Oood
Ooog

(]

Step 3 Add the tens.
1 ten + 3 tens + 5 tens = 9 tens.
The sum is 9 tens 2 ones = 92.

[ Tens | Ones |

oo

3 8
+5 4
2
[ Tens [ Ones |
1
3 8
+5 4
9 2

153
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\

£3 D

Discussion

Now it’s your turn.

LE 2 Connection

(a) Suppose you want to introduce a second grader to the standard algorithm for
computing

+ 35

Explain how to find the sum with base-ten blocks (Activity Card 1) following the
same sequence of steps as the standard algorithm. (Drawings are optional.)

(b) Exchange your explanation from part (a) with a classmate. Do you understand
your classmate’s explanation? Does it have enough detail?

How do the partial sums and standard algorithms compare?

LE 3 Concept

(a) Compute 562 + 275 with the partial sums algorithm.
(b) Compute 562 + 275 with the standard algorithm.
(c¢) What are the advantages and disadvantages of each algorithm?

Did you notice that the process of regrouping is easier to understand in the partial

sums algorithm? It is also easier to understand place value in the partial sums algorithm.
The standard algorithm is shorter to write and faster once it has been mastered.

The partial sums algorithm can serve two different purposes. Some teachers use it

as a transitional algorithm to help students progress from base-ten blocks to the standard
algorithm. Other instructors teach it to students who have been unable to learn the stan-
dard algorithm. In that case, the procedure is usually done from left to right rather that
right to left. Because calculators are available for more complicated computations, it is
reasonable to consider teaching students a somewhat less efficient procedure. Another
alternative algorithm some students prefer is scratch addition (see Exercise 33).

One can use the properties of whole-number operations to show how the standard

addition algorithm works. For example, in computing

+ 32

why are we allowed to add 2 + 6 and then add 50 + 30 to that result?

LE 4 Reasoning
Fill in the properties that justify the last three steps.

56 +32=(50+6)+ (30 +2) Expanded notation
=50+ (6 +30) +2 + is associative
=50+ @B0+6)+2
= (50 +30) + (6 +2)
= (6 +2)+ (50 + 30)

As LE 4 demonstrates, the commutative and associative properties are the basis for

the standard addition algorithm.
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Subtraction Algorithms

g C

Classroom
Connection

%0

Discussion

In studying subtraction algorithms, students first solve problems that do not require re-
grouping. Students line up digits according to place value and proceed from right to left,
subtracting each digit from the one above it. This process is sufficient to compute the an-
swer to a problem such as 35 — 23.

LE 5 Opener

Suppose you ask a group of second graders to compute 35 — 23 before they have
studied the standard algorithm. Write down all the ways you think children might find
the correct answer. Assume they have base-ten blocks (Activity Card 1) to help them
but no calculators.

A useful expanded subtraction algorithm is the partial differences algorithm. You
may have thought of something like it in the preceding lesson exercise. Figure 3-35
shows how to compute 35 — 23 with the partial differences (expanded) algorithm and
the standard algorithm.

O Tens | Ones
OTTTTTTT1] O 3 5 35
= 2 3 23
EEEES e g
= +1 | 0 12
+ 2
1 2
Concrete/Pictorial Expanded Standard
Model Algorithm Algorithm
Figure 3-35

Like the partial sums algorithm, the partial differences algorithm can be used as a
transition to the standard algorithm or as an alternative to the standard algorithm. Sub-
traction is more difficult when the top digit in any column is less than the bottom digit.
Although the partial differences algorithm is somewhat different for a problem such
as 54 — 38, the standard algorithm is more complicated because it requires regroup-
ing. Students usually learn about regrouping with the standard algorithm by using
base-ten blocks to work out the steps.

LE 6 Connection

Suppose you want to introduce a second grader to the standard algorithm for
computing

54
— 38

Explain how to find the difference using take away with base-ten blocks (Activity
Card 1) following the same sequence of steps as the standard algorithm.

(Hint: Step 1 shows 54 and asks if you can take away 8 ones. In step 2,

regroup and then subtract the ones. Subtract the tens and state the difference

in step 3.)
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In adding two numbers, each number is represented by base-ten blocks. However, in
the subtraction algorithm, you only represent one of the two numbers with base-ten
blocks and use take away to work out the answer.

How does the partial differences algorithm change in a problem such as 54 — 38?
You must always work from left to right.

Tens Ones
5 4
-3 8
+2 0 (a plus sign is used when the larger digit is in the minuend (top number))
- 4 (a minus sign is used when the larger digit is in the subtrahend (the 38))

1 6 (then compute following the signs: 20 — 4)

Now see for yourself how the two algorithms compare.

LE 7 Concept
(a) Compute 562 — 275 with the partial differences algorithm.
(b) Compute 562 — 275 with the standard algorithm.
@ (c¢) What are the advantages and disadvantages of each algorithm?

Which algorithm do you think would be easier for most children to learn? It is eas-
ier to understand place value in the partial differences algorithm. The standard algorithm
is shorter to write and faster once it has been mastered.

Common Error Patterns in Algorithms

The bad news is that not all students learn the algorithms just the way you teach them.
Confused students may initially develop their own erroneous procedures. The good news
is that you get to play detective in trying to uncover students’ error patterns.

Students’ written work provides the first evidence of many learning difficulties. Try
your luck at finding the error patterns in the following exercises.

c In LE 8 and LE 9, (a) complete the last example, repeating the error pattern in the
Classraom  cOmpleted examples, (b) write a description of the error pattern, and (c) write what you
Connection  would tell the student about his or her error. (You may use base-ten blocks.)

@ LE 8 Reasoning
49 67 92
+ 37 + 43 + 39
76 100
n % LE 9 Reasoning
92 408 921
-39 — 322 — 376
67 126

Virtual Manipulatives

Virtual manipulatives offer a new technology aid for elementary school. A virtual
manipulative is an interactive, dynamic visual representation. Many match standard
concrete manipulatives such as base-ten blocks and pattern blocks. Virtual manipulatives
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are pictures (flat), but they can be manipulated like concrete materials. Examples can be
found at:

www.nctm.org
www.mattiusu.edu/nlvm

LE 10 Skill

(a) If you have access to the Internet, find virtual base-ten blocks at one of the two
Internet sites just mentioned. Use them to work out 26 + 35. Follow the same
sequence of steps as the standard algorithm.

(b) How does using virtual base-ten blocks compare to using concrete materials or
drawings?

@ LE 11 Summary

Tell what you learned about the addition and subtraction algorithms in this section.
What are some different ways to add or subtract two-digit numbers?

. Answers to Selected Lesson Exercises

2.(a) Step1 Show 26 as 2 tens and 6 ones and 35 as [ Tens | Ones | [Tens [ Ones |
3 tens and 5 ones.
Step 2 Add the ones. E
6 ones + 5 ones = 11 ones. B >
Regroup 11 ones as 1 ten 1 one. -3 | 8
Step 3 Add the tens.
1 ten + 2 tens + 3 tens = 6 tens
The sum is 6 tens 1 one = 61
26 + 35 =61
3.(2) 562 (b) 1 Step 2 Regroup 1 ten as 10 ones.
+275 562 Subtract the ones.
7 + 275 14 ones — 8 ones = 6 ones.
130 837
700 | Tens | Ones | [ Tens | Ones |
837
4 1
4. + is commutative; + is associative; + is commutative i :
6. (Your answer could be written without the pictures.) 6
Step 1 Show 54 as 5 tens and 4 ones. Now take
away 38. Start with the ones. Can you take

away 8 ones?

(Continued in the next column) (Continued on the next page)


www.nctm.org
www.mattiusu.edu/nlvm
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Step 3  Subtract the tens.
4 tens — 3 tens = 1 ten
The difference is 1 ten 6 ones = 16.

| Tens | Ones | [ Tens | Ones |
k= .
O 7ol
O -3 8
1 6

. 3.5 Homework Exercises

7.

8.

9.

(a) 562 (b) 45,
- 275 362
+ 300 — 275
- 10 287
- 3

287
(c) Answer follows the exercise.
(a) 121

(b) The student does not regroup the 1 to the tens
column.

(a) 655
(b) The student subtracts the smaller digit from the
larger in each place-value column.

Basic Exercises

1.

@2.

%3.

Four students work out 76 + 38. Tell whether each
solution is correct. If so, what does the student
understand about addition? If the answer is wrong,
what would you tell the student about how to solve
the problem?

@@ 76 (b) 76

+38 +38

100 104
14
114

(c) 76 plus 30 is 106. Then add 8 to get 114.
(d)76 +38=74+40 =114

Three second graders are asked to solve a problem
in which they compute 64 + 76. For each method,
tell what the student understands about addition.
(a) 64 + 70 is 134. Then add 6 to get 140.
(b) 64 + 76 is the same as 60 + 80 which is 140.
(c)60 + 70is 130 and 4 + 6 is 10.

Then 130 + 10 = 140.

Suppose you want to introduce a third grader to the
standard algorithm for computing 182 + 336.
Explain how to find the sum with base-ten blocks

following the same sequence of steps as the standard

algorithm. (Drawings are optional.)

%4.

5.

\

6.

7.

Suppose you want to introduce a second grader to
the standard algorithm for computing 57 + 36.
Explain how to find the sum with base-ten blocks
following the same sequence of steps as the standard
algorithm. (Drawings are optional.)

(a) Compute 357 + 529 with the partial sums
algorithm.

(b) Compute 357 + 529 with the standard algorithm.

(c) What are the advantages and disadvantages of
each algorithm?

(a) Compute 89 + 34 with the partial sums
algorithm.
(b) Compute 89 + 34 with the standard algorithm.

When you add 39 + 48 using the standard algo-
rithm, you add 9 + 8 + 30 + 40 and regroup. The
following shows why this method is correct. Fill in
the blanks with properties you studied in this lesson.

39 +48 =30+ 9) + (40 +8)  Expanded

notation

=30+ O +40)+8

=30+ @40+9)+8

= (30 +40) + (9 + 8)

=09+8+@30+40)

=17 + (30 + 40) Addition fact

=7+ 10 + (30 + 40) Expanded
notation

=7 + (10 + 30 + 40)



8. Fill in the blank with the property that justifies the step.

36 +8=30+6)+8 Expanded notation
=30+ (6 +8)

% 9. The sum of 4 three-digit whole numbers is greater
than 1,200. Tell whether each of the following is

correct and explain why.

(a) Each of the numbers is greater than 300.

(b) Two of the numbers have a sum greater than 600.

@ 10. The sum of 4 two-digit whole numbers is less than
200. Tell whether each of the following is correct

and explain why.

(a) At least one of the numbers is less than 50.

(b) Two of the numbers have a sum less than 100.

@ 11. A group of second-grade students are asked to

compute 62 — 37 (CBMS, pp. 59-60). For each
method, tell what the student understands about
subtraction.

(a) Take 37. Then 3 more makes 40. Then add 20
more to get to 60. Then 2 more to get to 62. 1
added 3 + 20 + 2 = 25. That’s the answer.

(b) I took 3 tens from 6 tens, which leaves 3 tens.
Then I took 7 from 1 of those tens, which leaves
3. So I am left with 3 + 2 tens + 2 = 25.

(c) I counted from 37 up to 57, which is 20, and then
5 more to 62. So the answer is 20 + 5 = 25.

@ 12. Three third graders are working out 135 — 87. Tell
whether each solution is correct. If so, what does the
student understand about subtraction? If the answer
is wrong, what would you tell the student about how
to solve the problem?
1'3'5
(a) — 87
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(b) 135 minus 80 is 55. Now 55 minus 7 is 48.
(c) 135 minus 87 is the same as 138 minus 90, which
is 48.

13. In subtracting 462 from 827, the 827 must be regrouped
as hundreds, tens, and ones.

14. In subtracting 87 from 325, 325 must be regrouped
as hundreds, tens, and ones.

@ 15. Suppose you want to introduce a third grader to the
standard algorithm for computing 336 — 182.
Explain how to find the difference with base-ten
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blocks following the same sequence of steps as the
standard algorithm. (Drawings are optional.)

@ 16. Suppose you want to introduce a second grader

to the standard algorithm for computing 82 — 49.
Explain how to find the difference with base-ten
blocks following the same sequence of steps as the
standard algorithm. (Drawings are optional.)

17. (a) Compute 814 — 391 with the partial differences
algorithm.
(b) Compute 814 — 391 with the standard algorithm.
% (c) What are the advantages and disadvantages of
each algorithm?

18. (a) Compute 765 — 329 with the partial differences
algorithm.
(b) Compute 765 — 329 with the standard algorithm.

19. Researchers have found that it is easier for most
children to write the number being regrouped
(“carried”) under the second addend instead of
above the first addend as shown.

36
+ 48
84
Why might this be easier for children?

20. Researchers have found that it is easier for some
children to do all the regrouping (“borrowing”)
before doing any subtracting.

35,
463
— 287

Why might this be easier for children?

21. (a) What is an addition problem a student could
solve with counting by tens?
(b) What is a subtraction problem a student could
solve with counting by tens?

22. (a) How could a student compute 35 + 21 by count-
ing on from 357
(b) How could a student compute 35 — 21 by count-
ing back from 35?

23. If you were teaching second graders the standard
algorithm, tell what order you would present the
following three examples. Explain why.

(@ 25 (b) 56 (c) 40
+ 16 +20 + 30
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24. If you were teaching second graders the standard
algorithm, tell what order you would present the
following four examples. Explain why.

(a) 60 (b) 76 (c) 58 (d) 48
—20 —18 —30 -5

In Exercises 25-28, (a) complete the last example, repeat-
ing the error pattern in the completed examples, (b) de-
scribe the error pattern in the first example, and (c) write
what you would tell the child about his or her error.

£525. |/ 1
\

76 98 87
t6 +7 +8
142 175
2. | I
62 52 57
\ 57 +84 +76
110 37
27. 1 1
) 86 72 93
— 48 —37 —28
48 45
28. 40 306 809
R -27 - 215 — 763
20 101

29. The adding up algorithm for subtraction is in-
vented by some students in first or second grade. It
is based upon the comparison model. For example,
think of 87 — 39 as “How much more is 87 than
397” Find out what you add to 39 to obtain 87.

39 +1
40 +40
&80 +7
87 +48 S0 87 —39 =48
Show how you would compute the following with
the adding up algorithm.
(a) 62 — 29 (b) 212 — 137
30. Show how you would compute the following with
the adding up algorithm.
(a) 83 — 37 (b) 306 — 189

Extension Exercises

31. Show two other ways besides the standard algorithm
to compute each of the following.
(a) 35 + 29 (b)41 — 26

73 32.

33.

34.

35.

36.

(a) Select a three-digit number whose first and third
digits are different.

(b) Reverse the digits of your number and subtract
the smaller of the two numbers from the larger.

(c) Select another three-digit number and do the
same thing.

(d) Select another three-digit number and do the
same thing.

(e) What pattern do you see in your answer?

(f) Finding the general pattern from examples
involves reasoning.

Scratch addition requires only addition of single
digits. To compute 57 + 86 + 39, write the example
vertically.

57  Add the numbers in the units place, starting

86; at the top. If the sum is 10 or more, “scratch”
+ 39  aline through the last digit added and write
the number of units just below it.
57
86,  Continue adding units.
+ 39
2
l 5 7  Count the number of scratches in the
856, column, and write it at the top of the
+ 3 9 next column. Repeat the procedure
1 8 2 for each successive column.

(a) Compute 38 + 97 + 246 with scratch addition.
(b) What is easier about scratch addition?

Compute the following with scratch addition.
(a) 386 (b) 4679
97 345
58 + 276
+87
Suppose you add the same amount to both numbers

in a subtraction problem. What happens to the

answer? Try the following.

(a) What is 86 — 29?

(b) Add 1 to both numbers in part (a) and subtract.
Do you obtain the same answer?

(c) Add 11 to both numbers in part (a) and subtract.
Do you obtain the same answer?

The equal-additions algorithm has been used
in some U.S. schools in the past 60 years. The

property developed in the preceding exercise is
the basis for the equal-additions algorithm. For



example, in computing 563 — 249, one needs to
add 10 to the 3. To compensate, one adds 10 to
249. Then the subtraction can be done without
regrouping.

563 56'3 56'3
— 249 —2°49 — 249
314
(a) Compute 86 — 29 using the equal-additions
algorithm.

(b) How do you think this algorithm compares to the
standard algorithm?

37. Compute the following using the equal-additions

algorithm.
(a) 72 (b) 821
—47 — 376

Technology Exercises

38. (a) Use virtual base-ten blocks on the Internet to
work out a two-digit subtraction problem with
regrouping such as 42 — 25. Follow the same
sequence of steps as the standard algorithm.
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(b) How do virtual base-ten blocks compare to using
concrete materials or drawings?

39. Use virtual base-ten blocks on the Internet to work
out a three-digit addition problem with regrouping
such as 125 + 238. Follow the same sequence of
steps as the standard algorithm.

Magic Time

40. (a) Try the following trick on a friend. Before you
start the trick, write 44 on a sheet of paper and
put it face down in front of you. Now tell your
friend to do each of the following steps. Write
down any number between 50 and 100. Then add
55 to the number. Next, cross out the hundreds
digit of the result, and add that digit to the re-
maining two-digit number. Finally, subtract the
answer from the number you started with. Now
turn over the paper so your friend can see it.

ﬂ (b) Let x represent the number your friend selected.
See if you can show why your friend will end up
with 44.

3.6 Algorithms for Whole-Number
Multiplication and Division

NCTM Standards

Focal Points
Grade 4

Grade 5

* develop fluency in adding, subtracting, multiplying, and dividing whole numbers (3-5)

* analyze and evaluate the mathematical thinking and strategies of others (pre-K-12)

Developing quick recall of multiplication facts and related division facts and fluency
with whole number multiplication.

Developing an understanding of and fluency with division of whole numbers.

Multiplication Algorithms

After exploring problems such as 30 X 2 and 300 X 2, a student is ready for a problem
such as 34 X 2. How would the student work it out?
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] C

Classroom
Connection

% D

Discussion

LE 1 Opener
Suppose you asked a group of fourth graders to compute
34
X 2

before they had studied the standard algorithm. Write down all the ways you think
students might find the correct answer. Assume they have blocks to help them but no
calculators.

A useful expanded multiplication algorithm is the partial products algorithm.

You may have thought of something like it in LE 1. Figure 3-36 shows how to
compute 34 X 2 with the partial products (expanded) algorithm and the standard

algorithm.
34
X 2
8 4 X2 34
o o [ 60 30Xx2 X 2
I OO I O0odd 68 68
Concrete/Pictorial Expanded Standard
Model Algorithm Algorithm
Figure 3-36

The partial products algorithm can be used as a transition to the standard algorithm
or as an alternative to the standard algorithm. To introduce regrouping with the standard
algorithm, it helps to use base-ten blocks.

LE 2 Connection

Suppose you want to introduce a fourth grader to the standard algorithm for
computing

26
X3

Explain how to find the product with base-ten blocks (Activity Card 1) following the
same sequence of steps as the standard algorithm. (Hint: Step 1 shows 3 groups of 26.

In step 2, multiply the ones and regroup them. In step 3, multiply the tens, total them
up, and state the product.)

Whole-number properties help justify the standard procedure. For example to com-
pute 34 X 2, why are we allowed to multiply 4 X 2 and 30 X 2 and add the results
together? Try the following exercise.
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D LE 3 Reasoning
Discusion Fill in the properties that justify the last two steps.
34X2=3B0+4) X2 Expanded notation

= (30 X 2) + (4 X 2)
= (4 X 2) + (30 X 2)

163

The preceding exercise illustrates how the distributive and commutative properties are
used in the standard multiplication algorithm. Multiplying larger numbers is merely an

extension of this process.

c LE 4 Opener

Hassoom | Suppose you asked a group of fourth graders to compute
26
X 43

children might find the correct answer.

before they had studied the standard algorithm. Write down all the ways you think

Figure 3-37 shows how a child might work out 26 X 43 with a square grid diagram, the

partial products algorithm, and the standard algorithm.

43
40 3

20

26

Figure 3-37

LE 5 Connection

rectangles that correspond to the partial products.

original rectangle.

26
X 43

18
60
240
800

1118

6 Expanded
Algorithm

(a) Outline a rectangle that is 14 units long and 23 units wide.
(b) Break apart each factor by place value (10 + 4) and (20 + 3). Outline the four

26
X 43

78
104

1118

Standard
Algorithm

Make a square grid diagram for 23 X 14 on a piece of graph paper as follows.

(¢) Multiply each partial product and add to find out how many squares are inside the

Now see for yourself how the partial products algorithm and the standard algorithm

compare.

LE 6 Concept

(a) Compute 83 X 47 with the partial products algorithm.
(b) Compute 83 X 47 with the standard algorithm.

2

(¢) What are the advantages and disadvantages of each algorithm?
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It is easier to understand place value in the partial products algorithm. However, the
partial products algorithm requires extended skill with the basic facts, such as 30 X 6 =
180 and 30 X 20 = 600. The standard algorithm is shorter to write and faster once it has
been mastered. Another alternative algorithm some students prefer is lattice multiplica-
tions (see Exercise 27).

Division Algorithms

] C

Classroom
Connection

Next, consider the most difficult of the four algorithms, the division algorithm. Children
first study examples such as 38 + 3 that do not require regrouping. After that, they
would learn about problems with a one-digit divisor that requires regrouping the tens.

LE 7 Opener

Suppose you asked a group of fourth graders to compute 53 + 4 before they had stud-
ied the standard algorithm. Write down all the ways you think students might find the
correct answer. Assume they have blocks to help them but no calculators.

You may have devised something that resembles the repeated subtraction algorithm.
The repeated subtraction (or scaffold) algorithm is another useful expanded algorithm.
Figure 3-38 shows how to compute 53 + 4 with the expanded and standard algorithms.

O O O O
| | | 13R1 13RI
. . . 453 453
40 10(x4) 4
13 13
12 sxy 1
1 13 1

Concrete/Pictorial Expanded Standard
Model Algorithm Algorithm

O0oo

Figure 3-38

So53 +4 =13RI1.

Exam p|€ 1 Suppose you want to introduce a child to the procedure for computing
53 + 4. Explain how to find the quotient with base-ten blocks following the same
sequence of steps as the standard algorithm.

Solution

Step 1 You want to divide 53 into 4 equal groups. Show 53 and try to divide the tens
into 4 equal groups. Put 1 ten in each group. There is 1 ten left over.

O
O
O
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Step 2 Regroup the leftover 10 as 10 ones. This makes 10 ones + 3 ones = 13 ones.

Step 3 Try to divide the 13 ones into 4 equal groups. Put 3 ones in each group. There is
1 one left over.

O O O o\ o
O O O O
O O O O

Step 4 The quotient is 13 remainder 1.
53 +4=13RI.

O
O
O

0000000000

Now it’s your turn.

LE 8 Connection

Suppose you want to introduce a fourth grader to the procedure for computing 71 =+ 3.
Explain how to find the quotient with base-ten blocks (Activity Card 1) following the
same sequence of steps as the standard algorithm. (Drawings are optional.)

The standard long-division algorithm for whole numbers is more complicated than,
and somewhat unlike, the algorithms for the other three operations. Instead of lining up
the digits of the numbers as in the other operations, one writes the divisor to the left of
the dividend. Unlike the other three operations, one finds the quotient from left to right.
And while one simply computes one-digit basic facts to perform the other algorithms,
the division algorithm may require rounding the divisor (if it is more than one digit) and
the dividend and then using estimation (Section 3.7) to obtain digits in the quotient.

How do the repeated subtraction and standard algorithms compare?

LE 9 Concept

(a) Compute 394 + 6 with the repeated subtraction algorithm.
(b) Compute 394 + 6 with the standard algorithm.
(¢) What are the advantages and disadvantages of each algorithm?

It is easier to understand place value in the repeated subtraction algorithm. Most
people find that the repeated subtraction algorithm is longer and easier to understand
than the standard long-division algorithm. The standard algorithm is simply a more effi-
cient and compact version of the repeated subtraction algorithm. Both algorithms require
some facility with estimation especially for larger divisors (see Section 3.7).
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The repeated subtraction algorithm relies on successive approximations rather than
having to guess the exact digits of the quotient. It also allows students to work at differ-
ent levels according to how skilled they are at approximating. The repeated subtraction
algorithm is useful as either a transitional algorithm to the standard algorithm or an al-
ternative algorithm for students who have been unable to learn the standard algorithm.

Common Error Patterns in Algorithms

What kind of errors might students make with the multiplication and division algorithms?

c’ In LE 10 and LE 11, (a) complete the last example repeating the error pattern in the
Classrom  cOmpleted examples, (b) write a description of the error pattern, and (c) write what you
Connection  would tell the student about his or her error.

-@- @ LE 10 Reasoning

B 36 42 72
X8 X6 x9
568 302

-9 % LE 11 Reasoning
121 184

4)623 8)912 3)782

@ LE 12 Summary

Tell what you learned about the multiplication and division algorithms in this lesson.

. Answers to Selected Lesson Exercises

2. Step 1 Shows 3 groups of 26. Step 3 Combine the tens. You have 6 tens plus 1
ten for a total of 7 tens. The product is
CITTIIITTH CITTTLITT dionnn 7 tens 8 ones or 78. So 26 X 3 = 78.
IO OO Ooooog
IITTTTT1TT1]
111111 OO0 Ooooog
IO OIIIIIrIIml
Step 2 Combine the ones. You have 18 ones. Trade OIIIIII11 [OIIIIIrrg oo

10 ones for 1 ten leaving 8 ones.

OTTTTTTTT
I T O IIIT11]

Oooooono
OO oo \Oooogon

OII11111 10 OO 1114 OoOogogog

OII111110 O 11170 OOoOoogog

3. Distributive X over +; + is commutative.




5. (b) 14

10 4

20

23

3
(c) 12 + 80 + 30 + 200 = 322

6.(a) 83 (b) 83
X 47 X 47
21 581
560 332
120 3901
3200
3901

(c) Answer follows the exercise.
7. The answer follows the exercise.

8. Step I  You want to divide 71 into 3 equal groups.
Show 71 and try to divide the tens into
3 equal groups. Put 2 tens in each group.

There is 1 ten left over.

. 3.6 Homework Exercises
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Step 2 Regroup the leftover ten as 10 ones. This
makes 10 ones + 1 one = 11 ones.
Step 3 Try to divide the 11 ones into 3 equal
groups. Put 3 ones in each group. There
are 2 ones left over.
Step 4  The quotient is 23 remainder 2. So
71 +3 =23R2.
9. (a) 65 R4 (b) 65R4
6)394 6)394
300 50 36
94 34
60 10 30
34 4
05
4 65

10.

11.

(c) Answer follows the exercise.

(a) 728.

(b) In regrouping the ones to the tens column, the
child adds the number to the tens digit before
multiplying.

(a) 221.
(b) The student divides the smaller digit into the
larger and discards all remainders.

Basic Exercises

@ 1. Three fourth graders are asked to compute 38 X 7.
In each case, tell what the student understands
about multiplication.

(a)30 X 7 =210and 8 X 7 = 56. Then
210 + 56 = 266.

(b)20 X 7=140and 10 X 7 = 70 and 8 X 7 = 56.
Then 140 + 70 + 56 = 266.

(c) 40 X 7 = 280. Then take away 2 X 7 = 14. The
answer is 280 — 14 = 266.

Five fourth graders work out 32 X 15. Tell whether

each solution is correct. If so, what does the student

understand about multiplication? If the answer is

wrong, what would you tell the student about how to

solve the problem?

(a) 32 X 10 is 320. Add half of 320, which is 160.
You get 480.

%2.

%3.

by 32 © 32
x15 x 15
160 160

32 32

430 192

(d) 32 X 15 is the same as 16 X 30, which is 480.
e) 32
x 15
30
45
480

Suppose you want to introduce a fourth grader to the
standard algorithm for computing 24 X 4. Explain
how to find the product with base-ten blocks follow-
ing the same sequence of steps as the standard
algorithm. Draw at least one picture.
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@ 4. Suppose you want to introduce a fourth grader to the

standard algorithm for computing 47 X 2. Explain
how to find the product with base-ten blocks follow-
ing the same sequence of steps as the standard
algorithm. Draw at least one picture.

. When you multiply 39 X 48 using the standard algo-
rithm, you multiply and add partial products (9 X 8)
+ (30 X 8) + (9 X 40) + (30 X 40). The following
proof shows why this is correct. Fill in the blanks
with properties you studied in this lesson.

39 X 48
= (30 + 9) X (40 + 8)
= [(30 + 9) X 40]

+ [(30 + 9) X 8]
= [(30 X 40) + (9 X 40)]

+ (30 X 8) + (9 X 8)]
= [(30 X 8) + (9 X 8)]

+ [(30 X 40) + (9 X 40)]
= [(9 X 8) + (30 X 8)]

+ [(9 X 40) + (30 X 40)]

Expanded notation

. In multiplying 62 X 3, we use the fact that (60 + 2) X
3 = (60 X 3) + (2 X 3). What property does this
equation illustrate?

. Make a square grid model for 13 X 26 on a piece of

graph paper as follows.

(a) Outline a rectangle for the product.

(b) Outline the four rectangles that correspond to the
partial products.

(c) Multiply each partial product and add to find out
how many squares are in the original rectangle.

. Make a square grid model for 34 X 23 on a piece of

graph paper.

(a) Outline a rectangle for the product.

(b) Outline the four rectangles that correspond to the
partial products.

(c) Multiply each partial product and add to find out
how many squares are in the original rectangle.

9. (a) Compute 49 X 62 with the partial products

algorithm.
(b) Compute 49 X 62 with the standard algorithm.
(c) What are the advantages and disadvantages of
each algorithm?

10. (a) Compute 123 X 56 with the partial products

algorithm.
(b) Compute 123 X 56 with the standard algorithm.

11.

12.

@ 13.

@ 14.

@ 15.

@ 16.

17.

Children can more easily see connections among
different multiplication problems by studying a
series of related computations such as the following:
6 X 3,20 X 3,20 X 30,26 X 30,26 X 300,

26 X 34,26 X 340. What are two other multiplica-
tion problems that would be related to 52 X 40?

If you were teaching third graders the standard

algorithm, tell in what order you would present the

following three examples. Explain why.

a) 34 (b)y 36 () 30
x2 x7 x3

Two fourth graders work out 96 + 8. Tell whether

each solution is correct. If so, what does the student

understand about division? If the answer is wrong,

what would you tell the student about how to solve

the problem?

(a) Ten 8s make 80. That leaves 16, which is 2 more
8s. It takes 12 of those 8s to make 96.

(b) The divisor 8 goes into 9 one time. Then 8 into 6
goes 0 times with remainder 6. The answer is 10 R6.

Two fourth graders work out 56 + 3. Tell whether
each solution is correct. If so, what does the student
understand about division? In each case, tell what
the student understands about division.

(a) How many 3s make 56? Ten 3s make 30. That
leaves 26. That will take 8 more 3s, and 2 are left
over. The answer is 18 R2.

(b) Twenty times 3 is 60. That is 4 too much. Take
off two 3s. That makes eighteen 3s and 2 extra.
The answer is 18 R2.

Suppose you want to introduce a fourth grader to
the standard algorithm for computing 246 + 2.
Explain how to find the quotient with base-ten
blocks following the same sequence of steps as the
standard algorithm. (Drawings are optional.)

Suppose you want to introduce a fourth grader to
the standard algorithm for computing 43 =+ 3.
Explain how to find the quotient with base-ten
blocks following the same sequence of steps as the
standard algorithm. (Drawings are optional.)

(a) Compute 217 + 4 with the repeated subtraction
algorithm.
(b) Compute 217 + 4 with the standard algorithm.

@ (c) What are the advantages and disadvantages of

each algorithm?



18. (a) Compute 870 + 21 with the repeated subtraction
algorithm.

(b) Compute 870 + 21 with the standard algorithm.

19. If you were teaching third graders the standard
algorithm, tell in what order you would present the
following four examples. Explain why.

(a)43 =3 (b) 42 +3
() 129 + 6 (d) 60 =3

20. If you were teaching fourth graders the standard
algorithm, tell in what order you would present the
following four examples. Explain why.

(a) 189 =5 (b)97 + 4
(c) 375 + 22 (d)422 ~ 4

In Exercises 21-24, (a) complete the last example, repeat-
ing the error pattern in the completed examples, (b) de-
scribe the error pattern in the first example, and (c) write
what you would tell a student about his or her error.

21. 36 42 72
X 8 X6 X 9
Y % 242
22. 82 41 27
X 37 X 79 X 32
VY S 369
246 287
820 656

£§23. 36 57
% 6)378 5)375 8)512

36 35
18 25
18 25

g4 20 15
% 4)824 5)525 6)1254

25. A fourth grader works out 26 X 15 as follows.
“Because 20 X 10 = 200 and 6 X 5 = 30, the
answer will be 230.”

(a) What is wrong with this procedure?
(b) Make a square grid picture that shows what the
student is leaving out.

% 26. A fourth grader works out 117 + 6 as follows. She
finds 100 +~ 6 and 17 + 6. She gets 16 + 2 = 18
with 9 left over. Then 9 + 6 = 1 with 3 left over.

(Continued in the next column)
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That makes a total of 19 sixes with remainder 3.

So 117 -6 = 19 R3.

(a) Tell how to find 159 + 7 with the same method.

(b) How do you think this method compares to the
standard algorithm?

27. Lattice multiplication was passed along from the
early Hindus and Chinese to the Arabs to medieval
Europe. It appeared in the earliest known arithmetic
book, which was published in Italy in 1478. Today it
is sometimes taught as an enrichment topic in the
upper elementary grades. The algorithm for 27 X 34
is shown here.

2 7 2 7 2 7
3 213 2713
6 1 6 1
2 2
4 3 3 4 9 3 A 4
1 8
Step 1: Step 2: Step 3:
Write the numbers. Multiply. Sum the numbers

on each diagonal,
beginning at the
right. On the
second diagonal,
1+2+8=11
Put down the 1
and carry the other
1 to the third
diagonal. Then
1+2+6=09.

S0 27 X 34 = 918.

(a) Compute 38 X 74 with lattice multiplication.

(b) Compute 123 X 35 with lattice multiplication.

(c) How do you think this algorithm compares to the
standard one?

28. (a) Compute 46 X 29 with lattice multiplication.
(b) Compute 234 X 76 with lattice multiplication.

Extension Exercises

29. Show two other ways besides the standard algorithm
to compute each of the following.
(a) 56 X7
(b) 41 X 26
(c) 86 + 20

30. The Russian peasant multiplication algorithm was
used thousands of years ago by the Egyptians and
until recently by Russian peasants. The Russian

(Continued on the next page)
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peasant algorithm for multiplying employs halving (b) Compute 18 X 127 with this algorithm.

and doubling. Remainders are ignored when halving. (¢) How does it compare to the standard algorithm?
The algorithm for 33 X 47 is shown here.

& 31. Find the quotient and remainder of 8569 + 23, using

Halving  Doubling =% acalculator.
Smaller — 33 < Larger )
factor 16 94 factor Puzzle Time
8 188 32. Fill in the missing digits.
4 376 299
2 752 6)727?
i '
3
Circle and add all the numbers in the doubling col- ?
umn that are paired with odd numbers in the halving 7
column. 47 + 1504 = 1551, so 33 X 47 = 1551. 7
(a) Compute 28 X 52 with this algorithm. 0

3.7 Whole Numbers: Mental Computation
and Estimation

NCTM Standards

® use a variety of methods and tools to compute, including objects, mental computa-
tion, estimation, paper and pencil, and calculators (pre-K-2)

* develop and use strategies to estimate the results of whole-number computations
and judge the reasonableness of such results (3-5)

HEY, THATS A WAIT. TLL

FIND IT

TIGER, g
WHATS 8 PLUS =
TPLLES?
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AITLL You SEE HOW
MUCH TIME IT SAVES

King Features Syndicate, Inc. World rights reserved.
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Believe it or not, your ancestors used to do all their arithmetic without electronic calcu-
lators! To cope with this hardship, they developed a repertoire of computational short-
cuts. Today, most adults use a calculator to find exact answers to many arithmetic
problems. But what happens if you don’t have a calculator with you? Would you be lim-
ited to doing one-digit arithmetic?

Mental computation is used to obtain an exact answer to a computation that can be

done easily without paper and pencil or a calculator. Estimation (usually done mentally)
is used to obtain an approximate answer to a more difficult computation.

Mental Addition

o £F G

Classroom
Connection

Do you enjoy doing something differently from the way it’s “normally” done? Some-
times that’s a good idea!

LE 1 Opener

You buy a sweater for $46 and a coat for $79. How would you mentally compute the
(exact) total cost? Tell what steps you use.

LE 2 Reasoning
Three second graders were asked to compute 46 + 79. Here’s what each student did.

Abdul: 40 + 70 = 110 and 6 + 9 = 15. Then 110 + 15 = 125.

Callista: 46 + 70 = 116 and 116 + 9 = 125.

Ramon: Change 46 + 79 to 46 + 80, which is 126. Subtract 1 to compensate.
126 — 1 = 125.

(a) Which two students used breaking apart (see page 151)?

(b) Which student used compensation?

(¢) A man buys a jacket for $58 and a CD player for $36. Show how to compute the
total cost with each student’s method of mental addition.

(d) What property makes 50 + 8 + 30 + 6 =50 + 30 + 8 + 6?

(e) Describe a way to compute 58 + 36 with the following chart.

50 51 52 53 54 55 56 57 58 59
60 61 62 63 64 65 66 67 68 69

70 71 72 73 74 75 76 77 78 79
80 81 82 83 84 8 8 87 88 &9
90 91 92 93 94 95 96 97 98 99

In LE 2, the students used breaking apart or compensation to compute the answer.

Abdul and Callista use breaking apart based on place value. Ramon used compensation
after changing 79 to an easier number.

Mental Subtraction

LE 3 Opener

You have $93 in your checking account, and you write a check for $38. How would
you mentally compute the balance?
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Y c LE 4 Reasoning

Sasrem Three third graders were asked to compute 93 — 38. Here’s what each student did.

Abdul: 93 — 30 = 63 and 63 — 8 = 55 (breaking apart the 38).
Callista: 38 + 2 makes 40. Then 40 + 53 = 93. The answer is
2 + 53 = 55 (adding on).

Ramon: 93 — 38 is the same as 95 — 40 = 55 (equal additions).

A woman starts out with $62 and spends $29. Show how to compute how much
money she has left with each of the three methods of mental subtraction.

Callista’s method is called adding on. Add on to $38 until you reach $93. The an-
swer is the total amount you added on. Another way to add on would be as follows.
First, how many tens can you add to $38 without going over 93? Compute $38 + $50 =
$88. Then add ones to $88 to reach $93. So $88 + $5 = $93. How much was added?
$50 + $5 = $55.

You can use a number line to keep track of what is added on.

+2 +53 +50 +5
NN N )
38 40 93 38 88 93

Mental Multiplication

LE 5 Opener

Do each of the following computations in your head. Write down the steps that you
used.

(a) 68 X7 (b) 800 X 30

Did you do part (a) of LE 5 by breaking apart with the Distributive Property? In
part (a), 68 X 7 = (60 X 7) + (8 X 7) = 420 + 56 = 476. The familiar shortcut for
part (b) is based on breaking apart, too! It comes from 800 X 30 = 8 X 3 X 100 X 10 =
24 X 1,000 = 24,000.

g

X & | LE 6 Reasoning
How can you find 13 X 28 by using multiplication involving 30?

Estimation

You were probably expecting “mental division” next. However, it is harder to obtain an
exact answer with mental division than with addition, subtraction, or multiplication. For
example, although one might do 410 + 7,410 — 7, and 410 X 7 mentally, one would be
more inclined to estimate 410 + 7. This leads us to the next topic: estimation. Division
will be addressed as part of this topic.

D LE 7 Opener

Discustion Name a situation in which you have used estimation.
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LE 8 Opener
In each situation, tell why an estimate might be preferred over an exact answer.

(a) You want to tell how many people attended a political rally.
(b) You want to decide how much money to take on a summer trip.
(¢) You want to figure out how long it will take to drive from Chicago to Cleveland.

An estimate may be preferred over an exact answer when (1) an exact answer is dif-
ficult or impossible to obtain, (2) an estimate is easier to use in computations, or (3) an
overestimate or underestimate includes a safety factor. An estimate may also be used to
check if an answer is reasonable.

Estimation shows another side of mathematics, in which one seeks a reasonable
result rather than an exact one. People use estimation either to obtain an approximate
answer without having to use a calculator, or to check work done with a calculator or by
another person.

To estimate, devise an easier problem that can be computed mentally but still has
approximately the same answer as your original problem. The three most useful strate-
gies for whole-number estimation are rounding, the compatible-numbers strategy, and
the front-end strategy.

Rounding Strategy

D

Discussion

How many calories should you eat each day? If you are a young adult, as I used to be,
you could multiply your weight in pounds by 18 to get a rough calorie estimate.

LE 9 Skill

May Wong is a 14-year-old who weighs 93 pounds. How would you estimate how
many calories she should consume to maintain her weight if the recommended num-
ber of calories is 18 times the number of pounds she weighs?

Did you use rounding to estimate the answer to LE 9? You could have estimated
93 X 18 by rounding the factors to 90 and 20, multiplying 9 by 2 mentally, and adding two
zeroes. So the answer is about 1,800 calories. In symbols, this is written 93 X 18 = 1,800,
in which the symbol = means “is approximately equal to.”

The rounding strategy involves two steps.

Rounding Strategy

1. Round the numbers to obtain a problem you can compute mentally.
2. Add, subtract, or multiply the rounded numbers to obtain an estimate.

Use the rounding strategy to estimate the answers to LE 10 and LE 11.

LE 10 Skill

A stadium seats 58,921 people. If only 3,426 tickets are left for next Sunday’s match
between the Poodles and the Goulash, show the steps you would use to estimate the
number of tickets that have been sold.
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D LE 11 Reasoning
Biscuation If you estimate A — C (in which A > C) by rounding A up and C down, then your
estimate

(a) is always too high.
(b) is always too low.
(c) could be too high or too low.

The Compatible-Numbers Strategy

In division, rounding to the “nearest” does not always yield a simpler problem.

D LE 12 Opener

A group of milking cows produces 712 oz of milk one fine day. How would you esti-
mate the number of quarts produced? (One quart contains 32 0z.)

Discussion

In LE 12, you needed to estimate 712 <+ 32. You could have rounded it to 700 <+ 30
or 710 =+ 30, but a better choice would be 600 =+ 30, 750 <+ 30, or 700 <+ 35. For exam-
ple, 712 + 32 = 750 + 30 = 25. The average per cow is a little less than 25 quarts.

The computation 750 + 30 is an example of compatible numbers, a set of num-
bers whose sum, difference, product, or quotient is easy to compute mentally. Numbers
that do not divide evenly, such as 700 + 30, are not compatible.

The compatible-numbers strategy involves two steps.

The Compatible-Numbers Strategy

1. Round the numbers to nearby compatible numbers.
2. Perform the computation with the compatible numbers, and use the answer as
an estimate.

Students also use compatible numbers to perform the standard division algorithm.
For example, in doing 32)712 with paper and pencil, one first estimates 71 = 32. Use the
compatible-numbers strategy to estimate in the following exercises.

LE 13 Skill

You want to pay for an $19,847 National Motors Ulcer in 24 easy, interest-free
monthly payments.

(a) How could you estimate the cost of a monthly payment?
(b) If you were going to work out 19,847 + 24 with the standard long division
algorithm, how would you estimate to find the first digit in the quotient?

Q- D LE 14 Reasoning

Discustion A and C are two-digit whole numbers. If you estimate A + C by rounding A up and C
down, then your estimate

(a) is always too high
(b) is always too low
(¢) could be too high or too low
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You can also use compatible numbers to estimate when adding three or more num-
bers, by adding groups of numbers that total approximately 100 or 1,000 (or some other
round number).

m Exam ple T A movie theater had six shows of “Return of the Dodecahedron” on a
Saturday. The numbers of tickets sold at the six shows were 64, 59, 32, 43, 27, and 77.
How can you estimate the total number of tickets sold, using the compatible-numbers
strategy?

Solution

Add compatible numbers.

64
59 >About 100
About 100 < 3
43
27
- = About 100

The sum is about 300 tickets. [ |

LE 15 Skill

(a) The next day, the movie theater mentioned in the preceding example had six more
shows. The total numbers of tickets sold at the six shows were 36, 52, 51, 98,
71, and 96. Explain how to estimate the total number of tickets sold, using the
compatible-numbers strategy.

(b) What properties allow you to reorder and regroup the numbers?

The Front-End Strategy

Front-end (leading digit) estimation is especially useful in addition. It is based on
adding a column of numbers from left to right. The estimate is made by adding the digits
in the left-hand column and is then adjusted by considering the digits in the next column
to the right.

m Exam ple 2 The Desir family went on a three-day trip. They drove 462 miles the
first day, 385 miles the second day, and 447 miles the third day. Explain how you would
use front-end estimation with adjustment to estimate the total distance they drove in
three days.

Solution
First, add the front-end or leading digits.

462 — 400
385 300

+ 447 + 400
1,100

I




176 Chapter 3 Whole Numbers

Second, use the next digit in each column (tens place) to make an adjustment in the hun-
dreds place. In the tens column, 6 + 8 + 4 will make about 200 more.

1,100 < front-end sum
+ 200 < adjustment
1,300

So the Desirs traveled about 1,300 miles [ |

Apply this method in the following exercise.

LE 16 Skill

A salesperson sells three used cars for $3,793, $4,391, and $2,807. Explain how to use
front-end estimation with adjustment to estimate the salesperson’s total sales.

A Game: Maximize It

X % | LE 17 Reasoning

H

This game is for two to four players. You will need a regular die and a calculator.

(a) Each player tries to complete the following arithmetic problem and obtain the
highest answer.

- +

One player rolls the die six times. After each roll, each player must put the num-
ber that is rolled in one of the blanks. At the end of the six rolls, everyone works
out his or her computation. The winner(s) will have the highest result.

@ (b) What strategies are helpful in this game?

@ LE 18 Summary

(a) Describe methods of mental computation that you learned about in this section.
(b) Give an example of how you would use each method.

. Answers to Selected Lesson Exercises

2. (c) Abdul: 50 + 30 = 80 and 8 + 6 = 14. Then 4. (d) Abdul: 62 — 20 = 42 and 42 — 9 = 33.
80 + 14 = 94. Callista: 29 + 1 makes 30. Then 30 + 32 = 62.
Callista: 58 + 30 = 88 and 88 + 6 = 94, The answeris 1 + 32 = 33.
Ramon: 58 + 36 = 54 + 40 = 94. Ramon: 62 — 29 = 63 — 30 = 33.

(d) Commutative property of addition.
6.13 X28=13X30—-13X2=
3. Read LE 4. 390 — 26 = 364



7. Budgeting for monthly expenses or a trip; planning a
schedule

8. (a) It is not possible to find the exact answer.
(b) You use an overestimate to be safe.
(c) You cannot know the exact time in advance.

9. Answer follows the exercise.

10. Round the problem to 59,000 — 3,000 = 56,000
tickets.

11. (a) Hint: Try 29 — 11.

12. Answer follows the exercise.

. 3.7 Homework Exercises
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13. (a) 19,847 + 24 = 20,000 + 20 = 1,000
(b) 198 +24 =200 +~25=38

14. (a) Hint: Try 29 + 11.

15. (a) 36 + 71,52 + 51, 98 and 96 are each about 100.
The sum is about 400.
(b) Commutative and associative properties of
addition.

16. Add 3 + 4 + 2 thousand = $9,000. Then
$793 + $391 + $807 is about another $2,000.
Compute $9,000 + $2,000 = $11,000.

Basic Exercises

1. The distance from Washington, D.C., north to
Baltimore is 39 miles; the distance from Baltimore
north to Philadelphia is 97 miles.

(a) Show the steps for three different ways to
compute mentally the total distance from
Washington, D.C., to Philadelphia.

(b) What property justifies the equation
30+9+90+7=30+90+9 +7?

2. Show the steps for three different ways to compute
mentally 93 + 59.

3. Show the steps for three different ways to compute
mentally 134 — 58.

4. A book is 86 pages long. Mariel has read 47 pages.
How many pages does she have left? Show the steps
for three different ways to compute mentally.

5. Show the steps to use to compute mentally
(a) 236 + 89 with compensation.
(b) 82 — 58 with equal additions.

6. Show the steps to use adding on to compute mentally
(a) 74 — 57.
(b) 822 — 298.

7. A watermelon costs 39¢ per pound.
(a) Show the steps to compute mentally the cost of
a 6-pound watermelon.
(b) What property justifies your method?

8. (a) The Tofu Palace serves lunch to 90 people per
day. Show the steps to compute mentally the
number of people served lunch in 31 days.

(b) What property justifies your method?

9. Show the steps to compute mentally (500)°.

10. You plan to drive 1,000 miles from Memphis to
Albuquerque at an average speed of 50 mph. Show
the steps to compute mentally how long the drive
will take.

11. In each situation, tell why an estimate might be used
instead of an exact answer.
(a) You want to predict the U.S. population
in 2020.
(b) You want to decide how many people
should ride on an elevator that carries up to
2,000 pounds.

12. What is an everyday situation in which you recently
used mental computation or estimation?
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13.

@ 14.

15.

16.

17.

Use estimation to tell whether the following calcula-
tor answers are reasonable. Explain why or why not.
(a) 657 + 542 + 707 = | 543364

(b) 26 X 47 =| 1222

A fourth grader computes 4,364 X 38 with a calcula-
tor and gets 17,632. Tell the student how to check
this answer (which is wrong!) by estimating.

Explain how you would use rounding to estimate
mentally 5,692 + 8,091 + 3,721.

The Neil Young College auditorium has 56 rows,

each seating 23 people.

(a) Explain how you would use rounding to estimate
mentally the total number of seats by rounding.

(b) Which category of multiplication is illustrated
(area, array, counting principle, equal)?

The distance from Boston to Buffalo is about
437 miles.

@ (a) Explain how you would mentally estimate the

18.

time the drive would take if you averaged
55 mph.

(b) Which category of division is illustrated (area,
array, partition, equal)?

John Dewey College has 4,832 students and

324 teachers.

(a) Explain how you would mentally estimate the
number of students per teacher (called the
student—teacher ratio).

(b) Which category of division is illustrated (area,
array, equal, partition)?

£5 19. A and C are two-digit whole numbers. Suppose you

20.

21.

22,

estimate A ~ C by rounding A up and C down. Is
your estimate always too high, always too low, or is
it impossible to tell?

Estimate each quotient with compatible numbers.

(a) 8)549 (b) 21)152 (c) 74)4692

If you were going to work out 4,692 + 74 with the
standard long division algorithm, how would you
estimate to find the first digit in the quotient?

If you were going to work out 2,158 + 47 with the
standard long division algorithm, how would you
estimate to find the first digit in the quotient?

@ 23.

24,

25.

26.

@ 27.

@ 28.

29.

30.

31.

Explain how you would estimate the following with
compatible numbers.

59
32
42
+ 97

Show the steps to estimate the following using com-
patible numbers.

87 +45+ 37 + 22+ 98 + 51

Compatible numbers can be used to compute men-
tally exact answers to some addition and multiplica-
tion problems. Show the steps to compute mentally
the following and name the property of whole num-
bers that justifies your shortcut.

(a) 8 X22 X5 (b)2 + (78 + 43)

Tell how you would mentally compute the exact
answers to the following with compatible numbers.
(A)2X9X6X5

(b)46 + 28 + 32+ 4

The Department of Education spent the following
amounts on three projects: $3,462,871, $830,212,
and $21,172,806. Explain how to estimate the total
expense to the nearest million dollars, using the
front-end or rounding strategy.

Three towns with populations of 3,692, 1,527, and
4,278 make up a voting district. Explain how to esti-
mate the total population of the voting district using
front-end estimation.

Consider the following problem. “A company orders

32 boxes of lightbulbs. Each box contains 48 light-

bulbs. What is the total number of lightbulbs?”

(a) Show how to use one step of front-end estimation
to obtain an answer.

(b) Show how to use rounding to obtain an estimate.

(c) Which estimate is closer to the exact answer?

Crusty’s Pizza sold 2,621 pizzas in March, 1,522
pizzas in April, and 2,218 pizzas in May. Show how
to estimate the total number of pizzas sold for those
3 months, using front-end estimation.

Show the steps to estimate
(a) 4,872 — 3,194. (b) 3,279 + 65.



32,

@ 33.

34.

35.

36.

@ 37.

38.

39.

Show the steps to estimate
(a) 8,327 + 36. (b) 427 X 62.

For each computation, tell which computation
method you would use (mental computation, paper
and pencil, or calculator) and why.

(a) 87,347 X 144 (b) 750 + 422 + 250

(c) 782 — 246

Tell whether an estimate or an exact answer is more

appropriate in each problem.

(a) You want to buy two books that cost $7.95 and
$8.95. You have $20. Is that enough money?

(b) You want to buy two books that cost $7.95 and
$8.95. How much change will you receive back
from a $20 bill?

Sometimes, you need to know only a range (or inter-
val) of possible answers. For example, 23 X 46 is
between 20 X 40 = 800 and 30 X 50 = 1,500.
“Between 800 and 1,500 is a range estimate for
23 X 46. Give a range estimate for

(a) 59 X 32. (b) 8,627 + 2,432.
(c) 385 + 12.

Give a range estimate for

(a) 86 X 64. (b) 627 — 243.

(c) 864 + 37.

You ask your fourth-grade class to compute

28 X 5. A student says that multiplication by 5 is
the same as dividing by 2 and adding a zero at the
end. “I find 28 + 2 = 14 and put a O at the end.
The answer is 140.” Is this correct? If so, why does
it work? If not, what would you tell the student?

A fifth grader computes 29 X 12 as follows:
30 X 12 = 360 and 360 — 12 = 348. On what
property is the student’s method based?

Some students do mental multiplication by building
up. For example, to find 74 X 22, a student com-
puted 74 X 10 = 740. Then 740 + 740 = 1,480.
Then 1,480 + 148 = 1,628.

@ (a) Explain what the student is doing.

40.

(b) Show possible steps for computing 31 X 33 with
building up.

Show possible steps for computing 56 X 21 with
building up.
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41.

47.

48.
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Clustering is a method of estimating a sum when
the numbers are all close to one value. For example,
3,648 + 4,281 + 3,791 = 3 - (4,000) = 12,000.
Show how to estimate the following using the clus-
tering strategy.

(a) 897 + 706 + 823 + 902 + 851 =

(b) 36,421 + 41,362 + 40,987 + 42,621 =

. How could you use a calculator and mental compu-

tation to figure the cost of buying 20 carpets that
are 18 ft by 24 ft, if each square foot costs $5?

. In each exercise, estimate the second factor so that

the product falls in the range given. Check your
guess on a calculator and revise it as needed.

(a) 300 X = (between 6,000 and 6,500)
(b) 46 X = (between 700 and 750)
(c) 67 X _____ = (between 2,500 and 2,600)

. In each exercise, estimate the divisor so that the quo-

tient falls in the range given. Check your guess on a
calculator and revise it as needed.

(a) 463 ~ = (between 80 and 90)
(b) 3,246 ~ = (between 200 and 300)
(c) 4,684 ~____ = (between 65 and 70)

. Consider the following problem. “Use each of the

digits from 1 to 6 once to obtain the largest possible
product.”
7772
X277

(a) Devise a plan and solve the problem.
(b) Make up a similar problem.

. Use each of the digits from 1 to 6 once and obtain

the largest possible quotient.
Oooooo

Solve mentally.
()34 —n=20
(c) 30(y — 2) =150

(b)x“9L3=20

(d)82x =41-8

Solve mentally.
(@] —10=26
(c) 4(x + 8) = 200

100 _
037

(dx+56-8=60-8
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Extension Exercises

49. You can mentally divide by 25 if you think of four
25s making 100 (or four quarters making a dollar, if
you prefer). In other words, each 100 has four 25s.
Try the following.

(a) 200 + 25 (Think of four 25s per 100.)
(b) 700 + 25

(c) How many quarters in $9?

(d) 650 = 25

(e) How many quarters in $4.25?

50. (a) Develop a shortcut for multiplying by 25 men-
tally in a computation such as 24 X 25.
(b) Compute 44 X 25 using the same shortcut.

ﬂ 51. Estimate the total number of restaurants in the

United States.

.33 X 37 =1,221
46 X 44 = 2,024
58 X 52 = 3,016

(Continued in the next column)

(a) Make up another example of this type.

(b) How can these examples be computed mentally?

(c) Prove that the shortcut always works.
(Hint: Represent the two digits of the two
numbers by a b and @ 10 — b, and write them
in expanded notation.)

53. (a) Represent 32 with base-ten blocks.
(b) Now use the base-ten blocks from part (a) to
explain why 32 X 10 equals 32 with the decimal
point moved 1 place to the right.

Project

54. Look at a current series of mathematics textbooks
for Grades 1-6 or 6-8. What do they teach about
estimation and mental computation with whole
numbers in each grade?

3.8 Place Value and Algorithms
in Other Bases

NCTM Standards

ideas (pre-K-12)

® create and use representations to organize, record, and communicate mathematical

* recognize and use connections among mathematical ideas (pre-K-12)

You are well acquainted with base-ten place value and arithmetic. This familiarity will
make it harder for you to understand the difficulties your students will encounter in
learning about place value and arithmetic for the first time.

Studying place value and the algorithms in less familiar number systems will enable
you to reexperience learning these concepts. Working in other bases will also deepen
your understanding of place value and the algorithms.

Other Numeration Systems
LE 1 Opener

Devise your own numeration system using only the symbols A, B, C, D, and E. Show
how you would represent some different base-ten numbers, including 0, 1, 2, 3, 4, 5,
10, 30, 50, and 100.
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Today, most countries use base-ten numeration systems. The basis for this is the ten-
dency to count on our fingers.

In fact, any counting number greater than 1 could be used as a base. The Babyloni-
ans used base sixty, the Mayans used base twenty, and some ancient tribes used base
two. Today computers work with bases two, eight, and sixteen, and some goods, such as
eggs and pencils, are grouped in dozens and grosses (groups of 12 and 122).

In representing 19 items, one could group them in different ways, as shown in
Figure 3-39.

1]
1111
OTTTTTTTT] 111 1111
O0o0o OTTTTTT] 00
Ooooo ooo oo
1 ten + 9 ones = 19 2 eights + 3 ones = 23eight 3 fives + 4 ones = 34,0
Base Ten Base Eight Base Five

Figure 3-39

Consider base eight, the octal system, one base that is used in computers. Just as
base ten has ten digits (0, 1, 2, 3,4, 5, 6, 7, 8, 9), base eight has eight digits (0, 1, 2, 3, 4,
5,6,7).

LE 2 Concept
What digits would base five have?

Counting with the eight digits of base eight goes like this: 0, 1, 2, 3, 4, 5, 6, 7, 10,
11, 12, .. .. To indicate a numeral in a base other than ten, one writes the base as a sub-
script, as in 12.gp (read “one-two, base eight”).

Figure 3—40 shows how to represent some base-eight numerals, with base-eight
blocks.

Base Eight Symbol Representation
Oeight
1eight O
2eight oo
3eight Ooo
4eight [ | |
Seight O0Oooa
Beight O0O0Oo00o0
7 cight O0O00000a
10¢ight OTTTTTT]
1eight OrITTTT10
12¢ight O 00
Figure 3-40

LE 3 Skill

What base-ten numeral is the same as 32¢op?

Base-eight place value works like base-ten place value. In base ten, each place value
is ten times greater than the place value to its right. In base eight, each place value is
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eight times greater than the place value to its right, with the right-hand place for whole
numbers being the ones place.

100 | 10 | 1 < Place values expressed — 64| 8|1
31 1|4 using base- ten numerals 3/11]4
314 = 3(100) + 1(10) + 4(1) 314¢ign = 3(64) + 1(8) + 4(1)

=204

Thus, 314;gn is the same as 204.

‘ LE 4 Skill

Convert 426igp to base ten.

‘ LE 5 Skill

Convert 2134y, to base ten. (Hint: First, write place-value columns for base five.)

One can also convert base-ten numerals to any other base.

LE 6 Opener

You visit another country where they only have quarters, nickels, and pennies. How
would you make each of the following amounts with the smallest number of coins?

(a) 12 cents (b) 83 cents

The following example shows a method for converting a base-ten numeral to a dif-
ferent base.

Exam ple T  Convert 83 to base five.

Solution

Base-five numbers use groups of 1, 5, 25, 125, and so on. Start with the largest grouping
that is less than or equal to 83—namely, 25. How many 25s are there in 83? There are 3.

3
25)83
75

8

This leaves 8. Proceed to the next lower grouping, 5s. How many 5s are in 8? There is 1.

1 R3

58

This leaves 3 ones. So 83 = (3 X 25) + (1 X 8) + 3, or 313e. |

LE 7 Skill

(a) Convert 302 to base five.
(b) Convert 302 to base eight. (Hint: Start with the place values in base eight.)
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Algorithms in Base Five

The base-ten arithmetic algorithms also work in other bases. Studying algorithms in
other bases will increase your understanding of them. First, consider addition in base
five. How would you construct an addition table?

LE 8 Skill
(a) Start with 0, and count off the first eleven base-five numerals.
(b) Complete the following base-five addition table.

+ 0| 1 2134

0 1 2

1 1 2 3

2 12| 3 4

303 4110

4 1410 11

You can also work out basic addition facts with a number line. Figure 3—41 shows
4five T 2five ON @ number line.

f f f f 4 f
0 1 2 3 4 10 @
Base five
Figure 3-41

How does one compute 34g,e + 2257 How is it similar to base-ten addition?

m Example 2

(a) Compute 34, + 224, with the partial sums algorithm.
(b) Explain how to compute 344, + 225, With base-five blocks and the standard
algorithm.

Solution

(a) Use the addition table as needed for computations. Compute 4gye + 2five
and 30gye + 206ve.

34ﬁve

Lzzﬁve
11
100

g

(b) Follow the same steps as in the base-ten algorithm, but remember that the base-five
digits are 0, 1, 2, 3, and 4 and that regrouping (carrying) involves groups of 5 rather
than groups of 10.
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Step 1
1
34 OO OO0 OO oooog
wve
+22five [OI11T1] 1171717 OO
live Add the ones. There are 6 ones. Trade 1O for LTI .
Step 2
1
34five
11111
+ 22five
gy, 11 OI10 O1T1
1117 01171711 O
Add the fives. Trade [T 1] for
1111
LI
1111
11111
50 34gve + 22fye = 111ge, OF oI 0

LE 9 Connection

(a) Compute 244, + 145y with the partial sums algorithm.

(b) Explain how to compute 244, + 145, With base-five blocks and the standard
algorithm. (Use base-five blocks if you have them. It may also be possible to
subdivide cutouts of base-ten blocks.)

2 |[E

LE 10 Connection

(a) Compute 32, — 144y with the partial differences algorithm.

(b) Explain how to compute 32g,. — 14fve using take away with base-five blocks
and the standard algorithm. Use the addition table or a number line as needed.
Remember that regrouping involves 5s and not 10s.

2 [E

Next, consider the multiplication algorithm. A base-five multiplication table will be
helpful.

LE 11 Skill

Complete the base-five multiplication table.

x [0 1 2 3 4
o0 0 O 0 0
110 1 2 3 4
210 2 4 11 13
3
4
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Example 3 uses this table to compute 23gye X 14gye.

Example 3
(a) Compute 235, X 144, with the partial products algorithm.
(b) Compute 23, X 144y, with the standard algorithm.

Solution

(a) There are four partial products. Use the base-five multiplication table to compute
them. Compute 3gve X 4fives 20give X 4fives 3five X 10fve, and 20gye X 10gve. Then add
the four partial products.

23five

X l4'five
22five
13 Ofive
3 Ofive
200five
43 2five

(b) Follow the same steps as in the standard base-ten algorithm. Refer to the base-five
multiplication table to obtain the basic facts. First multiply 4gye X 3gve, Which the
table says is 22gy.. Put down the 2 and carry the 2.

2
23five
X 14five
2five

Then 4gve X 2five = 13five, and 13gve + 2five = 205ye

2
23five
X l4'five
202five

Next, compute 10gye X 235y and add the partial products.

23five
X 14ve
202
230
43 2five [ |

LE 12 Connection
(a) Compute 44, X 224, with the partial products algorithm.
(b) Compute 44, X 224, with the standard algorithm.

Long division in base five can be done with a long-division algorithm analogous to
the base-ten algorithm.
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I

Example 4
(a) Compute 14424, + 44 With the repeated subtraction algorithm.
(b) Compute 14424, + 4gve With the standard products algorithm.

Solution

(a) Use the multiplication table as needed. Repeatedly subtract off the largest group of
4 that you can find. For example, you might subtract off 200 sets of 4. The rest of a
possible solution is shown below.

4fivej 144'2five

1300 2005 (X 4)
142
@ 20ﬁve (X 4)
12
i 1five (X 4)
3 221ﬁve

14425ve = 4fve = 2215veR35ve

(b) Using long division, follow the same steps as in base ten. First, how many times can
4fve g0 into 14,7 Two times. (You can refer to the base-five multiplication table.)
2five X 4ive = 13gve. Subtract this from 144y, and bring down the next digit in the
next dividend.

2
41“1vej 1 4'4'2'five
13
14

Next, divide 4. into 14qy.. It goes in 2 times, as it did before. Continuing the algo-
rithm in this manner yields the following results.

221 five R3five
41“1vej 1 442five
13
14
13
12
4

3 |

LE 13 Connection
(a) Compute 13435, + 3pye With the repeated subtraction algorithm.
(b) Compute 1343g,c + 3fye With the standard algorithm.

The homework exercises include problems involving alternative algorithms in other
bases.

LE 14 Summary

How did studying other bases help you understand base ten better? What is similar
about base ten and base five? What is different?
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. Answers to Selected Lesson Exercises

2.0,1,2,3,4
3.3(8) + 2 = 26

4. 4(64) + 2(8) + 6 = 278
5.2(125) + 1(25) + 3(5) + 4 = 294

6. (a) Two nickels and two pennies
(b) Three quarters, one nickel, and three pennies

7. (a) 302 = (2 X 125) + (2 X 25) + 2, or 22024ve
(b) 302 = (4 X 64) + (5 X 8) + 6, 0or 456451

8. ()0, 1,2,3,4,10, 11, 12, 13, 14, 20
®OFyTol1] 2] 3] 4

ol o1 | 2] 3| 4

30 4|10

2
3 4 10 11
4 10 11 12

w0
w0

10 11 12 13

9. (a) 24five
+ 14five

13

30
43five

(b) Step 1 Show 244, as 2 fives and 4 ones and
144y as one five and four ones.
Step 2 Add the ones.
4 ones + 4 ones = 8 ones.
Regroup 8 ones as 1 five 3 ones.

(Continued in the next column)

. 3.8 Homework Exercises

Step 3  Add the fives.
2 fives + 1 five + 1 five = 4 fives
The sum is 4 fives 3 ones = 434,
24ﬁve+ 14ﬁve = 43ﬁve

10. (a) 32,
— 14five

20

-2
lsfive

(b) Step 1  Show 324, as 3 fives and 2 ones. Can

you take away 4 ones?

Step 2 Regroup 1 five as 5 ones.
Subtract the ones.
124ve Ones — 4 ones = 3 ones.

Step 3  Subtract the fives.
2 fives — 1 five = 1 five
The difference is 1 five 3 ones = 13gye.

11.

X |0 1 2 3 4
0|0 0 0 0 0
110 1 2 3 4
210 2 4 11 13
3l0 3 11 14 22
410 4 13 22 31
12. (a) 444 (b) 444
X 22five X 22five
13 143
130 143
130 2123,
1300
2123five

13. The quotient is 2444y R1gye

Basic Exercises
1. How would you group
XXXXXXXXXXXX

in each of the following bases?
(a) Base eight (b) Base five

2. How many different digits are needed for base twelve?
3. Write the first 12 counting numbers in base three.

4. What base-eight numeral follows 377ign?
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5. Convert each of the following to base ten. 15. (a) Compute 43, — 24 gy With the partial differ-
(@) 75eight (b) 4235ye ences algorithm.
(¢) 213¢ight % (b) Explain how to compute 43y — 2446 using take

away with base-five blocks and the standard

6. Which is larger, 10115y Or 72¢ign? algorithm.

7. Convert each of the following base-ten numerals to 16. (a) Compute 32, — 144y With the partial differ-
numerals in the indicated base. ences algorithm.
(a) 46 to base eight % (b) Explain how to compute 32y — 14 With
(b) 26 to base five base-five blocks and the standard algorithm.

(c) 324 to base five
17. Perform the following computations.

8. Change 36¢ign to base five. (@ 23 (b) 324

+ 34ve + 1324y
9. Consider the following problem. “How can one @) 432,
recognize a base-five numeral that is divisible by 577 + 233,

Devise a plan and solve the problem.

18. Perform the following computations.

10. How can one disting}lish even wlzole numbers from (@) 41, ®) 3124,
odd whole numbers in base eight? — 23five — 133fve
11. Write a base-five numeral represented by the (©) 432,
base-five blocks shown. (Make all possible — 1436

trades first.)
19. (a) Compute 23p,c X 14y with the partial products

algorithm.
(b) Compute 23y X 144y with the standard
algorithm.
o o O e e e
Oooo 20. (a) Compute 33y X 424y with the partial products
algorithm.
12. Write a numeral for the following set, using the base (b) Compute 33gye X 424y with the standard
indicated by the groupings. algorithm.
X XX XX XXX XX ‘ ‘ XX XXX ‘ 21. (a) Compute 1215, = 3pye With the repeated
XX XXX subtraction algorithm.
XX XXX (b) Compute 121ye + 3sve With the standard
XX XXX algorithm.
XX XXX

22. (a) Compute 324, = 4gye With the repeated
subtraction algorithm.

13. (a) Compute 13g,e + 224, with the partial sums (b) Compute 324y + 4gye With the standard

algorithm. .
. . algorithm.

@ (b) Explain how to compute 13, + 224, With base-

five blocks and the standard algorithm. 23. Perform the following computations.

(a) 34'five (b) 412ﬁve

14. (a) Compute 315, + 235y With the partial sums X 234ive X 32150

algorithm.
@ (b) Explain how to compute 31gye + 235, With base- 24, Perform the following computations.

five blocks and the standard algorithm. (a) 213ave ~ 4five (b) 4123xve =+ 3five



25. Complete the following base-eight addition and
multiplication tables.

012345¢67 X

ok WO~ |+

26. Perform the following computations.

326ight 132'eight
(a) + 66eight (b) - 66eight
24
eight
© 35eight

27. Perform the following computations.
(a) 124eight - 4eighl (b) 756eighl - 3eight

28. Fill in the missing digits.
(a) l 3 __eight (b) 2 O ____ five

+ 2 — 4eion — 102 24
_ 2 1eighl 771 3five

Extension Exercises

29. Computers use base two because it contains two
digits, 0 and 1, that correspond to electronic
switches in the computer being off or on. For
example,

Base-Two Place Value

Eights Fours Twos Ones
23 22 2! 1
1 0 1
So 101y = 5.

(a) Write 1101y, as a base-ten numeral.
(b) Write 17 as a base-two numeral.
(©) 1011y + 11y = (base two).

30. (a) Construct addition and multiplication tables for
base two.
Use your tables to compute the following.
(b) 11014 + 1014y () 110140 X 10140
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31.

32.

33.

34.

35.

36.

Computers sometimes take numbers in base eight or

sixteen rather than base ten, because they are easier

to convert to base two. Can you figure out why?

(a) Convert 555 to base two.

(b) Describe an easier way for you or a computer
to do part (a). (Hint: Work with each digit
separately.)

(c) Use the shortcut from part (b) to convert 642gy
to base two.

In base sixteen (hexadecimal), the digits are 0

through 9 and A, B, C, D, E, and F for 10 through 15.

(a) Convert BOgixieen to base ten.

(b) Convert B6gjxcen to base two.

(c) How can a computer convert Bbgixeen to base two
without first converting it to base ten?

In base twelve, the duodecimal system, one uses
12 digits: 0, 1,2, 3,4,5,6,7,8,9, T, and E (T and
E represent ten and eleven).

(a) Convert E6yelve to base ten.

(b) Convert 80 to base twelve.

Pencils are often packed by the dozen or by the gross

(144).

(a) Inventory shows that a college bookstore has
3 gross, 2 dozen, and 8 pencils. How many
pencils does the store have?

(b) Write a mathematics problem involving bases
that is equivalent to the problem in part (a).

Consider the following problem. “An inspector
wants to check the accuracy of a scale in weighing
any whole-number amount from 1 to 15 pounds.
Find the smallest number of weights the inspector
needs, and tell how heavy each of these weights is.”
(a) What amounts must the inspector be able to weigh?
(b) Devise a plan and solve the problem.

(c) Make up a similar problem.

A magician asks a volunteer to think of a number
from 1 to 15. The magician then shows the following
four cards and asks the volunteer which cards con-
tain the volunteer’s number.

1 3 2 3 4 5 8 9
5 7 6 7 6 7 10 11
9 11 10 11 12 13 12 13
13 15 14 15 14 15 14 15

(Continued on the next page)
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By adding the numbers in the upper-left corner of
the selected cards, the magician finds the secret
number.
(a) Pick a number from 1 to 15 and show that the
trick works.
% (b) Explain how the trick works, using base-two
place value.

37. Devise a number system using the symbols A, B, C,
and 0.
(a) What do A, B, and C represent?
(b) How would you count to 10 in your system?
(c) How would you represent 50 in your system?

38. Consider the following problem. “If 37jgne = 133,

what base is b7
(a) Devise a plan and solve the problem.
(b) Make up a similar problem.

39. A seventh grader says that other bases have a rule
similar to the one where you can put a zero at the

I Chapter 3 Summary

end of a base-ten number when you multiply it
by 10. He says that if you are in base five and
multiply by 5 (or 10gye), you put a zero at the end
of the number.

(a) Is this right?

(b) Does it work in any other bases?

40. For what bases a and b would 12, = 22,7

Project

41. Businesses that use the ZIP + 4 (nine-digit) bar
code on postage-paid reply envelopes use the binary
system. The tall bars represent 1s and the short bars
represent Os. The first and last bars are used to mark
the beginning and end. Each group of five bars
besides the first and last represents a digit. The last
group before the end bar is a check digit that is not
part of the zip code. The five-bar codes are not the
binary equivalents of the digits. Find some postage-
paid reply envelopes and try to figure out what
five-bar code is used for each digit in a zip code.
For example, Il ill represents 1.

Our Hindu-Arabic numeration system took a long time
to develop. By contrasting the Hindu-Arabic system with
older systems such as ancient Egyptian and Babylonian
numeration, one gains a greater appreciation of the time
it took to develop a base-ten place-value system that has
a symbol for zero. Students today study place value with
concrete materials such as the base-ten blocks and the
abacus.

To know when to add, subtract, multiply, or divide
in everyday life, one must recognize common applica-
tion categories for each operation. Although educators
do not agree on the exact number or names of the cate-
gories, it is clear that each operation has anywhere from
two to seven different classifications. These categories
can be illustrated with pictures or objects.

Whole-number operations possess properties that
simplify certain computations as well as memorization
of the addition and multiplication tables. Addition and
multiplication are commutative and associative, and the
distributive property holds for multiplication over addi-
tion and multiplication over subtraction. The whole

numbers also possess identity elements: 0 for addition
and 1 for multiplication.

Algorithms are faster and more efficient methods for
paper-and-pencil computation involving larger numbers.
Elementary-school students learn an efficient algorithm
for each operation. There are alternative algorithms for
children who have trouble learning the standard ones.
Manipulatives such as base-ten blocks clarify the steps in
the algorithms. The addition and multiplication algo-
rithms are based on the commutative, associative, and
distributive properties.

Adults frequently use mental computation and esti-
mation. The elementary-school curriculum now devotes
more time to teaching children about whole-number
computations that are especially easy to compute men-
tally. Students also learn how to estimate with rounding,
compatible numbers, and front-end strategies.

One can develop a deeper understanding of place
value and algorithms for the four operations by studying
other bases. Computers are well suited to base two, with
its two digits that can correspond to “on” and “off.”
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To review Chapter 3, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

3.1 Numeration Systems 98

History of numeration systems 99
Base 99

Place value 100

Expanded form 103

Models for place value 104
Counts and measures 105
Rounding 106

3.2 Addition and Subtraction of Whole
Numbers 111

Addition definition 112

Addends and sum 112

Closure property of addition of whole
numbers 112

Classifying addition applications 113

Single-digit addition 114

Subtraction definition 115

Difference 115

Classifying subtraction applications 116

Single-digit subtraction 117

3.3 Multiplication and Division of Whole
Numbers 122

Multiplication definition 123

Factors and product 123

Closure property of multiplication of whole
numbers 124

Classifying multiplication applications 124

Division definition 126

Dividend, divisor, and quotient 126

Connections among the four operations 126

Division algorithm 127

Classifying division applications 127

Division by zero 130

Working backward 131

Order of operations 131

3.4 Properties of Whole-Number
Operations 139

Commutative and associative properties 140
Identity property 142

Distributive property 143

Basic multiplication facts 144

Basic division facts 146

3.5 Algorithms for Whole-Number Addition
and Subtraction 150

Addition algorithms 151

Partial sums algorithm 151

Subtraction algorithms 155

Partial differences algorithm 155
Common error patterns in algorithms 156

3.6 Algorithms for Whole-Number
Multiplication and Division 161

Multiplication algorithms 162

Partial products algorithm 162

Square grid diagram for multiplication 163
Division algorithms 164

Repeated subtraction algorithm 164
Common error patterns in algorithms 166

3.7 Whole Numbers: Mental Computation
and Estimation 170

Mental addition 171
Breaking apart 171
Mental subtraction 171
Mental multiplication 172
Rounding strategy 173
Computible numbers 174
Front-end strategy 175

3.8 Place Value and Algorithms
in Other Bases 180

Other bases as numeration systems 181

Addition and multiplication tables 183

Expanded algorithms in base five 183

Base-five blocks 183

Standard algorithms in base five 183
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hole Numbers in Grades 1-8

The following chart shows at what grade levels selected whole-number topics typically appear in elementary- and middle-
school mathematics textbooks. Underlined numbers indicate grades in which the most time is spent on the given topic.

Topic

Typical Grade Level in Current Textbooks

Place value

Addition and subtraction concepts
Addition and subtraction facts
Addition and subtraction algorithms
Multiplication concepts

Division concepts

Multiplication and division facts
Multiplication algorithms
Division algorithms

Working backward

Order of operations

Estimation

N
[
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Review Exercises

1.

@2.

What is the total number of symbols needed to write
37 with each of the following?

(a) Tallies

(b) Late Egyptian numerals

(¢) Roman numerals

Describe the difference between a numeration
system that has place value and one that does not.

. About 130,000 people attended an outdoor concert.

If this figure has been correctly rounded to the near-
est ten thousand, the actual attendance was between
what two numbers?

. Make a drawing that shows 7 — 3 = 4 using com-

pare measures.

. In a second-grade class, 20 students have a dog,

and 12 students have a cat. How many more

students have a dog than a cat?

(a) Is this a groups or measures problem?

(b) What category is illustrated (compare, missing
part, take away)?

. “A box holds 10 plates. How many boxes does Diane

Lorenz need to hold 40 plates?”

(Continued in the next column)

%7.

(a) Is this a groups or measures problem?
(b) What category is illustrated (area, array, equal,
partition)?

Write a paragraph describing the difference between
the equal groups and partition-a-group classifications
for division.

. “Ira Reed bought 6 cans of tennis balls. Each can

contained 3 tennis balls. Since then, he has lost 2

balls. How many tennis balls does he have left?”

(a) Is this a groups or measures problem?

(b) What two operations and categories are illus-
trated in the problem (area, array, combine,
compare, counting principle, equal, missing part,
partition, take away)?

. “A man has agreed to transport 1,600 Ib of boxes. He

has already transported 600 b of them. If each box

weighs 40 1b, how many boxes does he have left to

transport?”

(a) Is this a groups or measures problem?

(b) What two operations and categories are illus-
trated in the problem (area, array, combine,
compare, counting principle, equal, missing part,
partition, take away)?



10. (a) What is 3 =+ 0?
% (b) Explain why, using multiplication or the division
category of your choice.

@ 11. Make up a word problem that illustrates the combine
measures category.

@ 12. Make up a word problem that illustrates the array
category for multiplication.

@ 13. Make up a word problem that illustrates the missing
part (group) category.

14. A man earns D dollars per hour. If he works H hours
and then spends S dollars for taxes and expenses,
how much money does he have left?

@ 15. Joy spent $30 on groceries. Then she spent half of
her remaining money on a book. She now has $8.

How much money did she start out with? Explain

how you found the answer.

16. Name the property illustrated.
(a)3+5=5+3 b)8X1=1X8=28
()8 X (6X3)=(8X6)X3

17. (a) Is whole-number division associative?
(b) If so, give an example. If not, give a
counterexample.

ﬁ 18. Find one set of whole numbers A, B, and C, in which

B # 0 and C # 0, that makes the following equation
true; then find one set that makes the equation false.

A+B)+A+C)=A+B+C

19. (a) What is an easy way to compute
(8 X 24) + (8 X 16)?
(b) What property justifies your answer to part (a)?

@ 20. A fourth grader says that (4 + 5)> = 4% + 52, Is this
correct? If not, what would you tell the student?

@ 21. Suppose you want to introduce a third grader to the
standard algorithm for computing 326 + 293.
Explain how to find the sum with base-ten blocks
following the same sequence of steps as the standard
algorithm.

22. Compute 127 + 246 with the partial sums algorithm.
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23. Two second-grade students are asked to compute
74 — 26. For each method, tell what the student
understands about subtraction.
(a) Marc says, “I counted from 26 up to 30, which
is 4, and then 44 more to 74. So the answer is
4 4+ 44 =48>
(b) Julia says, “I changed 74 — 26 to 78 — 30 = 48.”
(c) Tell how each student would compute 61 — 37
with the same method.

24. A fourth grader computes 46 X 7 as follows. “First
40 X 7 =280and 6 X 7 = 42. The answer is
280 + 42 = 322.” How would this student work out
324 X 5?

@ 25. Suppose you want to introduce a student to the

standard algorithm for computing 26 X 3. Explain
how to find the product with base-ten blocks follow-
ing the same sequence of steps as the standard
algorithm.

26. (a) Compute 312 + 14 with the repeated subtraction
algorithm.
(b) Compute 312 + 14 with the standard algorithm.
@ (c) What are the advantages and disadvantages of
each algorithm?

In Exercises 27-29, (a) complete the last example, re-
peating the error pattern in the completed examples,
(b) describe the error pattern in the first example, and
(c) write what you would tell the student about his or her
error.

REF. & 46 89

+ 79 + 37 + 74
1,511 713 o
@ £%28. 37 426 371
- 10 — 302 — 130
20 104
5 2
@ 29. 37 27 48
X 48 X 93 X 57
296 81 o
178 203
2,076 2,111

30. Compute 239 — 167 with the adding-up algorithm.

31. Compute 457 X 28 with lattice multiplication.
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32. (a) Show the steps for three different ways to
compute mentally 81 — 43.
(b) Tell whether each of your methods used breaking
apart, equal additions, or adding on.

33. You are planning a 2,270-mile trip. Your car gets
37 miles per gallon.
(a) Explain how you could mentally estimate how
much gas you will need.
(b) Is this a groups or a measures problem?
(c) Which category is illustrated (area, array, equal,
partition)?

@34. Write a sentence or two describing the difference
between the rounding strategy for multiplication and
the compatible-numbers strategy for division.

35. Convert 100 to base six.

36. (a) Compute 641gn; — 235¢i0n With the partial
differences algorithm.

% (b) Explain how to compute 641¢igh — 235¢ign With
base eight blocks and the standard algorithm.

37. (a) Compute 1324.yen + Ogeven With the repeated-
subtraction algorithm.
(b) Compute 1324¢yen + Oseven With the standard
algorithm.

Alternate Assessment—Writing a Unit Test

Create your own test for the material your class covered in Chapter 3. Try out the items
on a classmate to see if they are clearly worded and the difficulty level is appropriate. Or

you could add to your portfolio or your journal.
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4.1
4.2
4.3

4.4

Factors

Divisibility

Prime and Composite
Numbers

Common Factors and
Multiples

Written records indicate that until the Pythagoreans came along around
550 B.C., people used numbers primarily in practical applications. The
Pythagoreans believed that numbers revealed the underlying structure of
the universe, so they studied patterns of counting numbers. This was
probably the first significant work in the field of mathematics that we now
call number theory.

Number theory is useful in certain computations with fractions and in
algebra. Divisibility checks are used to verify codes on merchandise and food,
identification numbers on tickets and books, signals from compact discs and
TV transmitters, and data from space probes. Coded messages sometimes
use factors of very large numbers. People also study number theory because
number patterns fascinate them, and they enjoy the challenge of determining

whether or not the patterns apply to all whole or counting numbers.

4.1 Factors

NCTM Standards

use factors, multiples, prime factorization, and relatively prime numbers to solve
problems (6-8)

develop and evaluate mathematical arguments and proofs (pre-K-12)

communicate their mathematical thinking coherently and clearly to peers, teachers,
and others (pre-K-12)

Pythagoras (58075007 B.c., Figure 4-1, on the next page) was the charismatic leader
of a group of 300 called the Pythagoreans. One of the female Pythagoreans was Theano,
a talented student of Pythagoras, who later married him. After Pythagoras died, Theano
continued his work. The Pythagoreans observed some rather strange rules. They
(1) never ate meat or beans except after a religious sacrifice, (2) never walked on a high-
way, and (3) never let swallows sit on their roofs.

195
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They were also mathematicians. Believing that numbers were the basis of all things,
they associated numbers with ideas, just as some people today believe that 7 is lucky or
13 is unlucky. The Pythagoreans associated the number 1 with reason (a consistent
whole), 2 with opinion (two sides), 4 with justice (balanced square and product of
equals), and 5 with marriage (unity of their first odd or masculine number, 3, and the
first even or feminine number).

The Pythagoreans’ interest in numbers also led them to investigate factors. They
labeled numbers as “perfect,” “abundant,” or “deficient,” depending upon what factors
they possessed (see Exercise 25).

LE 1 Opener

Suppose 4 is a factor of x and 4 is a factor of y.

Museo Capitolino, Rome, Italy/ET Archive, London/Superstock

Figure 4-1  Pythagoras

(a) What other counting numbers are factors of x?
(b) 4 is also a factor of what other numbers related to x or y?

Definition of a Factor

As you learned in Chapter 3, the term “factor” is used in describing the parts of any mul-
tiplication problem such as 2 X 5 = 10.

2X5 = 10
T 7
Factors Product

In the equation 10 +~ 5 = 2, 5 is the divisor, and in the equation 10 +~ 2 = 5, 2 is the
divisor. So 2 and 5 are called either divisors or factors of 10. Although the word “factor”
generally refers to multiplication and “divisor” to division, factors and divisors are the
same in number theory.

LE 2 Concept

If someone asked you why 3 is a factor of 21, how would you show it with multiplication?

The formal definition of “factor” or “divisor’” uses multiplication rather than division.

Definition: Factor or Divisor

If A and B are whole numbers, with A # 0, then A is a factor or divisor of B,
written A | B, if and only if there is a whole number C such that A - C = B.

Using the definition of a factor to explain why 6 is a factor of 30 requires using a
multiplication equation. By the definition, 6 is a factor of 30 because there is a whole
number 5 such that 6 - 5 = 30.

One advantage of defining “factor” using multiplication instead of division is that a
multiplication equation is easier to work with in proofs involving factors.

LE 3 Concept

(a) Use the definition of a factor to explain why 2 is a factor of 40.
(b) If 2 is a factor of R, then there must be a whole number N such that
(Write a multiplication equation.)
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The notation 2 | 12 means “2 is a factor of 12” or “2 divides 12.” In a | b, the first
number, a, represents the divisor, or factor. Note that a | b is not a number. It is a relation
between two numbers. To symbolize that 5 is not a factor of 12, one writes 5 + 12.

LE 4 Concept

(a) Name all the factors of 12.

(b) True or false? 12 | 3.

(¢) Show the factor pairs of 12 using rectangles. The rectangles for 2 and 6 are shown

below. You can outline these rectangles on graph paper if you have it.
2
6
2
6

(d) The number 12 is divisible by (List all possibilities.)

% (e) Use the definition of a factor to explain why 8 + 12.

Theorems About Factors

Patterns they noted in the factors of particular numbers led the Pythagoreans and other
Greek mathematicians to investigate more general questions about factors. For example,
if A is a divisor of B, then A must also be a divisor of what other numbers?

In LE 5 and 6, try numerical examples and use inductive reasoning to make an edu-
cated guess regarding whether each statement is true or false. Remember that in mathe-
matics and logic, a “true” statement must always be true. If a mathematical statement is
false in even one instance, it is “false.” Give an example if you think a statement is true,
and give a counterexample if you discover a statement that is false.

S’

X % | LE 5 Reasoning

True or false? If A is a factor of an even number, then A is even.

¥ % | LE 6 Reasoning
True or false? If A | 1200, then A | 2400.

You may have guessed that the general statement in LE 6 is true. But how can you be
sure? In this same situation, the classical Greeks, whenever possible, proved their conjec-
tures using deductive reasoning or found a counterexample to disprove their conjectures.
Euclid organized and published many of the Greeks’ proofs in his work Elements.

Deductive proofs about factors usually employ the definition of a factor. The fol-
lowing exercises will help prepare you for these proofs.

LE 7 Concept
Suppose A | B. Use the definition of a factor to write an equation that includes A and B.



198

Chapter 4 Number Theory

s

.
g 2
4

Example T Prove that if A | 1,200, then A | 2,400.

Solution
In LE 6, you probably found a few different examples that worked. For example, when
A =2, then 2| 1,200 and 2 | 2,400.

To show that the statement is true for any counting number A when A | 1,200, use
the definition of a factor on the hypothesis A | 1,200.

1. A|1,200

2. A | 1,200 means that there is a whole number W such that A - W = 1,200.
3.7

4. ?

The last (fifth?) step of the proof is
5. A|2,400

Now try to work backward from the last step. If step 5 says A | 2,400, how would
we show that in step 4? By finding a whole number ? such that A - 7 = 2,400.

1. A|1,200

2. A- W= 1,200, in which W is a whole number
3.7

4. A-__ = 2,400, in which __ is a whole number
5. A|2,400

Now, how do you get from step 2 to step 4? To make A + W = 1,200 look like
A -7 = 2,400, multiply both sides by 2. This is step 3. Because we know that 2W is a
whole number, this shows that A | 2,400, because A - 2W = 2,400.

1. A|1,200

2. A- W= 1,200, in which W is a whole number

3. A-2W = 2,400

4. A2W) = 2,400, in which 2W is a whole number

5. A|2,400 [ |

The preceding proof and the one in the following exercise can be carried out as
follows.

1. Write the first (hypothesis) and last (conclusion) steps.

2. Write a multiplication equation for each factor statement to obtain step 2 and the
next-to-last step.

3. Use algebra to go from the equation(s) in step 2 to the equation in the next-to-last
step.

Try to prove the statement in the following exercise.

LE 8 Reasoning
Prove thatif A | Band A | C then A | (B + C), in which A, B, and C are whole num-
bers, with A # 0. (Hint: Start by saying A | B and A | C. Then, write two equations

that follow from these assumptions. At the end of the proof, consider what equation
will show that A | (B + C).)



D

Discussion

D

Discussion

S

l"
H

4.1 Factors 199

The statements in LE 9 and LE 10 are possible theorems about divisors. Try numeri-
cal examples to determine which of these statements might be true. Give a counterexam-
ple for any statement that is false. If you believe that a statement is true, prove that it is
true with deductive reasoning. In all statements, A, B, and C are whole numbers, with A # 0.

LE 9 Reasoning
True or false? If A | B, then A | BC.

LE 10 Reasoning
True or false? If A | BC, then A | Band A | C.

Were you able to prove the statements in LE 8 and LE 9? LE 8 is a new theorem
called the Divisibility-of-a-Sum Theorem. LE 9 is called the Divisibility-of-a-Product
Theorem. Both these theorems have the word “divisibility” in them. For counting num-
bers A and B, A is divisible by B if and only if B is a factor of A. The Divisibility-of-a-
Sum-Theorem is as follows.

The Divisibility-of-a-Sum Theorem

For any positive whole numbers A, B, and C, if A | Band A | C, then A | (B + C).

Figure 4-2 shows an example of the Divisibility-of-a-Sum Theorem. If 9 and 15 can be
arranged in arrays with 3 rows, then so can 9 + 15.

e o o e 6 o o o e 6 ¢ o o o o o
e o0 e and o o o o 6 — @ 06 06 06 0 0 0 o

e o o e 6 o o o ® 6 0 & o o o o
3|9 and 3115 — 319 + 15)
Figure 4-2

This theorem is useful in explaining why the divisibility rules in the next lesson
work. See if you can apply the theorem in the following exercise.

LE 11 Reasoning
According to the Divisibility-of-a-Sum Theorem, if 5 | 4,000 and 5 | 200, then

The Divisibility-of-a-Product Theorem is as follows.

The Divisibility-of-a-Product Theorem

A, B, and C are positive whole numbers. If A | B, then A | BC.

See whether you can apply the Divisibility-of-a-Product Theorem in the following
exercises.

LE 12 Reasoning

According to the Divisibility-of-a-Product Theorem, if A and C are positive whole
numbers, and A | 3, then
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A Game: Factor Out

LE 13 Communication

Explain how you could use the Divisibility-of-a-Product Theorem to recognize that

6](12-37).

LE 14 Skill

Factor Out is a game for two players.

1. Use the chart of numbers from 1 to 50, or copy it on a piece of paper.

2. Flip a coin to decide who goes first and marks the numbers with circles.
The second player will mark numbers with squares.

3. Players take turns picking a number and marking the number and all its factors
that have not already been marked. The game is over when all the numbers are
marked with a square or circle.

4. The winner is the player whose marked numbers have the greater sum.

1
11
21
31
41

9 10
19 20
30
40
50

@ LE 15 Summary

Tell what you learned about factors in this section. What is a factor? What
properties do factors have?

. Answers to Selected Lesson Exercises

2.3-7 = 21 (and 7 is a whole number)

3. (a) 2 is a factor of 40 because 2 - 20 = 40.

(b)2N =R

4.(a) 1,2,3,4,6,12
(©)

T TITTTT T
12

(b)

12

ns|
o
=
2]
[¢)]

T TTTTITT )
(M)
~

(Continued in the next column)

(d1,2,3,4,6,12
(e) 8 is not a factor of 12 because there is no whole
number C such that 8C = 12.

5. False forA = 3

6. True; A = 2 is an example.

7. A+ W = B, in which W is a whole number

8. 1.
2. A-D=BandA-E = C,in which D and E are

A|BandA|C

whole numbers

.A*D+A-E=B+C

(Continued on the next page)



4. A+ (D + E) =B + C,in which D + Eis a whole
number
5. A|(B+ O

9. True
1. A|B
2. AD = B, in which D is a whole number
3. A(DC) = BC, in which DC is a whole number
4. A|BC

. 4.1 Homework Exercises
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10. False;A=2,B=3,C=4
11. 5| 4200
12.A|3C

13. 6| 12, so 6 is a factor of 12 times any whole number,
such as 12 - 37.

Basic Exercises

1. (a) Name all the factors of 28.*
% (b) Use the definition of a factor to explain why 6 is
not a factor of 28.

@ 2. Use the definition of a factor to explain why 11 | 0.
3. True or false? 8 + 2.
4. True or false? 5 | 21.

5. (a) You want to arrange 20 blocks into a rectangular
shape. What are all the ways this can be done?
(Outline the rectangles on graph paper if you
have it.)

(b) What mathematical concept does part (a) illustrate?

6. Show all the factor pairs for 14 by drawing rectan-
gles or outlining rectangles on graph paper.

Decide whether the statements in Exercises 7 and 8 are
true or false. Assume that A and B are positive whole num-
bers. If a statement is true, explain why or give an exam-
ple. If it is false, explain why or give a counterexample.

7. True or false? If A | B, then B | A.
8. True or false? If 2 + B, then 4 + B.

9.1f3-A = B, then
is a factor of

is a factor of , and

10. If 2 | B, then there exists a whole number C such that

*“For more practice, go to www.cengage.com/math/sonnabend

11. The statement “If 5 | 20, then 5 | 200” is an instance
of what theorem?

12. The statement “If 5 | 20 and 5 | 40, then 5 | 60” is an
instance of what theorem?

13. According to the Divisibility-of-a-Sum Theorem, if
C is a whole number such that 8 | C and 8 | 16, then

14. (a) According to the Divisibility-of-a-Product Theo-
rem, if A and C are whole numbers, with A # 0,
and A | 8, then

(b) Does part (a) involve induction or deduction?

Extension Exercises

In Exercises 15-22, decide whether each statement is
true or false. If it is true, prove it. If it is false, give a
counterexample. Assume that A, B, C, and D are whole
numbers, with A # 0 and C # 0.

15. True or false? If 5 | B, then 10 | B.

16. True or false? 1 | B for all B. (Read the instructions
that precede Exercise 15.)

£% 17. True or false? If A | Band C | D, then AC | BD.
18. True or false? If A | B, then A | (B + 1).

19. True or false? IfA # 0, B # 0,and A | Band B | C,
then A | C. (Hint: You will have to write equations
basedon A |Band B | C.)
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20.

21.

22.

23.

24.

25.

True or false? If B and C are divisible by 2, then BC
is divisible by 2.

True or false? The product of two even whole num-
bers is even. (Hint: C is even if C = 2W for some
whole number W.)

True or false? The product of two odd whole num-
bers is odd. (Hint: C is odd if C = 2W + 1 for some
whole number W.)

Use the Divisibility-of-a-Product Theorem to show
why, for whole numbers x and y with x # 0, x | x?y?.

Prove the Divisibility-of-a-Difference Theorem.
For any positive whole numbers, A, B, and C, with
C>B,ifA|BandA|C,thenA | (C — B).

What makes a counting number perfect? According
to the Pythagoreans, a perfect number equals the
sum of all its factors that are less than itself. For
example, the factors of 6 are 1, 2, 3, and 6. All of
the factors that are less than 6—namely 1, 2, and
3—add up to 6. How perfect! For most numbers, the
sum of the corresponding set of factors is either less
than the number, as for 9, where 1 + 3 < 9 (called a
deficient number), or greater than the number, as

(Continued in the next column)

26.

for 12, where 1 + 2 + 3 + 4 + 6 > 12 (called an
abundant number). Test each of the following

numbers to see if it is perfect, deficient, or abundant.
(a) 20 (b) 28 (c) 38

Test each of the following numbers to see if it is
perfect, deficient, or abundant.
(a) 120 (b) 315 (c) 496

. Consider the following problem. “Investigate the

result of adding 1 to the product of four consecutive
whole numbers.”

Understanding the Problem
(a) Give an example of adding 1 to the product of
four consecutive whole numbers.

Devising a Plan and Carrying Out the Plan

(b) Repeat part (a) for four different consecutive
whole numbers.

(c) Propose a generalization.

Looking Back
(d) Prove your generalization using N as the first
whole number.

Technology Exercise
28.

Go to www.shodor.org/interactive/activities and try
out the activity called “Factorize.” Would you use
this activity with students in elementary school?

4.2 Divisibility

NCTM Standards
their factors (3-5)

problems (6-8)

e describe classes of numbers according to their characteristics such as the nature of
¢ use factors, multiples, prime factorization, and relatively prime numbers to solve

e develop and evaluate mathematical arguments and proofs (pre-K-12)

* recognize reasoning and proof as fundamental aspects of mathematics (pre-K-12)

LE 1 Opener

List all the divisibility rules you remember from the following: divisibility by 2, 3, 4,
5, 6,9, and 10. For example, tell if 200,000,022 is divisible by 2, 3, 4, 5, 6, 9, or 10.
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Three drugstore owners pool their resources to buy 3,456 bottles of aspirin. Can
they divide the bottles evenly among themselves?

What is a shortcut for determining if a number such as 3,456 is divisible by 3? The
shortcut can be discovered by looking at the multiples of 3.

Multiples

Do different numbers that are divisible by 3 have anything in common? Consider
0,3,6,9, 12,15, 18,21, 24,27, . ...

To study divisibility by 3, you would look at the multiples of 3, {0, 3, 6,9, 12, 15, 18,
21, 24, 27, ... }. Multiples are generated when you count by a number starting at 0. The
multiples of 3 would be written as 30,3+ 1,3-2,3+3,3 -4, or 3 times any whole number.

The formal definition of a multiple is based on the definition of a factor. A number
B is a multiple of A if and only if A is a factor of B. For example, 20 is a multiple of 5
because 5 is a factor of 20.

LE 2 Concept
List the multiples of 8.

Students sometimes confuse factors and multiples because they are closely related
ideas. Try the following.

LE 3 Concept
Fill in each blank with “factor(s)” or “multiple(s).”

(a) 7isa of 14.
(b) 30isa of 10.
(¢) 8xisa of x when x is a whole number.

(d) Every counting number has an infinite set of

Divisibility Rules for 2, 5, and 10

Is 77,846,379,820 divisible by 2, 5, or 10?7 The longer way to find out is to divide this
11-digit number by 2, 5, and then 10. There is a shorter way.

The divisibility rules for 2, 5, and 10 are all based on checking the last digit of the
number. Do you see the patterns in the last digits of each of the following sets of numbers?

Numbers divisible by 2: {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, ... }
Numbers divisible by 5: {0, 5, 10, 15, 20, 25, ...}
Numbers divisible by 10: {0, 10, 20, 30, 40, 50, . .. }

See whether you can describe the divisibility rules in the following exercise.

S’

l"

H

LE 4 Reasoning
Fill in the blanks with the divisibility rule for each number.
(a) A whole number is divisible by 2 if and only if

(b) A whole number is divisible by 5 if and only if
(¢) A whole number is divisible by 10 if and only if
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The divisibility rules for 2, 5, and 10 are as follows.

Divisibility Rules for 2, 5, and 10

* A whole number is divisible by 2 if and only if its ones digit is even (0, 2, 4, 6,
or 8).

* A whole number is divisible by 5 if and only if its ones digit is O or 5.

* A whole number is divisible by 10 if and only if its ones digit is 0.

These divisibility rules are grouped together because they all require checking the
last digit of the whole number.

LE 5 Skill
Without dividing, determine whether each number in parts (a)—(c) is divisible by 2, 5,
and/or 10.

(a) 8,479,238 (b) 1,046,890 (c) 317,425
(d) Applying the divisibility rules to answer parts (a), (b), and (c) is an example of

reasoning.
Q- D LE 6 Reasoning
Discussion Complete the number so that it is divisible by 2 but not by 5 or 10. Place one digit in
each blank.

863,1

Divisibility rules are useful in studying number theory and fractions. Later in this
chapter, divisibility rules will be used to factor a number and to test whether a number is
prime. In Chapter 6, divisibility rules will be used to simplify fractions and to find com-
mon denominators.

Divisibility Rules for 3 and 9

Do you know how to tell if a number is divisible by 3 or 9? Both divisibility rules
require adding up the digits of the number.

Numbers divisible by 3: {0, 3, 6,9, 12, 15,18, ... }
Numbers divisible by 9: {0, 9, 18, 27, 36,45, ...}
LE 7 Opener

(a) State the divisibility rules for 3 and 9, if you recall them. Use the sets just listed
to check your guesses.
(b) What is the relationship between divisibility by 3 and divisibility by 9?

The rules are as follows.

Divisibility Rules for 3 and 9

* A whole number is divisible by 3 if and only if the sum of all its digits is
divisible by 3.

* A whole number is divisible by 9 if and only if the sum of all its digits is
divisible by 9.
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These divisibility rules are grouped together because they both require computing
the sum of the digits.

LE 8 Skill

Use the divisibility rules to determine whether each number is divisible by 3 or 9.

(a) 468,172 (b) 32,094

X 5| LE 9 Reasoning
Fill in the two missing digits so that the number is divisible by 3 and 9. Place one
digit in each blank. Determine all possible answers.
10,821,7
(a) How will you know if your answers are correct?
(b) Devise a plan for solving the problem.
(¢) Solve the problem.
(d) Do you have all possible answers?

Divisibility Rule for 4

The divisibility rule for 4 is similar to the divisibility rules for 2, 5, and 10.

LE 10 Reasoning
(a) Write down two three-digit numbers not ending with two zeroes that are divisible by 4.
(b) Write down two four-digit numbers not ending with two zeroes that are divisible by 4.
(c¢) What pattern do you see in the last two digits of all the numbers you listed in
parts (a) and (b)?
(d) State a divisibility rule for 4 based on looking at the last two digits of a number.

The rule is as follows.

Divisibility Rule for 4

A whole number is divisible by 4 if and only if the last two digits form a number
divisible by 4.

Divisibility Rule for 6
The divisibility rule for 6 makes use of some of the divisibility rules in this section.

¥ %| LE 11 Reasoning

=

(a) What patterns do you see in numbers divisible by 6, such as 6, 12, 18, 24, 30,
and 36?
(b) Devise a divisibility rule for 6.

The rule is as follows.

Divisibility Rule for 6

A whole number is divisible by 6 if and only if the number is divisible by both 2 and 3.
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LE 12 Skill
Without dividing, complete the following chart.
Divisible by
Number 2 3 4 5 6 9 10
8,172 X X X
403,155
800,002
68,710

® Figure 4-3 shows the divisibility rules in a fifth-grade textbook.

( M= O s

Classroom

Comectin | Factors and Divisibility

B

How can you find all the factors
of a number?

factor of 360.

factor. The two factors are called a factor pair.

Divide each by 2.

1.36 2.82 3.175

Divide each by 3.
4,27 5.78 6.99

A circle has 360°, and 360 is the ;

smallest number that can be A number is divisible by
divided by 2, 3, 4, 5, 6, 8, 9, 10, 2 —> If the number is even.

12, 15 and 18 without a remainder! 3= mmgm;fb‘;e gﬂhe
A number is divisible by another A "’fivﬂ;ﬁggmdwﬁ are
when the quotient is a who!_e PR Iastd_lgI; is0ors.
number and the remainder is 0. 6 —> If the number is divisible
S0 360 is divisible by 2, 3, 4, 5, by BOTH 2 and 3.
6,8,9,10,12, 15 and 18. Each S—F-watf]gg;:nb;fgud@w

of these numbers is called a 07 I thelast ‘ﬁllw-

You can use the divisibility rules above to help find factors
of a number. When you know one factor of a certain number,
you can divide the number by the known factor to find another

Coampie )

.
Find all the factors of 72.
ft Try: | Isit a factor? Factor pair
1 Yes; 1 is a factor of every whole number. 1and 72
2 Yes; 72 is even. 2 and 36
3 Yes; 7 + 2 = 9, and 9 is divisible by 3. 3 and 24
4 Yes; 72 is divisible by 4. 4and 18
) No
6 Yes; 72 is divisible by both 2 and 3. 6and 12
7 No
8 Yes; 72 is divisible by 8. 8and9
. J

v

® Figure 4-3 Divisibility rules in grade 5

From Scott Foresman Addison Wesley Math Grades, Grade 5, © 2008 by Pearson Education, Inc. Used by permission. All rights reserved.
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In LE 13 and 14, do the following. (a) Try some examples, and decide whether the
statements are true or false. (b) If a statement is true, give an example that supports it. If
a statement is false, give a counterexample. (c) Draw a Venn diagram showing the rela-
tionship between the sets of numbers in each statement.

9- D LE 13 Reasoning
Discustion True or false? If a number is divisible by 2 and 4, then it is divisible by 8. (Hint: In
part (c), the numbers that are divisible by 4 are part of the set of numbers that are
divisible by 2.)
9- D LE 14 Reasoning
Discssion True or false? If a number is not divisible by 2, then it is not divisible by 4.

What Makes the Divisibility Rules Work?

Why can we tell that 3,640 is divisible by 10 just by looking at the last digit? The num-
bers of thousands, hundreds, and tens do not matter, because any number of thousands,
hundreds, or tens is divisible by 10. Only the ones digit matters!

LE 15 Opener

(a) In 3,640, the 3 represents , the 6 represents , and the 4 represents

(b) The number 3,640 has place values of 3,000, 600, 40, and 0. Is each of these
place values divisible by 10?

(¢) Then 3,000 + 600 + 40 + 0 (or 3,640) is divisible by 10 because of the

Theorem.

The following example gives a more general proof of the divisibility rule for 10.

m Example 1  Prove thatif A B C 0 is a four-digit number, then A B C Q is divisible
by 10. (A, B, and C represent the first three digits of the number.) In other words, a
four-digit number that ends in 0 is divisible by 10.

Solution

Understanding the Problem Assume that A B C 0 is a four-digit number. Show that it
must be divisible by 10.

Devising a Plan The first step is the hypothesis, and the last step is the conclusion.
Let’s estimate that it will take five steps.

1. A B C 0 s a four-digit number.

N

. A B C0is divisible by 10.

Use expanded notation and the Divisibility-of-a-Sum Theorem to work from step 1 to
step 5.
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g C

Classroom
Connection

Carrying Out the Plan

m-hum»_—u

A B C 0 is a four-digit number.

. ABCO0=1,000A + 100B + 10C

. 1,000A, 100B, and 10C are each divisible by 10.

. By the Divisibility-of-a-Sum Theorem, 1,000A + 100B + 10C is divisible by 10.
. A B C 0is divisible by 10.

Looking Back 1In a whole number ending in O, there are no ones. All other place values
(tens, hundreds, and so on) are divisible by 10 no matter what digit is in that place.
Therefore, all whole numbers ending in O are divisible by 10. |

Now it’s your turn.

LE 16 Reasoning

Prove that if a three-digit number ends in 5 or 0 (denoted A B 0 or A B 5), then the
number is divisible by 5.

LE 17 Reasoning
Fill in the steps in the proof of the divisibility rule for 3: If A B C D is a four-digit

number with A + B + C + D divisible by 3, then A B C D is divisible by 3.

(a) Write the hypothesis as step 1.

(b) Write A B C D in expanded notation as step 2. ABCD =

(c) In step 3, regroup the terms in expanded notation so that each term is d1v151ble by
3. For example, 1,000A may not be divisible by 3, but 999A is, so pull out a
999A. Fill in the blanks to complete step 3.

1,000A + 100B + 10C + D = 999A + 99B + 9C +

(d) Step 4 says that 999A, 99B, 9C, and A + B + C + D are each
(e) Step 5 says that 999A + 99B + 9C + A+ B + C + Dis
(f) Step 6 says, therefore, A B C D is divisible by 3.

LE 18 Communication

After studying the divisibility rules for 2, 3, 5, 9, and 10, a student asks why you can-
not check divisibility for 3 by checking the last digit. How would you explain this?

LE 19 Summary

What divisibility rules did you learn in this section? Discuss similarities and
differences among the divisibility rules.
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. Answers to Selected Lesson Exercises

1. 200,000,022 is divisible by 2, 3, and 6 but not 4, 5,
9, and 10.

2.0,8,16,24,32,....
3. (a) factor
(b) multiple
(c) multiple
(d) multiples
4. Answers follow the exercise.
5.(a) 2
(b)2,5,10
©5
(d) deductive

6. The last digit is 2, 4, 6, or 8. The other digit can be
any number.

7. (b) Any whole number that is divisible by 9 is also
divisible by 3.

8. (a) Neither, because the sum of the digits is 28
(b) 3, 9 because the sum of the digits is 18

9. (¢) Any two digits with a sum of 8
10. (d) Answer follows the exercise.

11. (b) Answer follows the exercise.

12. Divisible by

Number 2 3 4 5 6 9 10

8,172 X X X X X
403,155 X X X
800,002 X

68,710 X X X

13. False for 4

Divisible by 2

Divisible by 4
Divisible
by 8

14. True; 7 is an example
Not divisible
by 4

Not divisible
by 2

15. (a) 3,000; 600; 40
(b) Yes (c) Divisibility-of-a-Sum

16. 1. AB 0 and A B 5 are three-digit numbers.
2.AB5=(A-100) + (B-10) + 5and
ABO=(A-100) + (B-10)
3. (A - 100), (B - 10), and 5 are all divisible by 5.
4. (A-100) + (B-10) + 5and (A - 100) + (B - 10)
are divisible by 5.
5. AB Oand A B 5 are divisible by 5.

17. (a) A B C D is a four-digit number with
A + B + C + D divisible by 3.
(b) (A-1,000) + (B-100) + (C-10) + D
(©)A+B+C+D
(d) Divisible by 3
(e) Divisible by 3

18. Look at numbers that are divisible by 3: 3, 6, 9, 12,
15, 18, 21, 27, 30, . . . . What do you notice about the
last digit? It can be any number.
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. 4.2 Homework Exercises

Basic Exercises

1.
2.

3.

@7.

“For more practice, go to www.cengage.com/math/sonnabend

What are the multiples of 77+
X is a whole number. What are the multiples of X?

Fill in each blank with “multiple” or “factor.”*

(a)lisa of every counting number.
b)3isa___ of 12.
(c)25isa___ of5.
(d2Xisa of 8X> when X is a whole

number not equal to 0.

. Name a number that is a factor and a multiple of 15.*

. You want a group of fourth graders to place five num-

bers in the Venn diagram shown. List the numbers
you would give them and tell why you picked them.

Multiples
of 3

. You want a group of fourth graders to place five

numbers in the Venn diagram shown. List the
numbers you would give them and tell why you
picked them.

Divisible Multiples

by 6 of 5

A sixth grader writes the divisibility rule for 4 as
“A number is divisible by 4 if the last two digits are
divisible by 4.” Is this correct? If not, how could it
be improved?

. A sixth grader writes the divisibility rule for 6 as

“A number is divisible by 6 if the ones digit is
divisible by 2 and 3.” Is this correct? If not, give a
counterexample.

14.

9. Use shortcuts to test each number for divisibility by
2,3,4,5,6,9,and 10.*

(@) 7,533 (b) 1,344 (c) 410,330

10. Use shortcuts to test each number for divisibility by

2,3,4,5,6,9,and 10.*

(2) 5260  (b)8,197  (c) 345,678

11. There will be 219 students in next year’s third grade.

If the school has 9 teachers, can the school assign
each teacher the same number of students?*

12. Three sisters earn a reward of $37,500 for solving a

mathematics problem. Can they divide the money
equally?*

13. What three-digit numbers are less than 130 and

divisible by 67

What two-digit numbers greater than 80 are divisible
by 2 and 3?

15. Fill in the missing digit(s) so that each number is

divisible by the indicated number or numbers.
Determine all possible answers.
(a)41,__72 (by 3 but not by 9)

(b)826,3____(by4and5)
(©)417,2__ __ (by6and 10)
(d)7,4____ (by 3 butnot by 2 and 5)

16. Fill in the missing digit(s) so that each number is

divisible by the indicated number or numbers.
Determine all possible answers.
(a)23,5__4(by 4 and 6)

(b)546,7_ __ (by2and 5 but not by 3)
(c)124,5___ (by4and9)
(d)24,1____ (by2and3butnotby5 and 9)

% 17. Suppose you want to mail a package that requires

$1.96 in postage, using $0.25 stamps and $0.15
stamps. Is it possible to find stamps totaling the
exact amount needed? Tell why.

. A grocery store sells eggs in cartons of 6 or 12. Last
week’s inventory report says the store sold 5,002
eggs. Your job is to check the inventory figures.
What would you tell your boss?


www.cengage.com/math/sonnabend

In Exercises 19-22, do the following. (a) Tell whether
the statement is true or false. (b) If the statement is true,
tell why or give an example that supports it; if the state-
ment is false, give a counterexample. (c) Draw a Venn
diagram showing the correct relationship among the sets
of numbers in each statement.

19. True or false? If a number is divisible by 5, then it is
divisible by 10.

20. True or false? If a number is not divisible by 5, then
it is not divisible by 10.

21. True or false? If a number is divisible by 6 and 8,
then it is also divisible by 48.

22. True or false? If a number is divisible by 8 and 10,
then it is also divisible by 40. (Use inductive
reasoning.)

23.1f 15 | N, then what other counting numbers must be
factors of N?

24. If M is a multiple of 20, then M must also be a multi-
ple of what other whole numbers?

25. Fill in the blanks to complete the following proof.
A three-digit even number has the form A B C where

C=0,2,4,06, or 8. In expanded notation, the

number is .
100A, and are each divisible by 2.
Therefore, ___ is divisible by 2.

26. Prove that if A B 0 is a three-digit number, then it is
divisible by 10.

£ § 27. The number 729 can be written all of the following
ways:
93, 27%, 2X364+1, 3-243

What does each of the four expressions tell you
about 7297

ﬁ 28. The number 1,296 can be written all of the following
ways:
6%, 2X 648, 3X432, 5X259 +1

What does each of the four expressions tell you
about 1,296?
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Extension Exercises

29. Prove that if the sum of the digits of a four-digit
number A B C D is divisible by 9, then the number
itself is divisible by 9.

30. Prove that if A B C is a three-digit number and
A + B + C s divisible by 3, then A B C is divisible
by 3.

31. Prove that if A B C D is a four-digit number and C D
is divisible by 4, then A B C D is divisible by 4.

32. Consider the numbers 0, 1, 4, 8, and 64.
(a) Tell which number does not belong with the
others, and why.
(b) Give a reason why each of the other numbers
could be given as the answer to part (a).

33. (a) What is the divisibility rule for 100?

(b) A leap year must be divisible by 4. Furthermore,
if a leap year is divisible by 100, then it must also
be divisible by 400. Which of the following are
leap years?

(1) 1776 (2) 1994 (3) 1996
(4) 2000 (5) 2010

34. Devise a divisibility rule for 25.

35. Devise a divisibility rule for 15. (Hint: Look at the
divisibility rule for 6.)

36. Devise a divisibility rule for 8. (Hint: It is an exten-
sion of the divisibility rule for 4.) Tell how you
found the answer.

37. When the entire fifth grade is divided into groups of
4, there is 1 student left over. When the fifth grade is
divided into groups of 3, there are 2 students left
over. How many students could be in the fifth grade?
(Give all possible answers.)

ﬂ 38. Consider the following problem. “The ages of a
woman and her granddaughter have a surprising
property. First of all, they were born on the same day
of the year. And for the last 6 years in a row, the
grandmother’s age has been divisible by her grand-
daughter’s age! How old are they today?”’

(a) Devise a plan and solve the problem.
(b) Check your answer.
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39. (a) Choose a two-digit number and reverse the digits. 42. Find the remainder when 383388 i5 divided by
Subtract the smaller number from the larger. Is (a) 4.
the difference divisible by 9? (b) 5.
(b) Repeat part (a) with a different number.
(c) Prove that the difference will always be divisible Magic Time
by 9.

- 43. (a) Think of any three-digit number.
40. 107 — 8 is divisible by 18 (b) Write 31; ;l(;vgg twice to form a six-digit number
By " : e.g., 382, .
207 — 3% s divisible by 23. (e :
(a) Write another statement that fits this pattern, and
see if it is true.
(b) Use algebra to explain why this pattern works for

(c) Is your number divisible by 7?

(d) Is your number divisible by 11?

(e) Is your number divisible by 13?

(f) Repeat parts (a)—(e) with a new number.

a* — b? in which a and b are counting numbers (2) Whatis 7 X 11 X 132
and a > b. (h) What is 382 X 1001?
(i) Can you explain why your six-digit numbers
41. (a) Devise a divisibility rule for 4 in base eight. were divisible by 7, 11, and 13?

(b) Devise divisibility rules for 2 and 7 in base eight.

4.3 Prime and Composite Numbers

NCTM Standards

e describe classes of numbers according to their characteristics such as the nature
of their factors (3-5)

® use factors, multiples, prime factorization, and relatively prime numbers to solve
problems (6-8)

The Greeks were the first to study numbers systematically. They discovered a subset of
the whole numbers that are the building blocks of all whole numbers greater than 1.

Prime Numbers and Composite Numbers

The prime numbers are the essential components of counting numbers greater than 1.

% D LE 1 Opener

Discossion What property of a counting number makes it a prime number? (Hint: Say something
about factors.)

Compare your answer to LE 1 with the first part of the following definition.
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Definitions: Prime and Composite Numbers

A counting number greater than 1 is prime if it has exactly two distinct factors: 1 and
itself. A counting number is composite if it has more than two distinct factors.

The number 11 is prime because it has exactly two factors: 1 and 11. The number 10
is composite (and not prime) because it has four factors: 1, 2, 5, and 10. A composite
number has a factor other than 1 and itself.

LE 2 Concept

(a) How many different factors does 1 have?
(b) Is 1 prime, composite, or neither?

Because 1 has only one factor, it is neither prime nor composite. The Pythagoreans,
who studied prime numbers 2,500 years ago, called 1 the unity that generates all prime
and composite numbers. The Pythagoreans studied prime and composite numbers
geometrically.

X 4| LE 3 Reasoning

In this exercise, you will draw or outline all possible rectangles using the given
number of squares. For example, with 4 squares, you could draw rectangles that
are 2 by 2, 1 by 4, and 4 by 1.

2 1
4
2 4E 1010
In parts (a)—(d), draw all possible rectangles using

(a) 2 squares.

(b) 6 squares.

(¢) 7 squares.

(d) 1 square.

(e) On the basis of your results, how is the number of different rectangles related to
whether or not the number is prime?

(f) Does part (e) involve induction or deduction?

In geometric terms, you can represent a prime number with exactly two rectangles
with counting-number dimensions. You can represent a composite number with more
than two such rectangles. (Note that 1, which is neither prime nor composite, has exactly
one rectangle with counting-number dimensions.)

LE 4 Concept

Name all prime numbers that are less than 20.

Students use prime numbers to find common denominators and to simplify frac-
tions. This will be discussed in Chapter 6.

The Prime Factor Test

It’s fairly easy to see that 2, 3, 5, 7, and 11 are primes. But how can you tell if a larger
number is prime?
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D ‘ LE 5 Opener

Discasiion How would you check to see if 367 is prime?

In the preceding exercise, one would know that 367 is prime if it were not divisible
by 2,3,4,5,...,365,366. However, it is not necessary to try all these numbers as divi-
sors. This procedure can be shortened. Consider the following questions.

g

=

LE 6 Reasoning

(a) If 2 is not a divisor of a number (such as 367), then what other numbers could not
possibly be divisors of the number?

(b) If 3 is not a divisor of a number (such as 367), then what other numbers could not
possibly be divisors of the number?

The approach of LE 6 would go as follows for 367.

2 k 367. Therefore, 4, 6, 8, 10, . . ., 366 are not divisors of 367. (The Divisibility-
of-a-Product Theorem says that 4, 6, 8, . . . cannot be divisors unless 2 is a divisor.)

3 k¥ 367. Therefore, 6, 9, 12, ..., 366 are not divisors of 367. The divisor 4 is
already eliminated.

5 ¥ 367. Therefore, 10, 15, 20, 25, . . ., 365 are not divisors of 367. The divisor 6 is
already eliminated.

7 x 367. Therefore, 14, 21, 28, 35, ..., 364 are not divisors of 367. The divisors 8,
9, and 10 are already eliminated.

What numbers do we have to check as divisors? Only primes. If they are not divi-
sors, other whole numbers greater than 1 (which are all multiples of primes) could not
be divisors either.

Do we need to check all primes less than 367? No. There’s an additional shortcut. It
results from the fact that every composite number x has a prime factor less than or equal
to Vx. Recall that Vx means the nonnegative or principal square root of x, which is a
number y = 0 such that y> = x.

We need to check only primes less than or equal to V/x. Consider 360. Any larger
factor of 360, such as 180, has a smaller companion factor (in this case, 2).

360 = 180 - 2
=120-3
=90-4
=72-5
=606
=40-9
=36-10
=30-12
=24-15
=20-18

In fact, any factor larger than V360 = 19 has a companion factor smaller than V360 =
19. So if a number does not have a factor less than or equal to its square root, then it is
prime. Putting the two ideas together, one needs to check only prime numbers less than
or equal to the square root of the number.
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The Prime Factor Test

To determine if a number 7 is prime, check for prime factors p, where p = Vi
(or p* = n).

[ | Example 1 You want to determine if 367 is prime.

&7 (a) What is the minimum set of numbers you must try as divisors?
&4 (b) Use the Prime Factor Test to determine if 367 is prime.

Solution

(a) Only test primes p with p = V367 (or p2 = 367). A calculator shows that V367 =
19.2. So we need to test all prime numbers less than 19.2 as divisors. This would in-
clude 2, 3,5,7,11, 13, 17, and 19.

(b) By divisibility rules, 2 + 367, 3 + 367, and 5 + 367.

367 ~7=52R3,s07 ¥ 367
367 +~ 11 =33 R4,s0 11 & 367
367 = 13 = 28 R3,s0 13 + 367

367 ~ 17 = 21 R10,s0 17 ¥ 367
367 ~ 19 = 19 R6, s0 19 + 367

(You could also check the divisors 11, 13, 17, and 19 with a calculator.)
367 is not divisible by any prime number = V367. This means that 367 cannot
have any prime factors less than 367. Therefore, 367 is a prime number. |

D LE 7 Skill

Use the Prime Factor Test to determine if the following numbers are prime.

(a) 347 (b) 253

Discussion

Prime Factorization of Composite Numbers

Is it possible to factor any composite number using only prime numbers {2, 3, 5, 7, 11,
13, 17, 19, 23, ... }? For example, § = 2-2 -2 and 264 =2-2-2-3 - 11. In other
words, is it possible to write any composite number as a product of prime numbers?

D LE 8 Opener

(a) Select a composite number. Can you write it as a product of primes?
(b) Can you find a different set of prime factors for this same number?
(¢) Repeat parts (a) and (b) for two other composite numbers.

(d) What generalization can you make from parts (a)—(c)?

(e) Part (d) is an example of reasoning.

Discussion

The prime numbers are the building blocks for all composite numbers. After study-
ing many examples, Greek mathematicians conjectured that every composite number
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could be written as a product of a unique set of prime numbers. The prime factorization
is like a signature for each composite number. For example, 12 = 2+2 -3 = 22+ 3, and
26 =2-13.

It is customary to write the prime factors in increasing order and to use exponents as
a shorthand for repeated factors. The possibility of writing any composite number as a
unique product of prime numbers is so important that it is called the Fundamental Theo-
rem of Arithmetic. Euclid, a mathematics professor at the University of Alexandria,
proved this theorem in Book 9 of his Elements.

The Fundamental Theorem of Arithmetic

Every composite number has exactly one prime factorization.

Two methods are commonly used to find prime factorizations. Most middle-school
textbooks teach the factor-tree method. I call the other method the “prime-divisor
method.”

Exam p|€ 2 Find the prime factorization of 84 using both the factor-tree and prime-
divisor methods.

Solution

The Factor-Tree Method Start by finding any two factors (excluding 1) with a product of
84. For example, 2 and 42 could be at the end of the two branches.

84
Then continue finding factors of all 2-42
composite factors until you have a row of prime factors. £ 2/\21
2.2.3.7

The result, 2+ 2+ 3 - 7, is the prime factorization of 84. Repeated factors are usually writ-
ten with exponents.

84 =22-3-7

The Prime-Divisor Method In each step of this method, try the smallest possible prime
number as a divisor, beginning with 2. Use each prime number as a divisor as many
times as possible.

Try 2. — 2|84
It works twice. ~ —— 242
Next, try 3. — 321
7 is prime. 7

The divisors and final quotient give the prime factorization of 84.
84 =2-2-3-7 |

Try the following exercise using both methods from Example 2.
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LE 9 Skill
Find the prime factorization of 120 using both methods.

LE 10 Communication
A fifth grader finds the prime factorization of 12 as follows.

12
2.6
A

2-3

The answer is 2 - 3.

What would you tell the student to help him?

Famous Unsolved Problems

Some mathematics problems have remained unsolved for centuries. Because number
theory deals only with numbers, its unsolved problems are the simplest to describe and
the most well known. Do you want to be famous? Just solve one of these problems!

One famous unsolved problem concerns twin primes. Twin primes are any two
consecutive odd numbers, such as 3 and 5, that are prime.

LE 11 Concept

(a) Find all twin primes less than 100.

(b) Look at the number between each pair of twin primes greater than 3. What prop-
erty do all these numbers have?

(¢) Do you think there is an infinite number of twin primes?

Euclid proved that there is an infinite number of primes. Number theorists believe
that there is also an infinite number of twin primes, but no one has been able to prove it!

Another famous unsolved problem is Goldbach’s conjecture. Christian Goldbach
(1690-1764) said that every even number greater than 2 is the sum of two primes. No
one knows for sure whether this is true or false.

LE 12 Concept

Show that Goldbach’s conjecture is true for the following numbers.

(@8 (122 (c)120

LE 13 Reasoning

Goldbach’s conjecture has been checked for all even numbers up to 100 million
(using a computer), and it works! Why isn’t this a sufficient proof?

LE 14 Summary

Tell what you learned about prime and composite numbers in this section.
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. Answers to Selected Lesson Exercises

[\*}

. (@) One

w

. (¢) A prime number can be represented by exactly
two different rectangles with lengths that are
counting numbers.

(f) Induction

4.2,3,5,7,11,13,17, 19

6. (a) Multiples of 2 (b) Multiples of 3
7. (a) Yes (b) No, divisible by 11
8. (a) Yes (b) No (e) inductive

9.120=2%-3-5

. 4.3 Homework Exercises

10. Does 12 equal 2 - 3? What number did the 2 - 3 come
from in your factor tree? See if you can correct your
work.

11. (@) 3and 5,5and 7, 11 and 13, 17 and 19, 29 and
31,41 and 43, 59 and 61, 71 and 73
(b) They are all divisible by 6.

12.(a)8 =3+ 5 ®)22=11+11
(¢) 120=47 +730r7 + 113 0or 11 + 109 or
13 + 107 or 19 + 101, and so on

13. This is inductive reasoning. Some even number
greater than 100 million may turn out to be a
counterexample.

Basic Exercises

1. Classify the following numbers as prime, composite,
or neither, and draw all possible rectangles with
counting-number dimensions for each number.*

(a) 11 (b) 10 (o1

2. Classify the following numbers as prime, composite,
or neither and draw all possible rectangles with
counting-number dimensions for each number.*

(a) 14 (b) 13

3. One can often obtain a prime number by performing
the following steps. Begin with each number from
1 through 10, and see how many prime numbers you
end up with.

Step 1. Choose a counting number.

Step 2. Multiply it by the next highest counting
number.

Step 3. Add 17 to your result.

4. The formula 2" — 1 often produces prime numbers
when 7 is a counting number. In 2001, Cameron,

(Continued in the next column)

“For more practice, go to www.cengage.com/math/sonnabend

Woltman, and Kurowski used a computer to show
that 213466917 — 1 is prime.

(a) Compute 2" — 1 forn = 2,3,4,5, and 6.

(b) Which of your resulting numbers are prime?

. Many mathematicians have tried to find formulas

that produce only prime numbers. Fermat conjec-

tured that 2°° + 1 would be prime forn =0, 1, 2,

3, .. .. The resulting numbers, called Fermat

numbers, are 2 +1=3,2 +1=52"+1=

17, and so on.

(a) The first five Fermat numbers are prime. Find the
fourth Fermat number.

(b) The sixth Fermat number is a composite number
divisible by 641. Find this number, and show that
it is divisible by 641.

2 +1=3
2X3 +1=7
2X3X5+1=31
(a) Write the next two equations that continue the
pattern.
(b) The numbers 3, 7, and 31 are prime. Are the
numbers on the right sides of your equations in
part (a) prime?

(Continued on the next page)
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%7.

@8.

10.

11.

12.

16.

(c) Make a generalization based on the results of
parts (a) and (b).

(d) Does part (c) involve induction or deduction?

(e) Show that the next equation that continues the
pattern results in a composite number divisible
by a prime number between 50 and 60.

Without computing the results, explain why each of
the following problems will result in a composite
number.

(a)3 X5X7X11X13
bB)YBX4X5X6XTXE +2
()B3X4XS5X6XTXE +5

In 1978, Hugh Williams discovered the following
prime number with 317 ones: 11,111,111, ...,111.
Explain why this number is not divisible by 2, 3, or 5.

. To determine if 431 is prime, what is the minimum

set of numbers you must #ry as divisors?

To determine if 817 is prime, what is the minimum
set of numbers you must #ry as divisors?

Use the Prime Factor Test to classify the following
numbers as prime or composite.
(a) 71 (b) 697

Use the Prime Factor Test to classify the following
numbers as prime or composite.
(a) 91 (b) 577

. The following numbers are prime.

31 331 3331 33,331 333,331
3,333,331 33,333,331

(a) Write a generalization of this pattern.

(b) Does part (a) involve inductive or deductive
reasoning?

(c) Use the Prime Factor Test to classify
333,333,331 as prime or composite.

. Use the Prime Factor Test to classify 1,523 as prime

or composite.

. According to the Fundamental Theorem of Arith-

metic, every composite number has

Consider a property similar to the Fundamental
Theorem of Arithmetic. Show that every composite
number greater than 1 cannot be uniquely expressed
as a sum of prime numbers.
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17. Find the prime factorization of each number using
both methods.*
(a) 495 (b) 320

18. Write the prime factorizations of the following
numbers.*
(a) 90 (b) 3,155

19. (a) How many different divisors does 23 - 32 - 7 have?
(b) Show how to use the prime factorization to deter-
mine how many different factors 148 has.

20. (a) How many different factors does 120 have?
(b) List all the divisors of 84. Use the prime factor-
ization of 84 to confirm that your list is complete.

21. Find all twin primes between 101 and 140.

22. Triplet primes are any three consecutive odd num-
bers that are prime.
(a) Find a set of triplet primes.
(b) Why can’t there be any other sets of triplet primes?

23. Show that Goldbach’s conjecture is true for the
following numbers.

(a) 12 (b) 30 (c) 108

24, In how many ways can 28 be expressed as the sum
of two prime numbers?

Extension Exercises

ﬂ 25. Complete the following table for counting numbers

from 1 to 25. The numbers 1 through 6 have already
been placed in the appropriate columns for their
numbers of divisors.

Total Number of Divisors
for Counting Numbers

3 4 5 6 7 8 9 10
6

._.
N W | N
~

Describe any pattern you see in the numbers in any
particular column.

*For more practice, go to www.cengage.com/math/sonnabend
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26.

27.

28.

29.

(a) The number 162 = 2 - 3% First, find all the divi-
sors of 2.

(b) Next, find all the divisors of 3%,

(c) How many different divisors does 162, or 2 - 34,
have?

(d) Try the same process for 225 = 32 - 52, First, find
all divisors of 3.

(e) Next, find all divisors of 52.

(f) How many different divisors does 225, or 32.52
have?

(g) Based on your results in parts (a)—(f), if p and ¢
are prime, how many different divisors does
p™ - q" have?

Here is a way to find five consecutive composite
numbers. First, compute 2 X 3 X 4 X 5 X 6 = 720.
Then, using the Divisibility-of-a-Sum Theorem, fill
in the blanks.

(@) 2|720and 2 |2, so
(b)3|720and 3 | 3, so
(c) 4720 and
(d) Complete the pattern of parts (a), (b), and (c).

Use the method of the preceding exercise to find 10
consecutive composite numbers.

The mathematician Sophie Germain (1776—1831)
lived in a time when women were not permitted to
attend French universities. She learned advanced
mathematics by collecting lecture notes from the
professors at the Ecole Polytechnique in Paris.
Germain became fascinated with divisibility
problems such as the following.

Suppose we want x> <+ p to have a remainder of 2
for a counting number x and an odd prime p. For
example, 2° + 3 has a remainder of 2. If possible,
in parts (a)—(c), find an x such that:

(a) x> + 5 has a remainder of 2.

(b) x* + 7 has a remainder of 2.

(c) x> + 11 has a remainder of 2.

(d) What pattern do you see in the values of x?

Technology Exercise

= 30.

Some calculators such as the TI-73 find prime
factorizations of numbers. To find the prime
factorization of 18, enter the fraction % Now

press . The first prime factor 2 and a simplified

(Continued in the next column)

fraction will appear: fac =2 3. Continue pressing
until the fraction is simplified to ;. Use the
same method to find the prime factorization of
2,233.

Enrichment Topic

31.

32.

Eratosthenes, a Greek mathematician, developed the
Sieve of Eratosthenes about 2,200 years ago as a
method for finding all prime numbers less than a
given number. Follow the directions to find all prime
numbers less than or equal to 50.

1 2 3 4 5 6
7 8 9 10 11 12
13 14 15 16 17 18
19 20 21 22 23 24

37 38 39 40 41 42
43 44 45 46 47 48
49 50

(a) Copy the list of numbers.

(b) Cross out 1 because 1 is not prime.

(c) Circle 2. Count by 2s from there, and cross out
4,6,8,...,50because all these numbers are
divisible by 2 and therefore are not prime.

(d) Circle 3. Count by 3s from there, and cross out
all numbers not already crossed out because
these numbers are divisible by 3.

(e) Circle the smallest number not yet crossed out.
Count by that number, and cross out all numbers
that are not already crossed out.

(f) Repeat part (e) until there are no more numbers
to circle. The circled numbers are all the prime
numbers.

(g) List all the primes between 1 and 50.

At Hexagon High, the students play mathematical
pranks. There are exactly 400 lockers, numbered 1
to 400. One day, the 400 students filed into school
one by one. The first student opened every locker.
The second student closed every even-numbered
locker. The third student changed (opened or closed)
every third locker (3, 6, 9, . . . ). The fourth student
changed every fourth locker, and so on. After all

the students were finished, which lockers were
open?
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4.4 Common Factors and Multiples

ore than you realize.
What do you and Factors oF 1 and 2 and

T have gn endlese list o multiples!
inh common 7

10,80, 120, (cO, ...

NCTM Standards

® use factors, multiples, prime factorization, and relatively prime numbers to solve
problems (6-8)

* recognize and use connections among mathematical ideas (pre-K-12)

After studying factors and multiples of individual whole numbers, it is natural to exam-
ine the factors and multiples that two whole numbers have in common. With the excep-
tion of 0, any two whole numbers have a largest common factor and a smallest nonzero
common multiple.

The Greatest Common Factor (GCF)

You can use greatest common factors to simplify both numerical and algebraic fractions.

@ LE 1 Opener

(a) Use any method you know to find the greatest common factor of 20 and 30. If
you don’t know any methods, continue on to part (b).

(b) What are the common factors of 20 and 30?

(c¢) What is the greatest common factor of 20 and 30?

(d) Fill in the factors of 20 and 30 in the appropriate regions in the Venn diagram and
confirm your answer for the greatest common factor of 20 and 30.

Factors Factors
of 20 of 30
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The greatest common factor (GCF) of two or more counting numbers is the largest
number that is a factor of these numbers. For example, 20 and 30 have common factors
of 1,2, 5, and 10. So the greatest common factor of 20 and 30 is 10, or GCF(20, 30) =
10. Note that the definition of the greatest common factor excludes 0. The following
exercise concerns what would happen if 0 were included in the definition.

LE 2 Concept

The definition of GCF is limited to counting numbers. Suppose 0 were included in the
definition. What would the greatest common factor of 0 and any counting number be?

What follows are two methods for finding the greatest common factor: the factor-

list method and the prime-factorization method. (A third method, the Euclidean algo-
rithm, is presented later in the section.)

m Exam ple 1  Find the greatest common factor of 60 and 140.

Solution

Two methods are as follows.

The Factor-List Method The Prime-Factorization Method
1. List all factors. 1. Write the prime factorizations.
60:1,2,3,4,5,6, 10, 12, 15, 60=2-2-3-5
20, 30, 60 140=2-2-5-7
140: 1, 2,4, 5,7, 10, 14, 20, 28, (Note: Because 2, 2, and 5 are on
35,70, 140 both lists, 2 is a common factor,

2 -2 is a common factor, and
2 -5 is a common factor, but we
want the greatest common factor.)

2. List all common factors and choose 2. Find all common prime factors and
the largest one. multiply them.
1,2,4,5,10, 20 2:2-5
3. So GCF(60, 140) = 20. 3. So GCF(60, 140) = 20. |

The factor-list method is less abstract, so children can more easily understand why
it works. For this reason, it is the first method children study in school. Although both
methods work well for small numbers, the prime-factorization method is usually supe-
rior for larger numbers that have many factors.

LE 3 Skill
Compute the GCF of 546 and 234 using both methods.

@ c LE 4 Communication

E;';ﬁf-'f—tt'ﬂ?n A sixth grader works out GCF(60, 140) as follows.
60=2:2-3-5and 140 =2-2-5-7.The GCFis 5.
What would you tell the student to help her?
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When two counting numbers have no common factors other than 1, they are said to
be relatively prime. If the numerator and denominator of a fraction are relatively prime,
the fraction is in simplest form. For example, 7/10 is in simplest form because 7 and 10
are relatively prime. In general, A and B are relatively prime if and only if GCF(A, B) = 1.
For example, 7 and 10 are relatively prime because GCF(10, 7) = 1. Note that A and B
need not be prime numbers to be relatively prime.

LE 5 Skill

Which of the following pairs of numbers are relatively prime?

(a) 8and 6 (b) 8 and 25 (¢) 13 and 21

X % | LE 6 Reasoning

(a) If A and B are two different prime numbers, are A and B relatively prime? Try
some examples and make an educated guess.
(b) Your guess in part (a) is based on reasoning.

Euclidean Algorithm for Finding the GCF

Suppose you want to find the GCF of two numbers that are difficult to factor, such as
374 and 1,173. There is a third method for finding the GCF that is more efficient. Any
number that is a common factor of 374 and 1,173 is also a common factor of 374 and
1,173 — 374 = 799. If x is GCF(374, 1173), then x is also GCF(374, 799).

Continuing this way, x is GCF(374, 799 — 374), or GCF(374, 425). Then x is also
GCF(374, 425 — 374), or GCF(374, 51). This simplifies the original problem from
GCF(374, 1173) to GCF(374, 51).

Now 51 is simply the remainder after you select as many 374s as possible from
1,173. You can find 51 from 374 and 1,173 more quickly by finding the remainder of
1,173 + 374.

The method of simplifying GCF(374, 1173) with division is called the Euclidean
algorithm. Once we reach GCF(374, 51), we repeat the process on those two numbers.
Here is the method from start to finish.

| Example 2 Find GCF(374, 1173) using the Euclidean algorithm.
Solution 3
GCF(374,1173) — 374 11,173
1,122
51
7
GCF(374,51) — 511374
357
17
3
GCF(17,51) — 17151
51
0

This shows that GCF(17, 51) = 17. Therefore, GCF(374, 1173) = 17. [ |
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Try one yourself.

LE 7 Skill
Use the Euclidean algorithm to find GCF(253, 322).

The Least Common Multiple (LCM)

You can use least common multiples to find least common denominators for adding and
subtracting fractions. How do you find common multiples and least common multiples?

LE 8 Opener

(a) Use any method you know for finding the least common multiple of 8 and 10. If
you don’t know any methods, continue on to part (b).

(b) List multiples of 8 and 10, and name three common multiples of 8 and 10.

(¢) What is the least common multiple of 8 and 10?

The least common multiple (LCM) of two counting numbers is the smallest count-
ing number that is a multiple of both numbers. For example, the nonzero multiples of 10
are 10, 20, 30, 40, 50, . . ., and the nonzero multiples of 8 are 8, 16, 24, 32, 40, 48, . . ..
So the least common multiple (LCM) of 8 and 10 is 40, or LCM(8, 10) = 40. Any two
counting numbers have an infinite set of common multiples.

X % | LE 9 Reasoning

(a) Is 18 a common multiple of 3 and 6?

(b) Is 40 a common multiple of 5 and 8?

(c) On the basis of parts (a) and (b), what number would you expect to be a common
multiple of counting numbers M and N?

(d) What kind of reasoning did you use in part (c)?

(e) Use the definition of a multiple to prove that your answer to part (c) is true.

LE 9 verifies the following theorem.

Products as Common Multiples

MN is a common multiple of M and N for all counting numbers M and N.

Computing the product of two counting numbers is an easy way to find a common
multiple. However, the result may not be the least common multiple. Two methods for
finding the LCM are the multiple-list method and the prime-factorization method. Both
methods are used in the following example to find the LCM of 10 and 8.
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m Example 3 Find the LCM of 8 and 10.

bt )

Discussion

Solution
Two methods are as follows.

The Multiple-List Method

1. List the (nonzero) multiples.

8. 8,16,24,32,40,48, ...
10: 10, 20, 30, 40, 50, . ..

2. Find the first common multiple.

8,16, 32, 40,48, ...
10, 20, 30, 40, 50, . ..

3. So LCM(8, 10) = 40.

The Prime-Factorization Method

1. Write the prime factorizations.

8§=2-2-2
10=2-5

2. Multiply prime numbers (2 and 5) that appear
in either factorization. Use each prime
number the greatest number of times it
appears in either factorization. The
LCM =2-2-2-5.(Note:2+-2+-2+5
contains 2+-2-2,0or 8,and 2+ 5, or 10,
so it is a multiple of both 8 and 10.)

3. So LCM(8, 10) = 40. |

The multiple-list method is less abstract, so children can more easily understand
why it works. For this reason, it is the first method taught in school. Although both
methods work well for smaller numbers, the prime-factorization method is usually supe-

rior for larger LCMs.

LE 10 Skill

Compute the LCM of 120 and 72 using both methods.

LE 11 Skill

Compute the LCM of 62 and 80 using either method.

P An Investigation: Least Common Multiples

LE 12 Reasoning

numbers M and N?”’

(b) Devise a plan.
(¢) Solve the problem.

Consider the following problem. “When is MN the least common multiple of counting

(a) Restate the question in your own words.

LE 13 Summary

(a) What are the different methods for finding the GCF?
(b) What are the different methods for finding the LCM?
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. Answers to Selected Lesson Exercises

1. (d) Factors Factors
of 20 of 30

2. The counting number

3.78

4. The GCF is the largest number that is a factor of
both 60 and 140. What numbers besides 5 are

common factors of 60 and 140? Is 2 -+ 5 a common
factor? What is the greatest common factor?

5. (b), (¢)

. 4.4 Homework Exercises

6. (a) Yes (b) inductive
7.23
8. (¢c) 40

9. (a) Yes

(b) Yes

(¢) MN

(d) Inductive

(e) MN is a whole number times M, so it is a multi-
ple of M.
MN is a whole number times N, so it is a multiple
of N.

10. 360

11. 2,480

Basic Exercises

1. (a) Draw a Venn diagram showing the factors and
common factors of 10 and 24.
(b) What is the greatest common factor of 10 and 24?

2. (a) Draw a Venn diagram showing the factors and
common factors of 15 and 21.
(b) What is the greatest common factor of 15 and 21?

3. (a) Compute the GCF of 42 and 120 using factor lists.*
(b) Draw a Venn diagram showing the factors and
common factors of 42 and 120.
(c) Compute the GCF of 42 and 120 using prime
factorizations.

4. (a) Compute the GCF of 45 and 130 using factor lists.*
(b) Draw a Venn diagram showing the factors and
common factors of 45 and 130.
(c) Compute the GCF of 45 and 130 using prime
factorizations.

“For more practice, go to www.cengage.com/math/sonnabend

5. (a) Compute the GCF of 96 and 120 using factor
lists.*
(b) Compute the GCF of 96 and 120 using prime
factorizations.

6. (a) Compute the GCF of 56 and 104 using factor
lists.*
(b) Compute the GCF of 56 and 104 using prime
factorizations.

7. (a) Find the GCF of 4 with each of the following:
5,6,7,8,9,10, 11, and 12.
(b) Write a generalization of your results in part (a).
(c) Does part (b) involve induction or deduction?

8. Some middle-school textbooks teach the prime
divisor ladder method for finding the GCF of two
numbers. The example shows how to find the GCF
of 60 and 72 with a prime divisor ladder. You begin
with the lowest common prime factor of each
number. In this case, it would be 2. Then continue

(Continued on the next page)
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dividing by the lowest common prime factor until
there are none left.

2160 72
30 36

15 18

59

[N}

(O8]

The answer is the product of all the common prime
factors. GCF =223 =12

Use the prime divisor ladder method to find the

GCEF of each of the following pairs of numbers.
(a) 36 and 90 (b) 210 and 620

9.a=3>5-11" andb=3-5*-7-11. Why isn’t 11
the GCF?

10.a=5-7-11%and b = 23+5%-7-11. What is
GCF(a, b)?

11.a=22-3*-57 and b = 23+ 3 - 5°. What is
GCF(a, b)? (You may write your answer as a
prime factorization.)

12.a = 2-3%-73 and GCF(a, b) = 2 - 3%- 7. Give two
possible values for b.

13. Which of the following pairs of numbers are
relatively prime?
(a) 11 and 12
(c) 157 and 46

(b) 34 and 51

14. Which of the following pairs of numbers are
relatively prime?
(a) 28 and 33
(c) 108 and 333

(b) 14 and 15

15. Find the GCF for each of the following, using the
Euclidean algorithm.
(a) 627 and 665
(c) 551 and 609

(b) 851 and 2,035

16. Find the GCF for each of the following, using the
Euclidean algorithm.
(a) 583 and 795
(c) 1,705 and 527

(b) 602 and 1,330

17. (a) Name three common multiples of 10 and 12.
(b) How many common multiples do 10 and 12
have?
(c) What is the LCM of 10 and 12?

18.

19.

20.

21.

22,

23.

24.

25.
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Suppose 0 were included as a possible multiple in
the definition of the least common multiple. What
would be the LCM of any two whole numbers?

(a) Find the LCM of 20 and 32 using multiple
lists.*

(b) Find the LCM of 20 and 32 using prime
factorizations.

(a) Find the LCM of 14 and 20 using multiple
lists.*

(b) Find the LCM of 14 and 20 using prime
factorizations.

(a) Find the LCM of 36 and 40 using multiple
lists.*

(b) Find the LCM of 36 and 40 using prime
factorizations.

(a) Find the LCM of 10 and 24 using multiple
lists.*

(b) Find the LCM of 10 and 24 using prime
factorizations.

Loanne wants to lay three rows of floor tiles of dif-

ferent sizes and colors. One row will contain white

tiles, each 8 cm long. One row will contain blue

tiles, each 10 cm long. One row will contain gray

tiles, each 24 cm long.

(a) At what lengths will the tiles first line up across
all three rows?

(b) At what other lengths will the tiles line up?

s | 8 | 8 |
10 | 10
24 |

Two buses leave the terminal at 8 A.M. Bus 36 takes
60 minutes to complete its route; bus 87 takes

75 minutes. When is the next time the two buses will
arrive together at the terminal (if they are on time)?

Consider the following problem. “John has a cloth
that is 30 in. by 48 in. He wants to cut out the largest
possible squares of the same size and use all the
material. How big can the squares be?”

(a) Select a problem-solving strategy.

(b) Solve the problem.

*For additional practice, go to www.cengage.com/math/sonnabend
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

You have a balance and an unlimited supply of 3-o0z
and 5-oz weights. It is possible to weigh any whole-
number amount of ounces using these weights on
one or both sides of the balance!
(a) How would you weigh the following amounts of
a substance with the 3- and 5-oz weights?
(i) 13 0z (i) 2 oz (iii) 1 oz
(b) Find another set of weights (measured in ounces)
of two different denominations other than 1 oz
that you could use to weigh any whole-number
amount of ounces.

(a) Is 3%+ 2% a factor of 3*- 277
(b) Is 3% - 25 a factor of 3 - 272

Suppose that x and y are whole numbers.
(a) Is x*y’ a factor of x*y3?
(b) Is x>y? a factor of x*y>?

a=2-32-5-7-11,and b = 23-34-5-11.
(a) What is LCM(a, b)?
(b) What is GCF(a, b)?

a=2-7-11%andb=2%-3-72-11.
(a) What is LCM(a, b)?
(b) What is GCF(a, b)?

a=72%-5%-73,GCF(a, b) =2+-5%+7, and
LCM(a, b) = 23-32-5%- 73 Find b.

Let x, y, and z be counting numbers. Give a numerical

example or examples to support each of your answers.

(a) GCF(x, y) = x. Always true, sometimes true, or
never true?

(b) LCM(x, y) < x. Always true, sometimes true, or
never true?

(c) If LCM(x, y) = y, then GCF(x, y) = __.

In simplifying %, divide the numerator and denomi-

of 30 and 45.
(¢) Neither

nator by the
(a) LCM (b) GCF
The lowest common denominator for two fractions is
the same as the of the denominators.

(a) LCM (b) GCF (c) Neither

Find the greatest common factor of 3x?y and 6y?, in
which x and y are counting numbers.

Find three common multiples of x> and xy, in which
x and y are counting numbers.

In Exercises 37 and 38, A and B are counting numbers. If
you think a statement is true, give an example. If a state-
ment is false, give a counterexample.

37.

38.

True or false? If A and B are relatively prime, then A
is prime and B is prime.

True or false? The LCM of two different prime
numbers is their product.

Extension Exercises

39.

40.

41.

42.

You want to pack new “Fiber 'n Wood Chips” cereal
boxes standing up in a carton. The cereal boxes and
all possible cartons are 10 in. high. The cereal boxes
are 8 in. long and 3 in. wide. Which of the following
cartons could be used to pack them without any
wasted space between boxes?

(@) (b) (0)
24" 32" 30"

(Top view: All boxes are 10" high.)

Suppose that in the preceding exercise, you want to
use a box with a square base (because it would use
less material). What are the smallest possible dimen-
sions of the base?

How are GCF(a, b) and LCM(a, b) related?
(a) Select three different pairs of counting numbers
greater than 2, and fill in the table.

a | b | GCF(a,b) | LCM(a,b) | GCF(a, b) - LCM(a, b)

(b) Make a generalization based on your results in
part (a).

(a) Suppose LCM(10, x) = 120 and GCF(10, x) = 2.
Find x.
(b) LCM(15, x) = 45 and GCF(15, x) = 3. Find x.

Technology Exercise

43.

Some calculators such as the TI-73 compute the
LCM or GCF of two numbers. On the TI-73,

find LCM( on the menu. To compute
LCM(22, 40), complete the expression on the regular
screen and press enter. Find GCF(242, 792).
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The classical Greeks were the first to study patterns in
the set of counting numbers in detail, breaking down the
counting numbers greater than 1 into their basic compo-
nents. This analysis led to the study of factors (divisors)
and multiples (by reversing factor-number relationships).
The Divisibility-of-a-Sum Theorem and the Divisibility-
of-a-Product Theorem describe the relationships be-
tween factors of different numbers. These theorems can
be used with expanded notation to show how divisibility
rules work.

The crowning achievement of ancient number the-
ory was the discovery of the basic building blocks of
counting numbers greater than 1: prime numbers. All
composite numbers can be uniquely factored using
prime numbers. This result is called the Fundamental
Theorem of Arithmetic.

Study Guide

The Greeks also studied the relationship between
the factors and multiples of counting numbers. Any two
counting numbers have a greatest common factor and a
least common (nonzero) multiple. In simplifying frac-
tions, one divides the numerator and denominator by
their greatest common factor. To find the lowest common
denominator for adding or subtracting two fractions, one
can compute the least common multiple of the denomi-
nators.

Number theory continues to fascinate mathemati-
cians because it contains seemingly simple conjectures
that have remained unproved for hundreds of years. Peo-
ple have tested these conjectures for many examples, but
no one has been able to prove these statements.

To review Chapter 4, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

4.1 Factors 195

Definition of a factor 196

Proving theorems about factors 198
Divisibility-of-a-Sum Theorem 199
Divisibility-of-a-Product Theorem 199

4.2 Divisibility 202

Definition of a multiple 203

Divisibility rules for 2, 5, and 10 204
Divisibility rules for3and 9 204
Divisibility rules for4 and 6 205

What makes divisibility rules work? 207

4.3 Prime and Composite Numbers 212

Prime numbers 213

Composite numbers 213

The Prime Factor Test 213

Prime factorization of composite numbers 215
The Fundamental Theorem of Arithmetic 216
Factor-tree and prime-divisor methods 216
Famous unsolved problems 217

4.4 Common Factors and Multiples 221

Greatest common factor (GCF) 222
Factor-list method and prime-factorization method 222
Relatively prime 223
Euclidean algorithm 223
Least common multiple (LCM) 224
Multiple-list method and prime-factorization
method 225
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Number Theory in Grades 1-8

The following chart shows at what grade levels selected topics in number theory typically appear in elementary- and middle-
school mathematics textbooks. Underlined numbers indicate grades in which the most time is spent on the given topic.

Topic Typical Grade Level in Current Textbooks
Divisibility rules 5,6,7

Factors 4,5,6

Prime and composite numbers 4,5,6

Multiples 4,5,6

GCF and LCM 5,6,7

Review Exercises

@ 1. Write a paragraph describing how to construct a (@) A B

proof of a theorem about factors. ‘
2. By the definition of a multiple, N is a multiple of 8 if 15

and only if

() C D

3. Fill in the two missing digits so that the number is

divisible by 3, 5, and 10.

32,005,_2__

Determine all possible answers. 7. Write the prime factorization of 1,911.

4. (a) Use expanded notation and the Divisibility-of-a- In Exercises 8—11, assume that A, B, and C are counting
Sum Theorem to prove that if a three-digit numbers. If a statement is true, give an example that il-
numeral ends in O or 5 (A B 0 or A B 5), then lustrates it. If a statement is false, give a counterexample.
the number is divisible by 5.

(b) Each step of the proof in part (a) involves 8. True or false? If A | Band A ¥ C, then A + (B + C).
reasoning.

9. True or false? If A | B, then A | B%.

. Suppose that you want to determine if 577 is prime. ) )
Using the Prime Factor Test, what is the minimum 10. True or false? The GCF of any two different prime

set of numbers you must try as divisors? numbers is 1.

N . ..
6. Which of the following could describe set A, set B, 11. True or false? If a number is divisible by 10, then it is

set C, and set D in the next column? divisible by 20.

Mult%ples of 3 In Exercises 12 and 13, if the statement is true, prove it.
Multiples of 10 If the statement is false, give a counterexample.

Divisors of 20

Prime numbers 12. X, Y, and Z are whole numbers, with X # O and Y # 0.

Odd numbers True or false? If XY | Z, then XY | (XY + 2).
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£3 13. True or false? The LCM of any prime number and 16.a=2-5*-113,and b =23-3-5%- 112,

any composite number is their product. (a) What is GCF(a, b)?

(b) What is LCM(a, b)?
14. (a) Compute the GCF of 35 and 56 using factor lists.

(b) Draw a Venn diagram showing the factors and 17. LCM(24, x) = 168 and GCF(24, x) = 2. Find x.
common factors of 35 and 56. ) o

(c) Compute the GCF of 35 and 56 using prime 18. To simplify 700 You divide the numerator and
factorizations. denominator by , which is the of 42

and 70.
15. The numbers A and 10 are relatively prime. Give two

possible values of A. 19. Find the smallest number that is divisible by 5, 6, 7,
and 8. Explain your reasoning.

Alternate Assessment: Self-Assessment

Evaluate your work in class so far. How well do you understand the main ideas of the
course? How well have you done on homework and tests? Also rate your effort in class,
your effort outside of class, and how well you work with others in the class. Or you
could add to your portfolio, add to your journal, or write a unit test.
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Integers

5.1

5.2

5.3

232

Addition and Subtraction
of Integers

Multiplication and Division
of Integers

Properties of Integer
Operations

As far back as 200 B.c., Chinese accountants used black (negative) rods for
debts and red (positive) rods for credits. In the 7th century, the Indian mathe-
matician Brahmagupta used negative numbers to represent debts. He also
wrote rules for arithmetic with negative numbers. Around A.D. 900, the Hindus
used negative numbers to solve equations such as x + 5 = 2. In the 1500s,
the Italian Giralumo Cardano (1501-1576) gave the first detailed description
of negative numbers and their properties.

Cardano was a physician who did mathematics and astrology in his spare
time. After publishing a horoscope of the life of Jesus Christ, Cardano was
imprisoned for heresy. Despite this scandal, he was later appointed as an
astrologer to the papal court! Some sources claim that Cardano killed himself
in 1576 so that his prediction of the date of his death would be correct.

Not everyone accepted Cardano's negative numbers. René Descartes
called them "false” numbers. However, by the eighteenth century, negative
numbers were widely used.

Today, negative numbers retain their importance in accounting. If you
have $80 and spend $100, you have a net worth of —$20. People also use
negative numbers to measure temperatures, golf scores, and changes in stock
prices.

In mathematics, the set of integers results from enlarging the set of
whole numbers to create solutions for every whole-number subtraction
problem (for example, 6 — 10). The set of integers retains many properties
and patterns of whole-number operations.

In this course, negative whole numbers (negative integers) are introduced
before fractions and decimals to illustrate more clearly the connections
among different sets of numbers in elementary school. However, in
elementary-school mathematics, most fraction and decimal topics precede

most topics involving negative numbers.
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i 5.1 Addition and Subtraction of Integers

NCTM Standards

® explore numbers less than 0 by extending the number line and through familiar
applications (3-5)

* develop meaning for integers and represent and compare quantities with them (6-8)

e develop and analyze algorithms for computing with fractions, decimals, and
integers, and develop fluency in their use (6-8)

LE 1 Opener

(a) How do people use negative numbers in everyday life?
(b) What mathematical problems necessitated the development of negative numbers?

First, consider the mathematical problems. When you add or multiply any two whole
numbers, the result is a whole number. However, some whole-number subtraction prob-
lems, such as 2 — 5, do not have whole-number answers. These subtraction problems
provided the mathematical motivation for the creation of negative integers.

To compute 2 — 5 on a number line, we would start at 2 and move 5 to the left. The
whole-number line goes only 2 units to the left of 2, to reach 0. We mark units to the left
of 0 and create negative integers.

-3 -2 -1 0 1 2 3

For example, 3 is 3 units to the right of 0, and “negative 3,” written —3, is 3 units to the
left of 0. For each positive number to the right of O on a number line, there is a corre-
sponding negative number the same distance to the left of 0. The set {—1, =2, =3, ...}
is called the set of negative integers.

By combining the set of whole numbers with the set of negative integers, one
obtains the set of integers.

Definition: Integers

The union of the set of whole numbers and the set of negative integers is called the set of
integers. The set of integers is denoted by / = { ..., —3,—2,—1,0,1,2,3,... }.

The following diagram shows the relationship among the sets of whole numbers,
negative integers, and integers.

Integers

Whole Numbers

Negative Integers

Integers greater than zero are called positive integers.
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The number —35 is also “the opposite of 5.” A number and its opposite (for example,
5 and —5) are the same distance from 0, but on opposite sides.

5 units 5 units

{ N \
5 4 -3 -2 -1 0 1 2 3 4 5

The opposite of —5, written —(—5), is 5. If x is an integer, x can be positive, negative, or
zero; consequently, —x can be negative, positive, or zero. Thus, calling —x “the opposite
of x” instead of “negative x”” may be less confusing. The use of the — sign to indicate
“the opposite of ” is one of the three uses of the minus sign: as a subtraction symbol, as a
negative sign, and as an opposite sign.

The distance between 0 and an integer on the integer number line is called the
absolute value of x and written |x|. The absolute values of both 5 and —5 are 5. In symbols,

I5|=5 and |-5|=5

LE 2 Communication
Using the word “distance,” explain why |—13] = |13].

You got a 0 on\ Alell, it could have been
the exam .Yau must) (worse. T could have gette
Feel terrible. @ neqatve score.

Using numbers greater than or equal to O is sufficient for measurements such as
weight, area, and the number of raisins in a bowl of cereal. Such measurements have a
lower limit of 0. In some measurement scales, such as temperature, the scale extends
above and below 0.

Figure 5-1 illustrates common uses of negative numbers. Investors do not like nega-

tive numbers, but golfers love them!
T'm =320 for
the night. @

LEADERS

in the golf tournament
Singh -4
Woods =3
Mickelson -1
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% LE 3 Opener

Tell in words what the — sign means in

(a) atemperature of —5°C.

(b) a golf score of —4.

(¢) an account balance of —$400.

(d) achange in a stock price of —3 points.

As a measure, —5 (called “negative 5°) may represent an amount shown by a point
on a number line. It may also represent a change (decrease of 5) shown by a move of 5
to the left.

-5 -4 -3 -2 -1 0

Using a set model, —5 can be represented by 5 signed (white) counters.

00000

The number —5 could represent a debt of $5. Positive numbers such as 2 would be rep-
resented by differently colored positive counters.

®@

Many middle-school textbooks use yellow signed counters for positives and red signed
counters for negatives.

LE 4 Skill

Represent —2 in three ways: as a point on a number line, as a move on a number line,
and as a set of signed counters.

Compare and Order Integers

With whole numbers, we can only count forward from 0, or move to the right from 0 on
a number line. With integers, we can count forward or backward from 0 and move to the
right or left from 0 on a number line. A greater number is always to the right of a lesser
number on the standard integer number line. For integers m and n, m > n if and only if
m is located to the right of n on the number line.

LE 5 Concept

(a) What number is 2 units to the left of —130 on the standard number line?
(b) Order the integers 3, =7, =2, and 1 from least to greatest.

Integer arithmetic is more abstract than whole-number arithmetic. People are some-
times surprised by the answers to integer arithmetic problems. The remainder of this les-
son shows how to explain the results of integer addition and subtraction.
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Integer Addition

v m

If you are $3 in debt and you receive a bill for $2, what is your new net worth? If a foot-
ball player loses 3 yards on one play and 2 yards on the next, what is the player’s overall
yardage on the two plays? Both these questions are applications of —3 + (—2). (Note:
Any time a signed number is written after an operation symbol, parentheses are placed
around that signed number.)

The first question is best modeled by a set of signed counters. The second question
is best modeled by a number line. Example 1 shows how to compute —3 + (—2) with
signed counters or a number line.

Exam p|€ 1 Explain how to compute —3 + (—2) with
(a) signed counters.

(b) a number line.

Solution

(a) Show —3 as 3 negative counters and —2 as 2 negative counters.

OO0 0OC

Combine these counters to obtain 5 negative counters, which would represent —5.
So =3 + (=2) = —5.
(b) Go to —3. Add the second number, —2, by moving 2 units to the left from —3.

) -4 -3 2 -1 0 1
You end up at —5. So —3 + (—2) = —5. [ |

Next, consider some examples involving a positive number and a negative number.
What will happen when you add a positive counter and a negative counter? The sum is 0.
In other words, 1 positive counter cancels out 1 negative counter just as $1 cancels out a
debt of $1. These two counters form a zero pair.

The simplest addition of a positive integer and a negative integer has the form a + (—a).

@ LE 6 Communication

(a) Explain how to compute 3 + (—3) with a number line.
(b) Explain how to compute 3 + (—3) with signed counters.
(¢) The general result for a whole number a is a + (—a) =

Next, consider addition of the form a + (—b) for whole numbers a and b, in which
a > b or a < b. Suppose you reach an intersection and are unsure about whether to turn
right or left. So you turn right and drive for 2 miles. Uh oh! This can’t be the right way,
so you turn around and head 3 miles in the opposite direction. Where are you now in re-
lation to the intersection? This trip is an application of 2 + (—3).
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m Example 2

(a) Explain how to compute 2 + (—3) with a number line.
(b) Explain how to compute 2 + (—3) with signed counters.
(¢) Inadding 2 and —3, why does the answer come out negative?

Solution
(a) Go to 2. Add the second number, —3, by moving 3 to the left from 2 (Figure 5-2).
f f f f f Youend up at —1. So 2 + (—3) = —1. This process corresponds to going 2 miles to
—2 o 1 2 the right and 3 miles to the left. You end up 1 mile to the left of where you started.
Figure 5-2 (b) Represent 2 with 2 positive counters and —3 with 3 negative counters.

®®
CICXC)

Combine the counters. Form two zero pairs.

This leaves one negative counter. So 2 + (—3) =
(¢) The answer comes out negative because —3 is larger in absolute value than 2. |

@ LE 7 Communication

(a) Explain how to compute 4 + (—1) with a number line.
(b) Explain how to compute 4 + (—1) with signed counters.
(¢) Inadding 4 and —1, why does the answer come out positive?

What are the general rules for addition involving negative integers? First consider
the sum of two negative integers.

LE 8 Communication
To add two negative integers, add their absolute values and make the result

It is more difficult to express the rule for adding a positive integer and a negative
integer in words.

LE 9 Communication

To add a positive integer and a negative integer, compute the _______ of their
absolute values. The sum has the same sign as the integer with the

LE 8 and LE 9 suggest the rules for addition involving negative integers. Com-
bined with whole-number addition rules, these rules comprise the definition of integer
addition.
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Definition: Addition Involving Negative Integers

1. To add two negative integers, add their absolute values and make the result
negative.

2. To add two integers with different signs, compute the difference of their absolute
values. The sum has the same sign as the integer with the greater absolute value.
If both integers have the same absolute value, the sum is 0.

LE 10 Concept
Show how to use the definition to compute 4 + (—1).

Consider the following applications of integer addition.

LE 11 Connection

(a) In today’s mail you will receive a check for $282 and a bill for $405. Write an
integer addition equation that gives your overall gain or loss.
(b) What category of addition is this?

Although most applications fall into the set and measure categories, money does not
fit clearly into either category. Money is taught as a measurement in school, because it
measures the value of goods and services. Yet money is more easily modeled by counters
(sets) in units of dollars or cents. In this text, applications involving money will be clas-
sified as “measures/groups,” indicating that money has characteristics of both measures
and sets.

Can you write a realistic application of a given integer addition problem? You might
use temperature, money, or a journey. Try the following.

LE 12 Connection
Write an application problem that represents —10 + (—14) and give the result.

Integer Subtraction

In elementary school, a student who is learning whole-number subtraction may ask,
“What is 3 — 57” The student is asking a question that motivates the creation of negative
numbers. The four approaches in LE 13 can be used to develop subtraction. See which
of them you already know about. Then continue reading to learn about the others.

LE 13 Opener

Show how to determine the result of 3 — 5

(a) with a number line.
(b) with a temperature or money application.
(c) by adding the opposite.

Like integer addition, integer subtraction can be illustrated with a number line or
with signed counters. First consider a number line. To show 3 — 5, first go to 3. Then
move 5 to the left. You end up at —2. So 3 — 5 = —2 (Figure 5-3).

The following exercise concerns addition and subtraction on an integer number line.
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¥ % | LE 14 Reasoning

-2 -1 0 1 2 3

(a) On the standard number line, adding a positive integer is shown as a move to the
(b) On the standard number line, adding a negative integer is shown as a move to the

(¢) On the standard number line, subtracting a positive integer is shown as a move to
the .

(d) On the basis of parts (a)—(c), it would make sense for subtraction of a negative
integer to be shown as a move to the

Apply the ideas of LE 14 to three numerical examples.

@ LE 15 Communication

Explain how to compute each of the following with a number line.
@ -2-1 M®2-(3) (© —3-(2)

Using a number line, one finds that 3 — 5= -2, =2 — 1 = —=3,2 — (=3) =5,
and —3 — (—2) = —1. But there is a shorter way: the add-the-opposite rule. The rule
tells how to rewrite an integer subtraction problem as an equivalent integer addition
problem. You probably remember this rule, but do you know why it works?

The rule can be explained with money or a number line.

LE 16 Concept
Suppose you are $10 in debt.

(a) Would you rather lose $5 or gain another $5 debt?

(b) Part (a) shows that subtracting is the same as adding
(¢) —10—-5= and —10 + (—=5) =
(d) Would you rather have someone remove a $5 debt, or would you rather receive $5?
(e) Part (d) shows that subtracting is the same as adding
) —10 — (=5 = and —10+5=____

X % | LE 17 Reasoning

(a) On a number line, why is subtracting a positive number (such as 3) the same as
adding its opposite (—3)?

(b) On a number line, why is subtracting a negative number (such as —5) the same as
adding its opposite (5)?

(¢) Make a generalization based on parts (a) and (b).

The preceding two exercises suggest the add-the-opposite rule for subtracting inte-
gers, which will be our definition of integer subtraction.

Definition: Integer Subtraction

Subtracting an integer is the same as adding its opposite. If x and y are integers,
x—y=x+(—y).
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For example, —2 — (+1) = —2 + (—1) = —3. So any subtraction problem can be
rewritten as an addition problem. To compensate for changing the subtraction sign to an
addition sign, the sign of the number being subtracted must also be changed.

To perform integer arithmetic such as —2 — 1 on a calculator, you need to know
how to enter a negative number. To enter —2 into most graphing calculators, push the
negative key followed by 2. For a scientific calculator, try pushing 2 followed by

the change-of-sign key.
LE 18 Skill

Use the integer subtraction rule to compute the following. Then check your results
with a calculator.

(a) 420 — (—506)  (b) —208 — 80

The familiar categories fit applications of integer arithmetic.

LE 19 Connection
At 2 pM., the temperature was 14°C. Since then, it has dropped 38°C.

(a) Write an integer subtraction equation for this situation.

(b) What is the temperature now?

(c) Is this a groups or measures problem?

(d) What subtraction category does this illustrate (compare, missing part, take away)?

@ LE 20 Communication

A sixth grader says, “How is —2 — 6 used in everyday life? Also, I am not sure if
my answer is right.” Help the student by making up a temperature or money problem
for —2 — 6 and giving the result.

@ LE 21 Summary

Tell what you learned about modeling integer addition and subtraction with number
lines and signed counters. Give an example of how each model is used.

. Answers to Selected Lesson Exercises

2. —13 and 13 are both an equal distance (13) from O. 5.(a) —132 b)) —7T<-2<1<3

3. (a) 5 degrees below 0 (b) 4 under par 6. (a) Go to 3. To add —3, move 3 to the left.
(c) A debt of $400
(d) A decrease of $3/share

—e—+ f f f f @ @ Youendup at0.So 3 + (—3) = 0.

(Continued on the next page)



(b) Show 3 as 3 positive counters and —3 as 3 nega-
tive counters. Form three zero pairs there are no
other counters left. So 3 + (—3) = 0.

®|(®|(®
0\

7. (a) Go to 4. Then move 1 to the left.

(©0

Youendupat3.So4 + (—1) = 3.
(b) Show 4 as 4 positive counters and —1 as
1 negative counter.

®OGO®
©

Form one zero pair. This leaves 3 positive
counters. So 4 + (—1) = 3.

ﬁ@@@
O

(c) The answer comes out positive because 4 has a
larger absolute value than —1.

8. negative
9. difference; larger absolute value

10. |4| — |—1] = 3. Use the sign of the 4 so the answer
is 3.

11. (a) $282 + (—$405) = —$123
(b) See the discussion that follows the exercise.

12. (possible answer) You are $10 in debt. You receive a
bill for $14 in the mail. What is your financial stand-
ing now? $24 in debt. So —10 + (—14) = —24.
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14. (a) right (b) left (c) left (d) right

15. (a) Go to —2. Move 1 to the left. You end up at —3.
So—-2—-1=-3.

(b) Go to 2. Adding —3 would move to the left, so
subtracting —3 moves 3 to the right. You end up
at5.So02 — (—3) =5.

(c) Go to —3. Adding —2 is a move to the left, so
subtracting —2 is a move of 2 to the right. You
endupat —1.So =3 — (—2) = —1.

16. (a) No difference
(b)5; =5
(c) —15; =15
(d) No difference
(e) —=5;5
(f) =5, =5

17. (a) In subtracting a positive integer a, you move
a units to the left, and in adding —a, you move
a units to the left.
(b) In subtracting a negative integer —a, you move
a units to the right, and in adding a, you move
a units to the right.

18. (2) 926
(b) —288

19.(a) 14 — 38 = —24
(b) —24°C
(c) Measures
(d) Take away

20. The temperature is —2°F, and it falls 6°F. What is the
new temperature? —8°F. So —2 — 6 = —8.
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. 5.1 Homework Exercises

Basic Exercises
—1. Which of the following are integers?

@-4 0 ©F @

0. What is the largest negative integer?

LI={(...,-2,-1,0,1,2,...}
P=1{1,2,3,..}
N={-1-2,-3,...}
W=1{0,1,23,...}
@NUW=____
MNNP=____

2. True or false? All whole numbers are integers.
@ 3. Using the word “distance,” explain why |—5| = 5.

4. (a) For what integers x is |x| < x?
(b) For what integers x is |x| = x?
(c) For what integers x is |x| > x?

@ 5. Explain the meaning of the — sign in
(a) making —2 yards on a football play.
(b) a federal budget balance of —$140 billion
(called a deficit).
(c) an altitude of —50 ft.

6. Write an integer to represent
(a) a debt of $40. (b) a fever of 102°.
(c) aloss of 4 yards on a football play.

7. A newspaper lists the following information on
“departure from normal high temperature.”

Boston —6 Wash. D.C. +7

Explain what these numbers mean.

8. Find an example of a place where negative numbers
appear in the newspaper.

9. Represent —4 in three ways: as a point on a number
line, as a move on a number line, and as a set of
signed counters.

10. (a) Use signed counters to represent a debt of $3.
(b) Use a vertical number line to represent a temper-
ature of 4° below 0°C.

11. Give the opposite idea and the integer that
represents it.
(a) 20 seconds after liftoff (b) A loss of $3
(c) 3 floors higher

12. a < 0. Then —a is
(a) positive (b) zero (c) negative

13. (a) What number is 3 to the right of —100 on the
standard number line?
(b) Order the integers 1, —2, 5, —8 from least to
greatest.

14.
A 0B

A and B are 9 units apart. A is twice as far from 0 as
B. What are A and B? (Guess and check.)

15. What integer addition problem is shown on the
number line?

1 1 1 1 1 1
T T T T T T
€9 5 -4 -3 -2 -1 0

16. What integer addition problem is shown with the
signed counters?

@@@@@%ﬁe Sele
®®O® ®\@@®

% 17. (a) Explain how to compute —5 + 3 with a number

line.
(b) What addition category is illustrated by part (a)?
(c) Explain how to compute —5 + 3 with signed
counters.

@ 18. Explain how to compute 6 + (—2) with

(a) signed counters. (b) a number line.

19. In today’s mail, you will receive a check for $86,
a bill for $30, and a bill for $20.
(a) Write an integer addition equation that gives the
overall gain or loss.
(b) What application category is this?



20.

% 21.

@ 22,

23.

24.

25.

26.

% 27.

% 28.

*“For more practice, go to www.cengage.com/math/sonnabend

An ion contains 42 protons, each with a single

positive charge, and 44 electrons, each with a single

negative charge.

(a) What is the overall positive or negative charge
of the ion?

(b) Write an addition equation for this situation.

(c) What addition category is illustrated?

A sixth grader says that —10 is greater than —5
because 10 is greater than 5. How would you explain
the correct solution to the student?

A seventh grader says that —2 + (—3) = 5 because
a negative plus a negative makes a positive. How
would you explain the correct solution to the
student?

Compute the following without a calculator.*
(a) =54 +25 (b) 400 + (—35)
(c) =98 + (—10)

Compute the following without a calculator.*
(a) =23 + 30 (b) =8 + (—17)
(¢) 10 + (=25)

Which of the following is a correct way to say
—(—6)?

(a) “Minus minus 6”

(b) “The opposite of negative 6

(c) “Minus negative 6”

Which of the following are correct ways to say

=3 —(=2)?

(a) “Minus 3 minus negative 2”

(b) “Negative 3 minus negative 2”

(¢) “Minus 3 minus minus 2”

(d) “The difference between minus 3 and minus 2”

(e) “The difference between negative 3 and
negative 2”

Explain how to compute each of the following
with a number line.
(@) 4+ (-6 ()5 —(=2)

Explain how to compute each of the following
with a number line.

(@) —2+5 (b) =6 — (—3)

29.

30.

31.

32.

@ 33.
@ 34.

35.

36.

37.

38.
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(a) On a standard number line, subtracting 3 is the
same as moving units to the
(b) On a standard number line, adding —3 is the
same as moving units to the
(c) What conclusion is suggested by parts (a) and (b)?
(d) Make a broader generalization based upon
part (c).

(a) Taking away a debt of $10 is the same as receiv-
ing
(b) Part (a) illustrates that subtracting
same as adding

is the

Compute the following without a calculator.
Then check your result with a calculator.*
(a) =51 —22 (b) =32 — (—70)

Compute the following without a calculator.
Then check your result with a calculator.*
(a) 21 — 48 (b) 34 — (—10)

Make up a temperature or money problem for
—6 — 4, and give the result.

Make up a temperature or money problem for
4 — 8, and give the result.

Evaluate each expression if x = =2,y = 3,
and z = —5. Do not use a calculator.
@x+y—z (b)) —x—y+z
©x—(-y +z

Compute the following without a calculator.*
(a)—3—-4+2

(b) =8+ (=2) = (=5)

(©4—(—10) +(=2)

d—-5+7—-(=3)

Solve mentally. (Guess and check.)
@l+8=-6

) r—10= -2

()4 —x= -6

Solve mentally. (Guess and check.)
@9—-0=-3
b)yr+(=2)=-7

)10 —y=14


www.cengage.com/math/sonnabend
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39. Continent
North America Europe
Highest point Mt. McKinley Mt. Elbrus
Altitude 6,194 m 5,642 m
Lowest point Death Valley Caspian Sea
Altitude —86m —28m

(a) What is the difference between the highest and
lowest elevations in North America?

(b) What is the difference between the highest and
lowest elevations in Europe?

(c) What operation and category are illustrated in
parts (a) and (b) (combine, compare, missing
part, take away)?

40. Euclid was born around 360 B.C.
(a) If he lived for 50 years, when did he die?
(b) Write an integer equation for this situation.
(c) What operation and category does this illustrate?

41. Fill in the chart.
Temperature Temperature
at 8 A.M. at 6 P.M. Change
7 -10
—6 -2
5 -3
—4 -2
3 11
42. Wind-Chill Temperature (°F)
Wind Speed Actual Temperature (°F)
50°  40°  30°  20° 10° 0°
10 mph 40 28 16 4 -8
20 mph 32 18 4 —-10 -—24
30 mph 28 13 -2 —-17 =32
40 mph 26 10 -6 -22 38

(a) The temperature is 40°F, and there is a 30-mph
wind. What is the wind-chill temperature?

(b) The weather report said that the temperature is
10°F, and it feels like —25°F. What is the wind
speed?

(Continued in the next column)

(c) Use the pattern in each row to fill in the last
column of the chart.

(d) The temperature is 50°F, and the wind speed is
15 mph. Estimate the wind-chill temperature.

Extension Exercises

43. One can find the results to integer subtraction by
extending patterns in whole-number subtraction.
For example, to find 3 — 5, we work our way down
from more familiar problems in which a smaller
positive number is subtracted from 3.

3-1=2
3-2=1
3-3=0
3-4=
3-5=_

(a) Fill in the blanks, continuing the pattern.

(b) In part (a), assuming the answer decreases by 1
and using that to fill in the next blank involves

reasoning.

(c) Find the answer to 3 — (—2) by creating a simi-
lar pattern, beginning with three whole-number
subtraction examples. (Hint: Try 3 minus some
small positive numbers.)

(d) Find the result of —2 — 1 by extending a pattern
in three whole-number subtraction examples.

44. (a) Find the result of 4 — 7 by extending a pattern in
three whole-number subtraction examples.
(Hint: Start with9 — 7 or4 — 2.)
(b) Find the result of 5 — (—2) by extending a
pattern in three whole-number subtraction
examples.

45. Whole-number subtraction such as 6 — 2 = n can be
rewritten in the form n + 2 = 6 using the definition
of subtraction. The same definition can be used with

integers.

(a) Using this approach, 6 — (—2) = n is the same
as____ _andn=______.

(b) Using this approach, —3 — 2 = n is the same
as_____ _andn =

46. Use the method of the preceding exercise to com-
plete the following.
(a) Using this approach, 7 — 10 = n is the same

as__  andn=___ |
(b) Using this approach, —4 — (—5) = n is the same
as__ andn =



47.

48.

49.

50.

51.

52.

Which integers can be written as a sum of each of
the following?

(a) Two consecutive integers

(b) Three consecutive integers

The sum of two integers is 4. The difference of the
two integers is 10. What are they? (Guess and check.)

Decide whether each statement is true or false for all
integers x and y. If a statement is true, give an example
that supports it. If it is false, give a counterexample.
(a) True or false? [x — y| = |y — x].

(b) True or false? |x — y| = |x| — [y|.

If possible, find integers m and n such that
@) |m + n| < |m| + |n].
(b) [m + n| = |m| + |n|.
©) [m + n > |m| + |n|.

Fill in each of the numbers —8, —6, —4, —2, 0, 2, 4,
6, 8 in one square so that every row, column, and
diagonal has the same sum.

Fill in each of the numbers —15, —12, =9, —6, —3,
0, 3, 6, 9 in one square so that every row, column,
and diagonal has the same sum.

Technology Exercises

53.

(a) Find virtual signed counters on the Internet
(www.mattiusu.edu/nlvm is one possibility).
Use them to work out —6 +2.

(b) How do virtual signed counters compare to using
concrete materials or drawings?
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54. Some calculators have the capability of downloading
a program that shows addition and subtraction of
integers on a number line. Set the window to
MIN = —10, MAX = 10, START = 0 and
compute the following:

() =7+2 (b) =3 — 5.

Questionnaire

55. How can you increase your chance of living a longer
life? The following predictor of life expectancy is
adapted from Wallechinsky and Wallace’s People’s
Almanac #2.

(a) Start with 72, and add the integers for all applica-
ble descriptors.

* Male -3
Female +4
e Urban residence over 2,000,000 -2
Rural residence under 10,000 +2
* Job with regular heavy labor +3
Exercise five times per week +2
* Alone for each 10 years since 25 -1
Live with spouse/friend +5
* Easily angered, very aggressive -3
Easygoing, a follower +3
* Happy +1
Unhappy -2
¢ College graduate +1
Graduate degree +2
* One grandparent lived to 85 +2
All grandparents lived to 80 +6
e Parent died of stroke, heart attack before 50 —4
e Immediate family under 50 has cancer,
heart disease, diabetes —4
e Smoke > 2 packs/day -8
Smoke 1 to 2 packs -6
Smoke 1/2 to 1 pack -3
* Drink at least 1/4 bottle liquor/day -1
* 50 or more pounds overweight -8
30 to 49 pounds overweight —4
10 to 29 pounds overweight -2
* 30 to 39 years old +2
40 to 49 +3
50 to 69 +4

The number you obtain is your life expectancy.
(b) According to this scoring system, what are the

three most important factors affecting your life

expectancy, besides your current age?


www.mattiusu.edu/nlvm
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5.2 Multiplication and Division of Integers

NCTM Standards

® understand the meanings and effects of operations with fractions, decimals, and
integers (6-8)

* develop and analyze algorithms for computing with fractions, decimals, and inte-
gers, and develop fluency in their use (6-8)

e create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)

Most people rarely perform basic multiplication or division with negative numbers in
everyday applications. Such computations occur more often in solving algebraic equa-
tions. Integer multiplication and division are similar to whole-number multiplication and
division. In multiplying and dividing integers, the one new issue is whether the result is
positive or negative. This lesson shows how to explain the sign of an integer product or
quotient using patterns, applications, and definitions.

Integer Multiplication

LE 1 Opener

Classroom How would you convince a student that 3 - (—2) = —6?
Connection
The topic of integer multiplication begins with a positive times a negative such as
3+ (—2). Why would someone want to multiply 3 - (—2) in everyday life? Suppose the
temperature drops 2° per hour for 3 hours. How much does it change altogether? —6°.
This example suggests that 3+ (—2) = —6.
You can find the product of a positive and a negative with repeated addition, repeated
sets, or repeated measures.

LE 2 Concept
(a) A sixth grader knows how to change 3 - 2 into a repeated addition problem. Change
3 - (—2) into repeated addition, and compute the answer.
@ (b) Explain how to compute 3 - (—2) with repeated sets of signed counters.
(¢) Show how to compute 3 + (—2) with a number line.
(d) On the basis of these results, a positive integer times a negative integer results in
a

After establishing that a positive times a negative is a negative, students next con-
sider a negative times a positive, such as (—2) - 3. They are told that integer multiplica-
tion, like whole-number multiplication, is commutative. (Other basic properties of the
integers will be covered in the next section.)
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LE 3 Reasoning

(a) How could you use the result of the previous exercise and the commutative prop-
erty to compute (—2) - 3?7

(b) This suggests more generally that a negative integer times a positive integer
results in a

One can use the fact that a negative integer times a positive equals a negative to
establish the result of a negative integer times a negative. The next exercise shows how
to do this by extending a pattern.

LE 4 Reasoning

Suppose a student knows that a negative times a positive is a negative and wants to
use a pattern to determine what —2 + (—3) equals. Fill in the blanks, continuing the
same pattern.

(a) —2-3 = -6 Negative - positive
-2-2 =-4
—-2-1 =-2
-2-0 =0
2 (-H)=_____ Negative - negative
—2+(=2) =
—2+(=3) =

(b) On the basis of part (a), a negative integer times a negative integer results in a

It is also possible to use whole-number multiplication extending a pattern to show
that a negative times a positive is a negative (see Exercise 5).

The results of LE 2-LE 4 support the rules for multiplication involving negative inte-
gers. Each rule relates integer multiplication to whole-number multiplication. These
rules comprise the definition of integer multiplication (when combined with the rules for
whole-number multiplication).

Multiplication Rules Involving Negative Integers

If a and b are whole numbers, then For nonzero a and b, this means that

—a+(—b) = +(ab) The product of two integers with the
same sign is positive.

—a+b=a-(—b) = —(ab) The product of two integers with
different signs is negative.

Integer Division

When, in everyday life, would someone do division involving negative numbers? Sup-
pose that a town’s population drops by 400 in 5 years. What is the average population
change per year? —80 people. This problem suggests that —400 + 5 = —80. Popula-
tion, money, and temperature problems offer useful models of integer division.

Most middle-school math books determine the results of integer division by relating
it to integer multiplication. Just as whole-number division is defined as the inverse
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of whole-number multiplication, integer division is defined as the inverse of integer
multiplication.

Definition: Integer Division
If x, y, and g are integers and y # 0, then x +~ y = g ifand only ifx =y * q.

This definition enables one to determine the rules for integer division problems.

LE 5 Concept

(a) Youcanrewrite —6 ~3=__ as___ -3 = —6. What is the answer?
(b) Rewrite 6 +~ (—3) = ___ as multiplication and give the result.
(¢) Rewrite —6 + (—3) = ___ as multiplication and give the result.

(d) Would the quotient of two integers with the same sign be positive or negative?
(e) Would the quotient of two integers with different signs be positive or negative?

The following chart summarizes the rules for division of integers.

Division of Integers

The quotient of two integers with the same sign is positive.
The quotient of two integers with different signs is negative.

Using these rules, 24 +~ (—8) = —3 and —24 + (—8) = 3.

The application of division (after LE 1) modeled a negative integer divided by a
positive (temperature drops 2° per hour for 3 hours). It is more difficult to describe appli-
cations of a positive integer divided by a negative and a negative integer divided by a
negative.

LE 6 Summary

Tell what you learned about integer multiplication and division in this section. Tell
how you would justify the sign of the product in multiplication.

. Answers to Selected Lesson Exercises

2.3 (=2)=-"2+(-2)+(-2)=-6 3. (=2):3=3-(-2)=-6

(b) 3+ (—2) means 3 sets of —2.

00 QO

This makes —6. S0 3 (—2) =

(b) Negative integer

@@ 4. (a)2:4:6

(©)

(d) Negative integer

(b) positive
—6.
5.(a) —2
| (b) - (=3)=6;—2
! (© - (=3)=—6:2

(d) Positive
(e) Negative
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Basic Exercises
1. (a) Change 4 - (—3) into repeated addition, and
compute the answer.
@ (b) Explain how to compute 4 + (—3) with repeated
sets of signed counters.

(c) Show how to compute 4 + (—3) with a number line.

2. (a) Change 2 * (—4) into repeated addition, and
compute the answer.
@ (b) Explain how to compute 2 - (—4) with repeated
sets of signed counters.

(c) Show how to compute 2 - (—4) with a number line.

3. (a) If integer multiplication is commutative and we
know that a positive times a negative is a nega-
tive, what can we conclude?

(b) Part (a) illustrates _______ reasoning.

4. If 5 - (—7) = —35 and multiplication is commuta-
tive, then we also know that

5. Suppose a student knows how to multiply a nega-
tive by a positive. Fill in the blanks, continuing the
same pattern, to show the result of a negative times

a negative.
—=5-2=-10
—5.1= —5

~5:0= 0

6. Show how —2 - 4 can be solved by extending a
pattern in whole-number multiplication.
(Hint: Start with 2 - 4.)

7. Mike lost 3 pounds each week for 4 weeks.
(a) What was the total change in his weight?
(b) Write an integer equation for this situation.
(c) What application category does this illustrate?

@ 8. Write a money or temperature problem for 4 - (—5).

9. Rewrite each problem as an equivalent multiplica-
tion problem, and give the solution.
(a) =54 +(=6)=__
®)32+(—4)=___

*“For more practice, go to www.cengage.com/math/sonnabend

10. Rewrite each problem as an equivalent multiplica-
tion problem, and give the solution.
@0+ (-3)=____
b)-3-0=___

11. A furniture store lost $480,000 last year.
(a) What was the average net change per month?
(b) Write an integer equation for this situation.
(c) What application category does this illustrate
(area, array, equal, partition)?

12. A school population has been dropping 15 students
per year.
(a) How many more students were at the school
2 years ago?
(b) Write an integer equation for this situation.
(c) What application category does this illustrate
(area, array, counting principle, equal)?

13. Compute the following without a calculator.*
(@) 6-(—=9)
(®) =5-(=8)-(=2)-(=3)
(c) =24 + 8
@ (—1*

14. Compute the following without a calculator.*
(a) =5-3

(b) —42 = (—=7)
(©) =3+4+(=2)"(~6)
(@ (~1)*

15. Compute the following, using the correct rules for
order of operations.
(a) —22 -3
(b) =5 + (=4 (-2)

16. Compute the following, using the correct rules for
order of operations.
(@ =2 — (=3)°
(b) =12 +3-(=2)

17. Solve mentally. 30
(a) =5t=0 (b) y2 =4 (¢) 57 = —6

18. Solve mentally.
(@ —10+[=2 (b) —4-=—-32
(©)9(r+ 3)=—45
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19. Suppose a and b are positive and ¢ and d are nega-
tive. Determine the sign of each expression.

a— ¢C
@, =

—a —b
(b) =%
(c)ac — b

20. Evaluate each expression if x = 4,y = —8, and
z = —2. Do not use a calculator.
xX—-y
(@) —

(b)x +yz
2

©%

21. A stock changes as follows for 5 days: —2, 4, 6, 3,
—1. What is the average daily change in price?

22. One week, the daily temperatures (in °C) in a town
were —18, —13, 5, 2, —10, —8, and —7. What was
the average temperature for the week?

Extension Exercises

23. If x and y are integers and x < y, what values of x
and y would make x> < y3?

24. If x and y are integers, and x < y, what values of x
and y would make x> < y?? Devise a plan and solve
the problem.

25. Use the following five integers to fill in the blanks in
the box. You may use the same number more than

once.
—4 2 1 -8 -2

1 X X = =8
+ + X

- . — 4
+ + X

- - — 1
1 —10 4

26. If xis a member of {—3, —2, —1,0, 1,2} and yis a
member of {—6, —4, —2, 0, 2, 4}, find the largest
and smallest possible values of each of the following.

@+ Ox-y @ @F

Puzzle Time

27. Four negative twos. Using only four —2s and any
combination of arithmetic symbols, write expres-
sions equal to 1, 2, 3, ..., 9. The first one has been
done for you. Some of them are impossible.

2+ () + () (=1

i 5.3 Properties of Integer Operations

NCTM Standards

¢ use the associative and commutative properties of addition and multiplication and
the distributive property of multiplication over addition to simplify computations
with integers, fractions, and decimals (6-8)

* develop and analyze algorithms for computing with fractions, decimals, and inte-
gers, and develop fluency in their use (6-8)

Does =3:(4+:5) = —-3-4-5,ordoes =3:(4+:5) = —3:4-(—=3)-5? Why does
—5x + 2x = —3x? You can answer these questions if you understand integer properties.

First, let your mind relax. Now, let those whole-number properties you studied in
Chapter 3 re-enter your consciousness.
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LE 1 Opener
What properties does the set of whole numbers have?

Why recall these properties at this particular time? Well, wouldn’t it be wonderful if
integer arithmetic had these properties, too? It does!

Whole-Number Properties Retained!

Integer operations retain the same commutative, associative, identity, and distributive
properties as whole-number operations. The following list summarizes these properties.

Properties of Integer Operations

1. Integer addition and multiplication are closed. For any integers x and y, x + y is
a unique integer and xy is a unique integer.

2. Integer addition and multiplication are commutative. For any integers x and y,
x+y=y+xandxy = yx

3. Integer addition and multiplication are associative. For any integers x, y, and z,
x+y)+tz=x+(y+ 2 and (xy)z = x(y2).

4. The unique additive identity for integers is 0, and the unique multiplicative iden-

tity for integers is 1. For any integer x, x + 0 =0+ x=xandx-1 =1-x = x.

5. Integer multiplication is distributive over addition, and integer multiplication is
distributive over subtraction. For any integers x, y, and z, x(y + z) = xy + xz
and x(y — 2) = xy — xz.

The following exercises use these properties.

LE 2 Connection

(a) What is the easiest way to add (3 + (—5)) + 5?
(b) What property does part (a) illustrate?

LE 3 Skill

1 is an integer. According to the distributive property of multiplication over addition,
—51+2]=

What about integer subtraction and division? Are they commutative or associative?

LE 4 Skill

(a) Because 2 and 3 are integers, 2 — 3 # 3 — 2 shows that integer subtraction is not

(b) Explain why any commutative or associative property that does not hold for all
whole numbers could not possibly hold for the set of integers.
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Integers

Inverses

So far, the integers have had all the same properties as the whole numbers. Big deal, you
say? Well, it is nice to have some consistency. How would you like it if gravity stopped
working?

Something different is also nice once in a while. The integers do have one addi-
tional property for addition that the whole numbers do not have. This additional property
concerns the fact that people use integers to solve problems such as 3 + = (0 and
4 + _____ = 0. The numbers that go in the blanks are the additive inverses of 3 and 4.

Definition: Additive Inverse

The integer y is an additive inverse of the integer x if and only if x + y =y + x =0
(the additive identity).

Any integer added to its additive inverse should result in the additive identity, 0. Do
all integers have unique additive inverses that are also integers? The results of LE 5 and
LE 6 will help you decide.

LE 5 Skill

Fill in each blank with all possible answers.

(@ 3+__ =0,and + 3 = 0. Therefore, is an additive inverse of 3.

(b) —8 + =0, and + (—8) = 0. Therefore, is an additive
inverse of —8.

(c) Did each part have a unique (exactly one) answer?

LE 6 Skill
What is the additive inverse of each of the following?

(@ 7 (b) —2 (© 0

LE 5 and LE 6 should convince you that every integer has a unique additive inverse
that is an integer. This is an additional property for integers that does not work for the set
of whole numbers.

Additive Inverses for Integers

For each integer x, there is a unique integer —x such thatx + (—x) = —x + x = 0.

Closure

One reason for creating integers is to provide answers to problems such as 2 — 3. Do all
integer subtraction problems have integer answers?

LE 7 Opener

If x and y are integers, is x — y always a unique integer?
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LE 7 may have led you to the following conclusion.

The Closure Property for Integer Subtraction

Integer subtraction is closed. For any two integers x and y, x — y is a unique integer.

Common Error Patterns

¢

Classroom
Connection

-
9
4

As a teacher, you will encounter certain common errors in your students’ integer arith-
metic. The following problems will give you practice in detecting them.

In LE 8-LE 10, (a) complete the last two examples, repeating the error pattern in the
completed examples, and (b) describe the error pattern.

LE 8 Reasoning
4—6=_2_ §—11=_3  2-7=_5_
6—-—10=___ 10—12=____

LE 9 Reasoning
—6-(=5) = —30 —4+(=2) = —8 —3-(=2) = —6
S~ = 3 (-6 = ___

LE 10 Reasoning
-8+5 =13 —444=_8  —246=_-8

3+(-6)=_—_  -2+8=

£ An Investigation: Order in Subtraction

Integer subtraction is not commutative, but x — y is related to y — x for all integers x and y.

LE 11 Skill
Ifx—y=2,theny —x=____. (Hint: Try some numbers for x and y.)

LE 12 Reasoning

For integers a and b, how does a — b compare to b — a?

(a) Devise a plan.

(b) Carry out the plan.

(¢) Make a generalization based on your results.

(d) What kind of reasoning is used to make a generalization from examples in
part (c)?

LE 13 Reasoning

For what integer values of m and n does m — n = n — m?
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@ LE 14 Summary

Tell what you have learned about the properties of integer operations in this section.
Give an example of each property. Give an example of a property that does not hold

for all integers.

. Answers to Selected Lesson Exercises

2. (a) Add —5 + 5, and then add 3.
(b) Associative property of addition

3.(—5+ 21
4. (a) commutative
(b) If a rule does not apply to all whole numbers,

then it cannot apply to all integers, because every
whole number is also an integer. Whatever was a
counterexample for whole numbers is also a
counterexample for the set of integers.

5.(a) —3; —3;, -3 (b) 8;8;8 (c) Yes

6. (a) —7 (b) 2 ©0

7. Yes

. 5.3 Homework Exercises

8.(a)4;2
(b) The student computes the larger number minus
the smaller.

9. (a) —20; —18
(b) The student thinks a negative number times a
negative number is a negative number.

10. (a) —9; —10
(b) The student adds a negative number and a posi-
tive number by adding their absolute values and
placing a negative sign in front of the result.

11. -2
12. Hint: Try different numbers for a and b.

13. Whenm = n

Basic Exercises

1. (a) What integer operations are commutative?
(b) What integer operations are associative?

2. Name all the properties of whole-number operations
that you studied that also apply to the set of integers.

3. What is an easy way to multiply —5 X (7 X —8)?

4. During 3 consecutive years, a man gains 14 pounds,
loses 37 pounds, and then loses 14 pounds.
(a) Write an integer addition expression that repre-
sents his overall change.
(b) What is an easy way to add the numbers?

5. In adding a series of integers, it is often easier

to add all the negative numbers and positive

numbers separately and then add the results

together.

(a) Compute (=6 +4) + (4 + (=3)) + (=7 +5)
mentally, using this method.

(b) Compute =5 + (=2) + 6 + (=3) +8 + 7
mentally, using this method.

(c) What two properties enable you to add integers
in a different order and still obtain the same
answer?

6. What property guarantees that for an integer m,
4-(=3m)= (4 —-3)m?




7. The equation —5 + (—3) = —3 -+ (—5) illustrates the
property of

8. For an integer n, the distributive property of
multiplication over addition states that
—6n + (—3n) =

9. A seventh grader thinks that
—2:34)=-2:-3-(—2)-4
(a) What properties is she confusing?

% (b) What would you tell the student to help her?

10. How can you compute —27 + 6 using a distributive
property?

11. Give a counterexample that shows that integer
division is not associative.

12. Give a counterexample that shows that integer
subtraction is not commutative.

@ 13. (a) Explain why a person who has studied whole-
number operations would know that integer
division is not associative.
(b) The conclusion in part (a) is an example of
reasoning.

@ 14. Explain why a person who has studied whole-
number operations would know that integer
subtraction is not commutative.

15. The examples —3+1 = —3 and =51 = —5 illus-
trate that is the for

16. What is the integer identity element for addition?

17. Any number added to its additive inverse equals

% 18. What is the value of —0? Explain why.

19. What property guarantees that 6 — 12 has a unique
integer answer?

20. What does the closure property for subtraction of
integers say?
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In Exercises 21 and 22, (a) complete the last two exam-
ples, repeating the error pattern in the completed exam-
ples, and (b) write a description of the error pattern.

-8+ (-2) = 10

@21.—3“—4): 7

—2+(-3) = —6+(—1) =
R EE23- (0= —3 4—(-5=_—1
6-(-2)=____ “3-(-2)=____

23. Why might the error pattern in Exercise 21 occur?

24, Describe two errors a student might make in comput-
ing —28 — 65.

Extension Exercises

25. Consider the following problem. “For nonzero integers
a and b, how does a + b compare to b + a?”
(a) Devise a plan and solve the problem.
(b) For what integer values of a and b does
a+b=>b+a?

26. Fill in the blanks, following the rule from the com-
pleted examples.

-2— 3
—4— 5
6 —> —5
—5— __
8§ —> __
N — __
__—>—17

ﬂ 27. Suppose you did not know that —2 - 4 = —8. You
could prove that —2 - 4 = —8 using the additive in-
verse property and whole-number multiplication.
(a) Because 2 - 4 is the additive inverse of —2 - 4,

write an addition equation that shows their
relationship.
(b) How does this show that —2 +4 = —8?

28. Suppose you did not know that —2 - (—4) = 8. How
could you use the result of the preceding exercise to
prove it?

29. An even integer is any integer that can be written in
the form 2m, in which m is an integer. Show that the
product of two even integers is even.

9] 30. Show that the sum of two even integers is even.
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Chapter 5 Summary

People use negative integers to measure stock prices,
golf scores, and altitudes. Integers were also developed
as solutions to whole-number subtraction problems, such
as 2 — 3, that have no whole-number solution.

With integers, as with whole numbers, addition and
multiplication are defined, and then subtraction is de-
fined as the inverse of addition, and division is defined as
the inverse of multiplication. The results of integer arith-
metic can be illustrated with definitions, with applica-

Study Guide

tions such as temperature and money, or with models
such as a number line, or signed counters.

The set of integers retains the commutative, associa-
tive, and distributive properties of whole-number opera-
tions. Both integers and whole numbers have the same
identity elements for addition (0) and multiplication (1).
The set of integers has two important additional proper-
ties that whole numbers do not have: additive inverses
and closure for subtraction.

To review Chapter 5, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

5.1 Addition and Subtraction
of Integers 233

Models and applications of integers 235
Models and applications in integer addition 236
Models and applications in integer subtraction 238

Integers in Grades 1-8

5.2 Multiplication and Division
of Integers 246

Applications and patterns in integer multiplication 246
Definition, applications, and patterns of integer
division 247

5.3 Properties of Integer Operations 250

Properties of integer operations 251

Inverses 252

Closure properties for integer operations 252
Common error patterns 253

The following chart shows at what grade levels selected integer topics typically appear in elementary- and middle-school math-

ematics textbooks.

Topic

Typical Grade Level in Current Textbooks

Integer concepts
Adding and subtracting integers

Multiplying and dividing integers

4,5,6
5,6,7,8
. 1,8

SN
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@1.

%2.

@3.

@7.

Write a paragraph defining whole numbers and
integers and telling how these two sets of numbers
are related.

Explain how to compute 2 — 4 with
(a) a number line.
(b) signed counters.

Explain how to compute —4 — (—2) with a number
line.

. An elevator is at an altitude of —30 ft. If it goes up

20 ft, what is its new altitude?
(a) Write an integer equation for this situation.
(b) What operation and category does this illustrate?

. (a) An army that loses 300 soldiers is how much

better off than an army that loses 800 soldiers?
(b) Write an integer equation for this situation.
(c) What subtraction category does this illustrate
(compare, missing part, take away)?

. Make up a temperature or money problem for

—3 — 6 and give the result.

(a) Explain how to compute 3 - (—2) with repeated
sets of signed counters.

(b) Show how to compute 3 - (—2) with a number
line.

8.

10.

11.

12.

13.

14.

A sixth grader knows how to multiply a negative by
a positive. Start with —4 -2 = —8 and show how to
find a negative times a negative by extending a
pattern.

. A sixth grader knows integer multiplication. Explain

how to find the answer to —18 + (—3) by writing an
equivalent multiplication question.

Sandy lost 18 pounds in 9 months. What was the

average monthly change in her weight?

(a) Write an integer equation and a solution for this
situation.

(b) What operation and category does this illustrate
(area, array, equal, partition)?

Compute the following without a calculator.
(a) =54 + 17 (b) =30 — (—28)
(c) —8-4-(—=5) -3 (d)72 +~ (—98)

Give an example showing that integer subtraction is
not associative.

For an integer n, the distributive property of
multiplication over addition states that
—5n + 8n =

Name a property that the integers have that whole
numbers do not.

Alternate Assessment—Make a Presentation

Demonstrate one procedure and explain one major concept of the chapter to a classmate,
your teacher, a friend, or family member. Or you could add to your portfolio, add to your
journal, or write a unit test.



Rational Numbers
as Fractions

6.1
6.2

6.3
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Rational Numbers

Addition and Subtraction
of Rational Numbers

Multiplication and Division
of Rational Numbers

Rational Numbers: Properties,
Estimations, and Error
Patterns

The word “fraction” comes from the Latin verb for “to break." The ancient
Egyptians were using fractions in the marketplace to determine fair exchanges

of goods long before the invention of negative integers. The Rhind Papyrus

(1600 B.c.) gives a systematic treatment of unit fractions ( - )
counting number

Teachers follow this historical order when they teach fractions before integers
in elementary school.

Practical applications that led to the development of fractions include
sharing problems (for example, 4 loaves of bread for 10 people) and measur-
ing problems (for example, 23 ft). Today, we also talk about > of a tank of gas
or a 2 majority to override a veto in Congress.

This chapter examines a subset of the set of fractions called the rational
numbers: fractions that have an integer numerator and a nonzero integer
denominator. In a mathematical development of number systems, one ex-
pands the whole numbers to the integers to provide answers to all subtrac-
tion problems. Still lacking answers to many whole-number and integer
division problems (such as 2 <+ 3), one can expand the integers to form the
rational number system, which provides answers to all integer division

problems with nonzero divisors.

6.1 Rational Numbers

NCTM Standards

® develop understanding of fractions as part of unit wholes, as parts of a collection,
as locations on number lines, and as divisions of whole numbers (3-5)

* use models, benchmarks, and equivalent forms to judge the size of fractions (3-5)

® create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)
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Focal Point

Grade 3
Develop an understanding of fractions and fraction equivalence.

The Babylonians and Egyptians used fractions in agriculture and business more than
3,500 years ago. Today, the increased use of computers has reduced the importance of
fractions relative to decimals. However, fractional notation is still used in algebra, geom-
etry, and calculus as well as for certain sharing and measuring applications. In this
section, you’ll examine the uses of fractions and methods for comparing the sizes of
two fractions.

S’

X % | LE 1 Reasoning

Why do you think a fraction was used in the speed limit sign in Figure 6—1?

Copyright: The Fresno Bee

Elementary Fractions

When you hear the word “fractions,” how do you react?

e N | (Bt %) | [THAT'S FRACTIONS!!| (40U KNOW ILL NEVER | . =
FET S ok e ) BAG p
<~ Eg TEACH ME FRACTIONS! MM gé

< 532 J &3

\ 3 N -

Fractions are challenging, because they are the first numbers children study that
represent a relationship between two quantities rather than a single quantity. A fraction
is a symbol Q, in which a and b are numbers and b # 0. In the 7th century, Hindu

mathematicians used fraction notation similar to what we use today. They wrote one
number above the other, but did not draw a horizontal bar between the numbers. Euro-
peans adopted this notation around the 10th century. In the 12th century, Arab mathe-
maticians added the bar between the numerator and denominator.

In elementary school, children study fractions in which a and b are whole numbers,
which will be referred to as elementary fractions in this text. Elementary fractions
include %, %, and % or 2% , whereas _72 and ? are not elementary fractions. In a

fraction %, a is called the numerator, and b is called the denominator.
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Why do we use the terms “numerator” and “denominator”? Well, suppose I cut an
apple pie into 8 equal pieces. The size of any serving is expressed in eighths (the denom-
ination). The number of pieces that someone eats determines the numerator. If you eat

3 (number) pieces that are eighths (denomination), then you have eaten % of the pie.
(You also must have been rather hungry.)

Four Meanings of an Elementary Fraction

One difficulty in learning about fractions is that they have many different meanings.

D LE 2 Opener

Discustion What are some different things the fraction % can represent in mathematics or in
everyday life?

Did you come up with the following uses of %?

Four Meanings of Elementary Fractions

1. Part of a whole (or region): %means to count 2 parts out of 3 equal parts.

2. Part of a group (or set): % means to divide a set into 3 equal groups and find

the number in 2 groups.

O O0OO0OO

3. Point on a number line: % is a number between 0 and 1. Divide the interval

from O to 1 into 3 equal parts, and count 2 parts over from O to 1. In other words,

2o % of the way from O to 1.

0

W= -
WIN 4
—_

4. Division: % means 2 <+ 3. Divide 2 into 3 equal parts.
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Note that % can also represent a ratio. This meaning of % will be addressed in

Chapter 7.
LE 3 Concept
Describe four common meanings of % For each meaning, give its name, make a drawing,

and describe how it works for %

LE 4 Connection
Match each application with a fraction meaning.

(a) 2 desserts split equally among 4 people (1) Part of a whole

(b) A ribbon % ft long (2) Point on a number line
(¢) 2 slices of an 8-slice pizza (3) Division

(d) % of a group of 20 prefer juice over soda (4) Part of a group

LE 5 Connection

What are two different ways to divide 5 brownies equally between 2 people?

The part-of-a-whole meaning is not as simple as it seems. Many students have diffi-
culty understanding how the numbers in the numerator and denominator have different
meanings. Many also don’t realize that a fraction is related to a whole. The following
exercise focuses on these concepts.

LE 6 Reasoning

(a) If |:|:|:|:| represents % of a whole, what does the whole look like?

(Hint.' First represent é) Explain your reasoning.

(b) If| |represents % of a whole, what does the whole look like?

Another difficulty in the part-of-a-whole meaning is the relationship between parts
of two different wholes.

LE 7 Communication

A third grader says % is more than % in the following drawings. How would you explain
1

why 5 is greater than %‘?

[T e

=
N[—=

LE 7 illustrates a difficulty in learning fractions. The amount of the fraction is
related to two things: the fractional part and the size of the whole.
Numbers greater than 1 can also involve fractions. Suppose there are 2% waffles left

to eat (Figure 6-2). A mixed number such as 2% is made up of an integer and a fraction.



262 Chapter 6 Rational Numbers as Fractions

LE 8 Concept
(a) In Figure 6-2, how many fourths are in 2%?
(b) Do you remember the fast way to convert 2% to %? Why does the method of

computing 4 X 2 + 1 = 9 and putting it over 4 work?

(¢) Start a number line at 0, and show where 2% is on the number line.

(d) Use division to show that% = 2%.

Z. An improper

fraction is an elementary fraction %, in which @ = b. Mixed numbers are usually

The mixed number 2% can be written as the improper fraction

Figure 6-2

preferred over improper fractions for answers to word problems. Improper fractions are
preferred over mixed numbers in most multiplication and division computations.

Rational Numbers

Students in elementary school study elementary fractions. In secondary-school mathe-
matics, students also study the negatives of elementary fractions. The union of the set
of elementary fractions and their negatives is the rational numbers. Secondary-school
mathematics also includes other types of fractions, such as fractions that contain
square roots.

This chapter focuses on rational numbers.

Definition: Rational Numbers

Rational numbers are all numbers that can be written as a quotient (ratio) of two

integers B, in which g # 0.

The set of rational numbers includes all integers, because any integer can be written

in rational form. For example, —4 = _T4 Many decimals such as 0.3 are also rational
numbers, because 0.3 = 13—0 Percents such as 42% are rational, because 42% = ft)—zo

Decimals and percents will be discussed further in Chapter 7. Note that the definition of
a rational number does not say the number has to be written as a quotient of integers. It
says it is possible to write the number as a quotient of two integers.

What numbers are not rational? It is impossible to write V2 and V3 as an integer
over a nonzero integer! This will be proved for V2 in Chapter 7.

LE 9 Concept

Which of the following are rational numbers?

(a) _73 S (©V2 @O0 (037 (F) V25
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Both elementary fractions and the set of rational numbers written as fractions are
subsets of the set of fractions. Examples of fractions include -, —, —~, <=, —5—

_m
and X

Fractions

= R

7 2 2

Rational numbers
as fractions
=3 -1

8 3

All properties and rules in this chapter will be stated for elementary fractions or
rational numbers, although they usually apply to all fractions.

Equivalent Fractions for Rational Numbers

A friend of mine went on a diet. Instead of cutting a cake into 8 equal pieces and eating 6,

he cut it into 4 equal pieces and ate only 3. Fractions such as % and % that look different

may represent the same rational number (Figure 6-3). There is only one standard way to
write a whole number. Rational numbers are more difficult to understand because each

Figure 6-3 one can be written in many different ways.
Equivalent fractions are two fractions that represent the same rational number.
Equivalent elementary fractions name the same amount. Many children first study
2_3

equivalent fractions such as% =176 %with fraction bars (strips).

You can also show equivalent fractions with number lines.

LE 10 Concept

(a) Draw a number line from O to % and show where % is.

(b) Underneath your number line, draw a second number line of the same length
from 0 to % and show where % is.

(c) What patterns do you see in fractions that are equivalent, such as 123 4

— =2 = =9
16 ndy’

(d) If you multiply the numerator and denominator of 1 by the same nonzero number,

what happens? (Be sure to try both positive and negative numbers.)
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The Fundamental Law of Fractions describes the general relationship between
equivalent fractions.

The Fundamental Law of Fractions

For any rational number % and any integer ¢ # 0, % = %.

The Fundamental Law works in two ways. We can divide the numerator and denomina-

tor by the same nonzero integer c¢ to simplify % to %. We can also multiply both numerator
and denominator by the same nonzero integer ¢ to change % to %. In most elementary-

school texts, fractions are simplified with division symbols in accordance with the Funda-
mental Law.

12_12+3_4
15 15+3 5

LE 11 Concept

Use the Fundamental Law of Fractions to show why g = %

LE 12 Reasoning

Can you add the same counting number to the numerator and denominator of an ele-
a_a+t
b b+

mentary fraction % without changing its value? That is, does i for counting

numbers a, b, and c?

Simplifying Elementary Fractions

In simplifying an elementary fraction such as %, one divides the numerator and denom-

inator by the same counting number. The following exercise illustrates this process.

LE 13 Reasoning
(a) To write 5—(2) in simplest form in one step, divide the numerator and denominator
by .

(b) To write % in simplest form in one step, divide the numerator and denominator
by

(¢) In parts (a) and (b), we divide the numerator and the denominator by the number
known as the of the numerator and denominator.
(d) Give a general procedure for simplifying an elementary fraction, based on your

response to part (c).
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A fraction % is in simplest form if GCF(a, b) = 1. When the numerator and denom-

inator of an elementary fraction have a greatest common factor (GCF) greater than 1,
you can divide the numerator and denominator by the GCF, and the resulting fraction
will be in simplest form! Try this method in the following exercise.

D LE 14 Skill
Find the GCF of 148 and 260, and use it to simplify %.

Discussion

In simplifying fractions that have relatively large numerators and denominators,

such as %, the GCF may make the work easier. Most fractions students encounter in

elementary school (for example, f:6> can be simplified just as easily without finding the
.8 _4_2_1 .
GCF. But when students end up computing 16°83 12 2 and ask why it took so many

steps, you can tell them about the GCF. It always gets the simplification done in one step!

Compare and Order Fractions

| | | The easiest fractions to compare are those with the same denominator (Figure 6-4).

Someone with a basic understanding of elementary fractions will have little difficulty

1
| | | 4 determining which of two elementary fractions with the same denominator is larger

Figure 6-4 <for example, % > l) In general, for whole numbers a, b, and ¢ with ¢ # 0, if a > b,
b a b
e

then % > & On a standard number line, < will be to the right of

When denominators are unequal, it is sometimes possible to compare the fractions
with fraction bars.

LE 15 Skill

Compare % and % with a fraction bar drawing and state the result.
One can always compare two fractions by renaming them both with a common
denominator.

LE 16 Skill

(a) In one group, 18 out of 30 people (;g) prefer butter to guns, and in a second

group, 24 out of 40 people <4213) prefer butter to guns. How do the group

preferences compare?

(b) Compare % and % by writing equivalent fractions with the least common denomi-

nator (LCD) which is the LCM of the two denominators.
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Density
3

LE 16(b) shows that% > 5 Are there any fractions between % and %? If so, how many

are there?

¥ 5| LE 17 Reasoning

0293
(a) Write 3 and 5

fraction that is between them.

with a larger common denominator than 15. Then find a rational

(b) Write % and % with an even larger common denominator, and find more rational

fractions between them.

(¢) How many rational numbers are between % and %?

This “betweenness” property that works for the set of rational numbers is called the
density property.

'..
Tt didit get d ° @'B ? ()
here. Iur?tu q\4044 (nev?::d 23 E

those roninteger

The Density Property of Rational Numbers

Between any two rational numbers, there is another rational number.

There are infinitely many rational numbers between any two rational numbers. It’s
amazing, isn’t it? If you pick any two rational numbers, you can keep finding numbers
between them—forever.

% LE 18 Summary

(a) Tell what you learned about the different meanings of fractions in this section.
Give an example of each.
(b) Describe methods for comparing and ordering fractions.




. Answers to Selected Lesson Exercises

1.
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To catch people’s attention

2. Answers follow the exercise.

3.

4.

S.

3 )
- represents:

JeIE

Part of a whole Part of a group
(shade 3 of 4 equal (shade 3 of 4 equal
parts) groups)
3
f—/%
f f f ® f
3+4 o 1 1 3 1
4 2 4
Division Number line location
(divide 3 (g0 2 of the way
into 4 from 0 to 1)
equal parts)
@3 2 ©©0) @
Divide each brownie into 2 equal parts, or give each

person 2 brownies and divide the remaining 1 into 2

equal parts.

a whole.

of ¢+ ¢ [ |

Divide the rectangle into 3 equal parts to show

.(a)BecauseD] 3,thenl | | | | | |

3 quarters. Add 1 more quarter to make a whole.

parts from two different-sized wholes.

. A fraction represents a relationship between equal
parts and a whole. It does not compare the size of

8.

(@9

(b) 2 wholes are 2 X 4 quarters plus 1 more quarter

makes 9 quarters or Z

&—
1
4

~~
(¢}
N
o4+
—_
N -+
N

9. (), (b), (d), (), (f)

10. (d) You obtain an equivalent fraction.
6_6+2_3

e =8+27%

12. No

13. (a) 4
(b) 14

14.

15.

16. (a

17.

(c) greatest common factor
(d) The answer follows the exercise.

148 _ 148 ~4 _ 37

GCF =4 560 =260 =4 65
o I D I
5 3%6
dH NN

3 24 3 18 _ 24
@30=3 ™ 5575 % 30~ 50
)F=12ad 3= s0 252
@1

37 39 13

(c) An infinite number
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. 6.1 Homework Exercises

Basic Exercises

@1.

%2.

5.

*For more practice, go to www.cengage.com/math/sonnabend

Explain how to complete each diagram so that it

3.
shows 5

(a) (b)

Explain how to complete each diagram so that it

2«
shows 3

©O0000 o
ooog
0000

. Suppose you have two brownies to share equally.

(a) Two people would each get

This shows 2 + =

(b) Three people would each get

This shows - =

(c) Four people would each get

This shows - =

. Suppose you have three grapefruits to share equally.

(a) Two people would each get

This shows 3 + =

(b) Three people would each get

This shows - =

(c) Four people would each get

This shows - =

A student shows % as

What is wrong with the diagram?

10.

@ 11.
@ 12.

. Divide the triangle into 3 equal regions.

. . 1
. Describe four common meanings of . For each

3
meaning, give its name, make a drawing, and

describe how it works for %

. . 5
. Describe four common meanings of g For each

meaning, give its name, make a drawing, and

describe how it works for %

. Represent each situation with a diagram.

(a) A screw is % in. long.

(b) You ate % of a pizza.

(c) A group of 16 people is % men.

(d) Eight people want to share a 3-ft sub sandwich
equally.

Match each application with a fraction model.

Application Fraction Model

(a) Your height in (1) Part of a whole
inches (2) Point on a

number line
(3) Division
(4) Part of a group

(b) Fraction of those
surveyed who jog

(c) The fraction of the
day for which you
are asleep

(d) Evenly sharing 3
pizzas among 5
people

Describe two different ways to divide 3 brownies
equally between 2 people.

Describe two different ways to divide 4 sandwiches
equally among 3 people.


www.cengage.com/math/sonnabend

@ 13. Explain how you would do each of the following.
You may use a drawing.
(a) Divide 3 pizzas equally among 6 people.
(b) Divide 3 pizzas equally among 8 people.

14. Suppose you asked some fourth graders how they
would divide 3 jumbo cookies equally among
4 people.
@ (a) How do you think they might work out the
answer?
(b) What part of a cookie would each person
receive?

% 15. Two fifth graders are figuring out the elapsed time
for someone who drives 425 miles at 50 miles an
hour. One student gives the answer as 8 R25. The
other says 8%. They don’t understand why their
answers are the same. Explain why the 25 in 8§ R25

and the 1

5 in 8% mean the same thing.

@ 16. Two fourth graders are figuring out how to divide 7

cookies equally among 3 people. One student gives
the answer as 2 R1. The other says 2%. They don’t
understand why their answers are the same. Explain

why the 1in 2 R1 and the % in 2% mean the same
thing.

@ 17. Explain why% = 0.

@ 18. Explain why % is undefined.

19. (a) Draw 3 circles of the same size, and shade % of
the 3 circles.
(b) Show a second way to do part (a).

(c) What is % of 32

20. (a) Draw 2 circles of the same size, and shade % of
the 2 circles.
(b) Show a second way to do part (a).

(c) What is % of 27
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21. Three seventh graders solved a problem. One got an

-5 5 _5
answer of T one got 1 and one got T

(a) Which answers are the same?
(b) How would you use division rules for integers to
convince the students which answers are the same?

22. Three seventh graders solved a problem. One got an

-2 2 2
answer of — o one got > and one got o
(a) Which answers are the same?
(b) How would you use division rules for integers to

convince the students which answers are the same?

@ H 23. If |:|:|:|:I:I:| represents % of a whole, what

does a whole look like? Explain your reasoning.

_— 1
@ 24. If D:l:l:l:l represents 25 of a whole, what

does a whole look like? Explain your reasoning.

% 25. Six cats represent 3 of all the cats in a house. Tell

5
how to use a drawing to find how many cats are in

the house.

@ 9] 26. If D:l:l:l represents % of a whole, what does 1%

look like? Explain your reasoning.

% n 27.If |:| represents % of a whole, what does %

look like? Explain your reasoning.

@ 28. If |:| represents 2% of a whole, what

does a whole look like? Explain your reasoning.

ﬂ 29. Locate 1 on the number line below.

0

[SIINE S

30. Locate 1 on the number line below.

0 1

N

31. A third grader says that [X[>X|X| [X|X]| |

represents % Is that right? If not, what would you

tell the student?
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32. A third grader says that

represents both 1% and % Is that right? If not, what

would you tell the student?

% 33. Use fractions to explain the error made by the man
in this cartoon.

" cur uy PIzzA Wro Four PIECES ...
NO WAY | COULD EAT EIGHT .,

© 1991 Carolina Biological Supply Company.

34. Give an example in which %

more than % of something else.

of something could be

35. (a) Use the part-of-a-whole meaning to show why

1_7
32 =5
@ (b) Do you remember the fast way to convert 3% to %?
Why does the method of computing3 X2 + 1 =7
and putting it over 2 work?
(c) Start a number line at 0, and show where 37 is on
the number line. q

(d) Use division to show that% = 35.*

36. (a) Use the part-of-a-whole meaning to show why

2 _ 11
X 33 2. 11
% (b) Do you remember the fast way to convert 3= 3 to ?‘7

Why does the method of computing 3 X 3 +2 =11
and putting it over 3 work?

(Continued in the next column)

“For more practice, go to www.cengage.com/math/sonnabend

37.

38.

39.

40.

41.

42,

43.

44.

(c) Start a number line at 0, and show where 3z is on

the number line. 3
(d) Use division to show that 1?1 3%
Show that each number is rational by writing it as a

quotient of two integers.

@3 () -3 (o) 4% d) —5.6
(e) 25%
Which of the following are rational numbers?

(a) —7 (b)8% © V3  (d)02

W is the set of whole numbers, / is the set of integers,
and Q is the set of rational numbers.

(a)Is1 C Q?

GwnNne=____

Give an example of a number that is
(a) rational but not an integer.
(b) a fraction but not a rational number.

3_6
Show why 5770 with
(a) a part-of-the-whole diagram.
(b) two number lines.

(¢) the Fundamental Law of Fractions.

2 _ 1.
Show why $71 with
(a) a part-of-the-whole diagram.
(b) two number lines.

(¢) the Fundamental Law of Fractions.

Two companies conduct surveys asking people if
they favor stronger controls on air pollution. The
first company asks 1,500 people, and the second
asks 2,000 people. In the first group, 1,200 say yes.
Make up results for the second group that would be
considered equivalent.

The third grade is voting on whether to go to a movie
or a play. In Ms. Chan’s class, 12 out of 20 students
prefer going to the movie. In Mr. Brussat’s class,

15 out of 25 students prefer going to the movie.
Explain in what sense both classes equally prefer
the movie over the play.
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45.

46.

47.

48.

49.

50.

51.

52,

*“For more practice, go to www.cengage.com/math/sonnabend

A fourth grader says that% = %

each one part less than a whole. Is that right? If not,
what would you tell the student?

because they are

7 3
3 because you take 1

and add 4 to the numerator and 4 to the denominator

A fourth grader says that % =

to obtain % Is that right? If not, what would you tell

the student?

Write each fraction in simplest form. (Assume that
X, y, and z are counting numbers.)*

34 168 o
W5 Oy O3
Write each fraction in simplest form.*
36 48 28 -2
@5 O ©F o

Consider the following question. Which fraction is

greater, % or %?

(a) Answer the question by representing both
fractions with fraction bars.

(b) Answer the question by writing equivalent
fractions with a common denominator.

(c) Answer the question by comparing both

fractions to l.

2
7 3 . . .
Compare 3 and 1 with a fraction-bar drawing, and

state the result.

Compare g and 17—5 by writing equivalent fractions

with the least common denominator.*

7 3
10 20dy
with the least common denominator.*

Compare by writing equivalent fractions

. In one class, 14 out of 23 students would rather go to

an aquarium than a circus. In another class, 17 out of
30 students would rather go to an aquarium than a
circus. Compare their preferences by writing two
fractions with a common denominator.

54.

55.

@ 56.

57.

58.

59.

60.

61.

62.
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You have two different recipes for making orange
juice from concentrate. The first says to mix 2 cups
of concentrate with 6 cups of water. The second says
to mix 3 cups of concentrate with 8 cups of water.
Which recipe will have a stronger orange flavor?

Use a number line to show which is greater, —2% or
_1
>

A third grader says % is less than % because 4 is less

than 5. What would you tell the student?

How could you compare % and % with a 3-by-4
rectangle?

How could you compare % and % with a 3-by-5
rectangle?

Show how to use common denominators to find

three fractions between % and %

Show how to use common denominators to find
2

three fractions between % and 3
Is the set of whole numbers dense? (If you pick any
two whole numbers, is there always a whole number

between them?)

Is the set of integers dense?

Extension Exercises

63.

Consider the following regions, which represent
manipulatives called pattern blocks (Activity
Card 6). (There is also a parallelogram block.)

/N A

Hexagon Trapezoid Triangle

(Continued on the next page)


www.cengage.com/math/sonnabend

272 Chapter 6 Rational Numbers as Fractions

(a) How many triangular regions would it take to Puzzle Time
cover the hexagonal region?

(b) What fractional part of the hexagonal region is
the triangular region?

(c) What fractional part of the hexagonal region is

68. Copy the picture, and cut out all nine squares. Fit the
nine pieces together into one large square so that all
the edges that touch have equivalent fractions.

the trapezoidal region?
(d) Two triangular regions would be what fractional 1 1 % %
part of the trapezoidal region? 0 1 7 2
4 7 5
64. If a trapezoid represents %, what is the value of
(a) a triangle? (b) two hexagons? % %
2 412 216 3
5 16 3|6 8| 8 6
65. A sixth grader wants to find a fraction between 3 3 10
4 12
and g She says %, which is 51>< 2 _ %
8= 8- X2 5 1
2 2 ) , 6 ol 1 2
Is this correct? If not, what would you tell the student? 3 n 3]s
4
66. Prove: If a and b are counting numbers and a > b, 10
then % > %.
Video Clip
Technology Exercise 69. Go to www.learner.org and watch “Teaching Math:
67. Go to www.shodor.org/interactive/activities and try A Video Library 5-8” video #1. Fifth graders play a
out the activity called “Equivalent Fractions Finder.” game with equivalent fractions. Discuss the lesson.
Would you use this activity with students in Name three specific strengths of the lesson and one
elementary school? way the lesson might be improved.

6.2 Addition and Subtraction
of Rational Numbers

NCTM Standards

® use visual models, benchmarks, and equivalent forms to add and subtract
commonly used fractions and decimals (3-5)

¢ understand the meanings and effects of operations with fractions, decimals,
and integers (6-8)

¢ develop and analyze algorithms for computing with fractions, decimals, and
integers, and develop fluency in their use (6-8)
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Focal Point

Grade 5
Developing an understanding of and a fluency with addition and subtraction of

fractions and decimals.

You walked % of a mile to school and then % of a mile from school to your friend’s

house. How far did you walk altogether? How much farther was the second walk than
the first?

To solve the first problem, you would add % and % To solve the second, you would

1 from ; Adding and subtracting rational numbers are the subjects of this lesson.

subtract 5 5

Adding and Subtracting Fractions
with Like Denominators

Students first add and subtract fractions that have like denominators. They would learn
to solve the two introductory problems with manipulatives, pictures, and symbols
(Figure 6-5).

LI XELTT]

H_%_/ %{_/

1 3 3

5 5 5
1,3_4 3_1_2
57575 575°5

Figure 6-5

The rules for adding and subtracting fractions are not what most students expect
them to be. Pictures and manipulatives help clarify why one should not add or subtract
the denominators. The general addition and subtraction rules for like denominators can
be given algebraically—by you! Complete the following.

LE 1 Skill
(a) For rational numbers, % +
(b) For rational numbers, d_

f

The rules for adding and subtracting rational numbers that have the same denomina-
tor are as follows.

o ol

Addition of Rational Numbers with Like Denominators
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Subtraction of Rational Numbers with Like Denominators

I
~ I
~

Next, consider adding fractions with unlike denominators.

Adding Elementary Fractions

with Unlike Denominators

Does 1 + 1_ z. According to the National Assessment of Educational Progress, about

2 3 5
30% of the seventh graders in the United States think so.

% c LE 2 Opener
Classroom A fifth grader thinks that LIS 2. How would you convince the student that 2 is
Connection 2 3 5 5

not the right answer?

Did you use pictures of fraction bars or circles? Pictures of fraction bars make it
clear why a common denominator is needed. Then, by trading for fraction bars with the
common denominator, one can determine the answer.

m Example 1

(a) Draw a fraction bar for each fraction in % + %

(b) Draw a fraction bar for the sum of % + %, and tell why a common denominator is
needed.

(¢) Draw a fraction bar for each fraction with the least common denominator.

(d) Show the steps to compute % + % and draw a picture that shows the sum.

Solution

(a) |

1
2

(eI

(b) Try to determine the sum of% and % without a common denominator.

1 | 1 | What part of the whole is shaded to show the sum in Figure 6-6? There is no name
2 3 for the sum, because it is made out of two different units (denominations): halves and
Sum thirds. The answer cannot be determined without a common denominator.

Figure 6-6
OLTTTT] [T

N|—
W=

o

I
3
6
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(d) After rewriting both fractions with a common denominator (sixths), one can use a
combine-measures picture to show the sum.

LI PP T -2
s .

+

oW

+

N[N

N|—
W=

Aren’t common denominators wonderful? Without them, we could not name sums
or differences of fractions that have unlike denominators.

LE 3 Connection
1

(a) Draw a fraction bar for each fraction in % + T

(b) Draw a fraction bar for the sum of% + %, and tell why a common denominator is
needed.
(¢) Draw a fraction bar for each fraction with the least common denominator.

(d) Show the steps to compute % + % and draw a picture that shows the sum.

Before you can add rational numbers that have unlike denominators, you must
rewrite them with a common denominator. As you saw in Section 6.1, you can find the
least common denominator (LCD) using the least common multiple (LCM) of all the

denominators. For example, the LCD for % and % is the LCM of 6 and 8, which is 24.
1,7
— + .
6 8
LCM =24
1-4,7-3_4 ,21_25_ 1
6-4+ -3 24+24 24 24

Negative rational numbers can be added in the same way. To use only positive

denominators, a negative rational can be written as _?3 rather than —iS

The general rule for adding rational numbers that have unlike denominators is as
follows.

Addition of Rational Numbers with Unlike Denominators

To add rational numbers % + %in whichb > 0,d > 0, and b # d:

1. Rename each fraction with the least common denominator, that is, LCM(b, d).
2. Add the fractions using the addition rule for like denominators.

Use this rule in LE 4.
LE 4 Skill
(a) What is the least common denominator of f—x and %?
3,5

(b) Compute I + I3
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Are you aware that fractions can be added with any common denominator? How-
ever, if you do not use the /east common denominator, additional simplification will be
required at the end.

5,1_5,2_1 5 ,1.30,12_4_7

2Tt T Y 12Te m 72 7212

(LCD) Other common (Extra step)
denominator

Until the 17th century, most people used the product of all the denominators as the
common denominator. For the last 300 years, most people have used the least common
denominator in textbook examples, and they rarely need prime factorizations to do it.

Subtracting Elementary Fractions
with Unlike Denominators

Suppose a family spends % of their income on taxes and % of their income on rent. How

much more of their income do they spend on taxes than on rent? This example requires
subtracting fractions that have unlike denominators.

Fraction pictures clarify subtraction rules for unlike denominators. The following

. . 1_1
example explains why one needs a common denominator to compute 371

Example 2

(a) Draw a fraction bar for each fraction in % - %

(b) Explain why a common denominator is needed.
(¢) Draw a fraction bar for each fraction with the least common denominator.

(d) Show the steps to compute 11 and draw a picture that shows the difference.

3 4
Solution
@CT T 1 LT T
1 1
3 4
(b) How much is left when we take % away from %? We can’t tell. A common denomi-
nator is needed.
© [T [T
4 3
12 12
@ 3-5=5-u= (M =5 n

One can also use compare-measures subtraction with two separate fraction bars and

4, 3
see how much longer B is than o
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LE 5 Connection
1 1

(a) Draw a fraction bar for each fraction in 573

% (b) Explain why a common denominator is needed.
(¢) Draw a fraction bar for each fraction with the least common denominator.

(d) Show the steps to compute % - % and draw a picture that shows the difference.

The general rule for subtracting rational numbers that have unlike denominators is
as follows.

Subtraction of Rational Numbers with Unlike Denominators

To subtract rational numbers% — gin whichb > 0,d > 0, and b # d:

1. Rename each fraction with the least common denominator, that is, LCM(b, d).

2. Subtract the fractions using the subtraction rule for like denominators.

Use this rule in the next exercise.

LE 6 Skill

31
Compute% o

The classifications for whole-number operations apply to some addition and sub-
traction applications involving rational numbers.

LE 7 Connection
What operation and category are illustrated in the following problem? “Last week you

1
worked 37 3

you work this week?” (compare, missing part, take away)

hours, and this week you worked 45 hours. How many more hours did

Adding and Subtracting Mixed Numbers

After working with proper fractions, students learn to add and subtract mixed numbers

in problems that do not involve regrouping. For example, you buy li Ib of lowfat Swiss

cheese and 2% Ib of provolone. How much cheese do you have altogether? How much

more provolone than Swiss do you have?

L s 232 12403 235 3 lpoad 2ol
111b+2§1b_18+28 381b 28lb 14lb 28 18 181b

Then students solve problems that involve regrouping.
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Example 3

3 3 3 .3
(a) Compute 11 + 4§. (b) Compute 4§ 1 T
Solution
(a) Method 1 (Regrouping)
Middle-school textbooks use this method.
- 16
8
3
+42 = +42
4 48
9 _¢l
58 68
Method 2 (Improper Fractions)
Some adults prefer this method.
3 7. 14
4 4 8
3,35 _ 35
+ 48 + 8 + 8
@ =
8
(b) Method 1 (Regrouping)
Middle-school textbooks use this method.
3 - 43 - 31
48 48 3 8
13 = 46 = 406
1 1 1 3 1 3
S
28
Method 2 (Improper Fractions)
Some adults prefer this method.
3 35 _ 35
T8 T %
371 _ 14
4 4 8
21 _
8 =2

LE 8 Skill

Compute 2% + 6§ with the regrouping method.

6

LE 9 Skill

2_ 33
Compute 83 36

(a) with the regrouping method.

(b) with the improper fraction method.

(¢) What are the advantages of each method?
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Fraction Calculators

Fraction calculators have special keys for entering and simplifying fractions. The
key can be used to simplify fractions. Suppose you display 12/16. To specify what num-
ber to divide into the numerator and denominator, type that number between and

IEI. For example, 12|/ |16 2 E will display 6/8.

LE 10 Skill
If you have a fraction calculator, enter % and see if you can simplify it in
(a) one step. (b) two steps.

Fraction calculators also give results of fraction arithmetic in fraction form. To com-

pute% + %, press 1 21+H|131/]8 E The answer will be displayed as 7/8 or % If the

keys on your calculator are different, consult with your instructor or a manual.

LE 11 Skill
1

If you have a fraction calculator, compute % 5

Fraction calculators also convert fractions to decimals, and they convert improper

fractions to mixed numerals. If you have a fraction calculator, you can experiment with
these features.

% LE 12 Summary

Tell what you learned about adding and subtracting fractions with unlike denominators.

. Answers to Selected Lesson Exercises

+b d—
La®e? e OCTTT1 L[CILIT11
2 1
11 .2 ! *
2. Show fraction bars for =, —, and Z. How do you know
—+ - #F=Z 274747, 4
that > + 3 # 5’
3. () 9 + 10x
| ! | L ! [ ] 4@ B
2 1
(b)% + iwould equal the shaded region shown, S @ | | | | | | |
1 1
2 - but we cannot name the sum 2 3
unless we use a common denominator (fourths). (Continued on the next page)

(Continued in the next column)
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5. (b) How much is left when we take % away from %?

We can’t tell. A common denominator is needed.

8. 20= 22
7%—8%28%
9. (a) 8%— 8%=7%
e
5

. 6.2 Homework Exercises

2_ 26_ 52
() 83_ 3 6
P __23__23
6 6 6

- 29 _,5

6 46

(c) The regrouping method takes fewer steps and

avoids very large numerators (for example,

the improper fraction for 8%) The improper

fractions method is easier to understand, because
it does not require regrouping and is more like
the methods for multiplying and dividing mixed
numbers.

10.

AN

11.

o0 [—

Basic Exercises
1. Assume that the following fractions are rational.

3,1 _
@5+y=

2
b) 5~ 5 =
. 1,3 _1
2. Draw a diagram that shows why 3 + FiY
% 3. A student thinks % + % = % Draw a fraction bar for
each fraction, and explain why % cannot be the answer.
@ 4. A student thinks % + % = % Draw a fraction bar for

each fraction, and explain why % cannot be the answer.

5. (a) Draw a fraction bar for each fraction in 1 + l.

3 4
@ (b) Draw a fraction bar for the sum of% + %, and tell

why a common denominator is needed.
(c) Draw a fraction bar for each fraction with the
least common denominator.

(d) Show the steps to compute 1 + % and draw a
picture that shows the sum.

6. (a) Draw a fraction bar for each fraction in % + %

@ (b) Draw a fraction bar for the sum of % + %, and tell

why a common denominator is needed.
(c) Draw a fraction bar for each fraction with the
least common denominator.

(d) Show the steps to compute L % and draw a
picture that shows the sum.



@ 7. A fifth grader says % + %is % She draws two sets of
three circles and shades one out of the three circles

in each set. What would you tell the student?

@ 8. What is the difference between what the 3 and the 4

represent in %?

9. Compute the following without a calculator.*
4 2

@+ O5+; ©gti

10. Compute the following without a calculator.*

1 5 7 3 4
()*‘l”ﬁ (b)6+§ (C)ﬂ‘l'?

11. If you were teaching fifth graders addition of
fractions, tell in what order you would present the
following five examples. Explain why.

1 1

W3+ ©3i+1

@ +$ 5

12. If you were teaching fifth graders addition of
fractions, tell in what order you would present the
following four examples. Explain why.

(a)25+35 (b)38+44
1 1 2

13. (a) Draw a fraction bar for each fraction in % - %
@ (b) Explain why a common denominator is needed.
(c) Draw a fraction bar for each fraction with the
least common denominator.
(d) Show the steps to compute % - % and draw a
picture that shows the difference.

14. (a) Draw a fraction bar for each fraction in % - %
@ (b) Explain why a common denominator is needed.
(c) Draw a fraction bar for each fraction with the
least common denominator.
(d) Show the steps to compute % - % and draw a
picture that shows the difference.

*For more practice, go to www.cengage.com/math/sonnabend
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15.

16.

17.

18.

19.

20.

21.

22,

@23

% 24.

(a) Find the least common denominator of ﬁ and 2;8
(b) Give two other common denominators.

_3
0 28 without a calculator.

(c) Compute 3
Compute the following without a calculator.*

5 1 5
@76~ 20 ® - 4 6

You planned to work on a project for about 4 hours

today.

(a) If you have been working on it for l% hours, how
much more time will it take?

(b) What operation and classification are illustrated
here (compare, missing part, take away)?

At the Narrow Vista apartments, % of the people speak

English as their native language, and

Spanish as their native language.

(a) What fraction speak a language other than
English or Spanish as their native language?

(b) What operations and classifications are illustrated
here (combine, compare, missing part, take
away)?

16 speak

340
Compute 5 1 + 28

(a) with regrouping.  (b) with improper fractions.

5 2 ES
Compute 36 + 7§

(a) with regrouping.

(b) with improper fractions.

1_ 2.
Compute lO6 53

(a) with regrouping.  (b) with improper fractions.

Compute 90% = 32%
(a) with regrouping.  (b) with improper fractions.

Make up a compare measures problem for 5l - 2%

and give the answer as a fraction.

Make up a take-away measures problem for % - 3%
and give the answer as a fraction.


www.cengage.com/math/sonnabend
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25.

26.

27.

28.

29.

30.

31.

32,

If you were teaching fifth graders subtraction of
fractions, tell in what order you would present the
following three examples. Explain why.

4_1 3_1 2_1
@55 ®i7g ©5 1
If you were teaching fifth graders subtraction of
fractions, tell in what order you would present the
following four examples. Explain why.

() 5% —2% (b)%— 2

(© 6% — 42 @53 -2}

Solve mentally.

@s+0=2 (b)355—r =12
Solve mentally.

@ 44 +x =103 by —5=5

Do the following computations in your head. Tell
how you did each one.

1,53
(a)44+3

3 1
4

(b)8 — 33

Fill in each square with either a + sign or a — sign
to complete each equation correctly.

141-3_3
@ U0 =1
79143 _ 1
(b)1§DZD§_14

You can avoid regrouping in some fraction subtrac-
tion problems by using equal addition.

1 244 _,_ 4
For example, 35 15 35 2 15.
Show how to use this method to compute
152 153
(a) 83 33. (b) 54 24.

You can solve subtraction problems that would in-
volve regrouping by changing them to addition. For

example, 3l - 1g = x is equivalent to 1; +x= 31.

5 5 5 5
What would you add to 1% to obtain 3%?
2.3 1_3l _3 1_44
15+5+1—i—5 35.Sox 5+1+5 15.

Show how to use this method to compute the following.

(Continued in the next column)

33.

34.

1_,2 1_5,3
(a) 85 — 33 (b)5; — 25

Use a fraction calculator to

e 125 9 3
(a) simplify 300" (b) compute 0" &

Use a fraction calculator to

(b) compute 3 + é.

e 20
(a) simplify 13 g2

Extension Exercises

35.

73 36.

37.

(a) What will the next equation be if the pattern
continues? Is the equation true?

-1
_3+

0=

+

(S I
A=

(b) Complete the general equation showing the
pattern in part (a).

1

N

(c) Is part (b) an example of induction or deduction?
(d) Show that the equation in part (b) is true.
(e) Does part (d) involve induction or deduction?

(a) What will the next equation be if the pattern
continues?

1,1_38
2 6T 12
1.1 _18
6+12_72

(Hint: Find two factors of each denominator.)
(b) Complete the general equation showing the
pattern in part (a).

1
NN — 1) *

The ancient Egyptians represented every elementary
2
3
unit fractions, fractions that have a numerator of 1.
For example, % = i + 2718 They did this to avoid

certain computational difficulties. Write each of the

following as the sum of unequal unit fractions.

@3 i ©F @

fraction other than 0 and = as the sum of unequal



38. In the December 1991 Mathematics Teacher, Arthur

Howard describes situations in which the standard
algorithm for adding fractions does not yield the cor-
rect answer. For example, suppose two third-grade
classes go on a field trip. One class has 10 girls out of
a class of 25, and the other has 12 girls out of a class
of 24. What fraction of the whole group is girls?

10 ~ 12 _ 10+ 12 _ 22

2524 25+24 49
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This example illustrates nonstandard fraction addi-

tion, denoted by @), in which the “reference unit”

(denominator) of the sum is the sum of the reference

units of the addends. In other words, one adds the

denominators of the addends!

(a) Make up a problem about fruit that is solved
with @.

(b) Make up a problem that is solved with an
analogous © operation.

(Continued in the next column)

6.3 Multiplication and Division
of Rational Numbers

NCTM Standards

® understand the meanings and effects of operations with fractions, decimals, and
integers (6-8)

* develop and analyze algorithms for computing with fractions, decimals, and
integers, and develop fluency in their use (6-8)

® create and use representations to organize, record, and communicate mathematical
ideas (pre-K-12)

Focal Point

Grade 6
Developing an understanding of and a fluency with multiplication and division of
fractions and decimals.

You are planning a chicken dinner. Each person will eat about % of a chicken. How many

chickens will you need for 3 people? To solve this problem, you would multiply % by 3.
Multiplying rational numbers is the first topic of this lesson.

Multiplying Rational Numbers

Now about that chicken dinner. You need 3 servings, each consisting of i Ib chicken.
1_1,1,1_3

Using repeated addition, 3 X 171 + 1 + 1T

[T T T]

N
N
N
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Discussion

LE 1 Concept

Show how to compute 5 X éusing repeated addition.

After studying how to multiply a whole number and a fraction, children study the

product of two fractions. Consider the following application. Suppose % of a field is

plowed. Then % of the plowed field is planted with tomatoes. Just as 2 sets of % is the

same as 2 X 3 a 1 of a set of 3 is the same as Ly 3 When you find 1 of 3 the fraction
472 4 274 27 g

3

1 is known as an operator. Example 1 shows how to find the result of 1 of 3 or = X =

1
2 2742 4
using two diagrams.
Exam ple 1  Suppose a student does not know the multiplication rule for fractions.

Explain how to compute Ly 3 using two diagrams.

274
Solution
L X 3 is the same as 1 of 3 Show 3 and then take 1 of it. Place dots in 3 of a rectan-
274 2 4 4 2 ' 4
gular diagram to show %, the part of the field that is plowed (Figure 6-7).
To show the part with tomatoes, % of %, darken % of the dotted part, as in Figure 6-8.
What part of the whole figure is darkened? é. So 1 of 3-1 X 3= 2, You can also
8 2 4 24 8
work out % X % with an area model. |

LE 2 Communication

(a) Explain how to compute % X %using two diagrams.

(b) Exchange your explanation from part (a) with a classmate. Do you understand
your classmate’s explanation? Does it have enough detail?

How can you use the results of Example 1 and LE 2 to suggest the multiplication
rule for fractions?

LE 3 Reasoning

Find the pattern in the preceding results.

(a) Complete the chart, showing results from Example 1 and LE 2.

Factors Product




D
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(b) The results from part (a) suggest that the general rule for multiplying rational

..a.c
numbers is: — X = =
b d

(¢) Is part (b) an example of induction or deduction?

LE 3 suggests the rule for multiplying rational numbers. This rule is the definition
of multiplication of rational numbers.

Definition: Multiplication of Rational Numbers

ac

£:
X4 bd

a
b

Because the definition is written for fractions, we must rewrite mixed numbers as
improper fractions before applying this rule. To understand the rule, look back at

Figure 6-8. For% X =, note that there are 1 - 3 or 3 parts darkened out of a total of 2 - 4
or 8 parts.

Another interesting process in multiplying fractions is simplifying the resulting
fraction before completing the multiplication. This is no longer referred to as “cancel-
ing” in textbooks; it is now called a “shortcut” or “simplifying by dividing by a common
factor.”

3
4’

LE 4 Opener

In computing% X %, why is one allowed to simplify as follows?

X

N[
- R3

Why does the method of LE 4 work?

Example 2 Explain why, in computing % X %, one can simplify the computation

by changing the 3 and 21 to 1 and 7, respectively. Then state the result.

Solution

7721 7x21

3><10_3><10

Now that it’s all one fraction, you can divide the numerator and denominator by a

common factor, 3. (Then % becomes ;)
1
_3,10
7%
7
Then multiply to obtain the answer 10 |

49°
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C

Classroom
Connection

When students use the shortcut in school, they may simplify before combining the
two fractions into one, which makes the process faster but more mysterious. It may not
be clear to them why the top of one fraction and the bottom of a different fraction can be
divided by the same nonzero number.

LE 5 Concept
Explain why, in computing g X %,
4 and 8 to 1 and 2, respectively. Then state the result.

one can simplify the computation by changing the

To multiply mixed numbers, change them to improper fractions and follow the same
rules. Some students will try to multiply mixed numbers without changing them to im-
proper fractions.

LE 6 Communication

A sixth grader thinks that 4% X 5% =(@4X5)+ (; X é) = 20%. Use an area diagram

to show why this is incorrect, and then determine the correct answer.

Dividing Rational Numbers

L

“Joe buys 4 1b of lowfat Swiss cheese. He and his wife eat a total of % Ib of lowfat Swiss

cheese each day. For how many days will the cheese last?” Before learning the division
rule, students solve problems such as this that model a whole number divided by an ele-
mentary fraction. This kind of problem can be solved using pictures and the repeated-
measures model of division.

Exam p|€ 3 A fifth grader has not yet learned the rule for dividing fractions.

(a) Explain how to compute 4 + % using a measurement picture.

(b) Explain how to compute 4 + % with a common denominator.

Solution

(a) The expression 4 =+ %means “How many %s does it take to make 4?” It takes two %s

to make each whole.

Therefore, it takes 4 X 2 or eight %s to make 4. So 4 + % = &.
1_8.1 1 8 1
+==2+ = Now = 949 + o=
(b) 4 7Ty Now how many 25 makezs. 8. S04 5 8. -
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@ @ LE 7 Connection

A fifth grader has not yet learned the rule for dividing fractions.

(a) Explain how to compute 3 + %using a measurement picture.

(b) Explain how to compute 3 + % with a common denominator.

Division involving fractions with whole-number quotients can be done in a similar way.

@ LE 8 Connection

Explain how to compute % + % using a part-of-a-whole diagram.

Another way to confirm that % + é is 6 is to try computing % X 6. In other words,
3.1

1 - i 6 means % X 6= % This method of checking uses the definition of division.

Like division of whole numbers and integers, division of rational numbers is defined in
terms of multiplication.

Definition: Division of Rational Numbers

a c . c a.c_e. .d_C e
£ £ L £.=-c< E=5%€
If b and p are rational numbers and p 0, then b d if and only if b d Xy

The results from Example 3, LE 7, and LE 8 suggest the shortcut procedure for
dividing fractions.

X 5| LE 9 Reasoning
Can you find the pattern in the preceding results? Fill in the blanks in parts (a)—(c)
with a number written as a fraction.

1
2

(a) In Example 3, where 4 + — = 8, dividing 4 by % is the same as multiplying

4 by
(b) In LE 7, dividing 3 by 1

1 is the same as multiplying 3 by

(¢) InLE 8, dividing % by % is the same as multiplying % by

(d) Parts (a)—(c) suggest that for rational numbers % and g with g # 0,
a_. ¢ _
b d

LE 9 suggests the general invert-and-multiply rule which was used by the Hindu
Mabhavira in 850.

Division of Rational Numbers

- (c #0)

—ayd_ad
=T be

S
e
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To use this rule with mixed numbers, first rewrite them as improper fractions.

LE 10 Skill

Compute 1% - 1% using the invert-and-multiply rule. Put the answer in simplest form.

The invert-and-multiply rule is a shortcut for division that uses the reciprocal of a
a

rational number. The reciprocal of a rational number b

in which a # 0is 2.

LE 11 Concept

Any nonzero rational number multiplied by its reciprocal equals

You are familiar with the invert-and-multiply rule for dividing rational numbers and
have seen how it can be developed from examples. One can show how the invert-and-
multiply rule works in any rational-number division problem. For example, consider
2.7

59

m Exam p|€ 4 A sixth grader wants to see why the invert-and-multiply rule
works. Use the division model of fractions and the Fundamental Law to show that

2 .7. 2.9
=+ = - Xz
ST ol the same as 557
Solution
2 2 9 2 9
z 2 Z 2
2 7 5 ~ 57 _5 7 _2 9
59 7 - 7.9 1 577
9 9 7
re]vair‘;E(ieinas Fundamental Law (}?mitte;i'wheré
a fraction of Fractions shortcut1s use
2.7_2.9 4, . . . .
So 57975 X 7 It’s the invert-and-multiply rule! This rule is simply a shortcut
for the longer procedure just shown. |
D LE 12 Skill
Discustion A sixth grader wants to see why the invert-and-multiply rule works. Use the division

model of fractions and the Fundamental Law to show that% - % is the same as % X %

The categories of whole-number operations also apply to some situations involving
multiplication and division of rational numbers. In LE 13 and LE 14, tell what operation
and classification are illustrated.

LE 13 Connection

(a) A computer printer produces a page in % minute. How many pages would it print
in 30 minutes?

(b) What operation and category does this problem illustrate (area, array, equal,
partition)?
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LE 14 Connection
(a) Last year, 20 people signed up for a course called “Mathematics Is Awesome.”

The word got around, and this year 3% times as many people signed up. How

many people signed up this year?
(b) What operation and category does this problem illustrate (area, array, equal,
partition)?

Interpreting the Remainder

Students first learn to write the remainder as a whole number. The remainder can also be
represented by a fraction.

LE 15 Concept
Suppose you have 11 students, and you want to make groups of 4.

(a) How many groups of 4 can you make?

(b) How many students are left over?

(¢) What fraction of a group of 4 is left over?

(d) Parts (b) and (c) illustrate two interpretations of the remainder showing that
11+4= or

£ An Investigation: Multiplying Elementary Fractions

D

Discussion

LE 16 Reasoning

Consider the following problem. “In multiplying an elementary fraction % by an
elementary fraction 5’ tell what conditions would make the product (1) greater than %,
(2) equal to %, and (3) less than 5'”

(a) Devise a plan and solve the problem.

(b) Use the results of this problem to analyze % + 2 (with ¢ # 0) in a similar way.

Instead of computing the answers, apply your generalizations from the preceding

exercise to answer the following.

LE 17 Concept

3 3. 3 3 3
6 X 5 is (a) greater than 16 (b) equal to 16 (¢) less than 16

LE 18 Concept

1.3, 1 1 1
95 TS (a) greater than 9 7 (b) equalto 9 3 (c¢) less than 9 >

LE 19 Summary

Tell what you learned about multiplying and dividing fractions in this section. How
are multiplying and dividing fractions different than adding and subtracting?
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. Answers to Selected Lesson Exercises

=3
8
| | So it takes 3 X 4 or 12 quarters to make 3. There-
fore, 3 = 1 12.
11201 o L soes ini 12
I I (b)3 = 1 R Now 1 goes into n twelve
I | 1
times. So 3 + - = 12.
3 . 1.,3_3 4
10 of the figure is darkened. So 5 X T
8. 3.1 means “How many ls make é?” The answer
3 3.3 ac . 4 8 8 4
.(a) 3 (b)) = (¢) Induction
810 bd . 3.1
is6.S0> + 5 =6.

4 8
4. See Example 2.

4 5 4 X 5 it’ i ‘h
X T=200
5 053" ox3 Now that it’s all one fraction, you
can divide the numerator and denominator by a ‘v

common factor, 4. (Then % becomes ;)

9. (a) 2 (b) 4 (c) 8 (d) ad
bc

T9x8 18
2 2. 1_5.3_52_10_1
10.13.12 3753379 19
6. 1
2 11.1
3 3.7 3.7
2 2l 2wl
! p3.2.5_5"2 572 3.7
507 2 2.7 1 52
% 7 72
1 1 11 Note: The second step in LE 12 can also be justified
Area = (4 X 5) + (4 ><2> + <3>< 5) + <3><2> as multiplication by 1 in the following form:
7
=20+2+§+l=23§5q.units 2
36 6 =
7
2

7.(a) 3 + % means how many %s does it take to make

37 It takes 4 quarters to make 1. 13. (a) 60 pages

(b) Division; equal measures
(Continued in the next column)



\

\

14. (a) 70 people
(b) Multiplication; equal groups

152 B3 (0 % (d) 2R3 or 2%

. 6.3 Homework Exercises
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17.

18.

(©)
(a)

Basic Exercises

1. Show how to compute 4 X %using repeated addition.

2. Show how to compute 3 X 2 using repeated addition.

7

3. A fifth grader who does not know the multiplication

rule for fractions wants to compute % X % Explain

how to compute % X % using two diagrams.

4. Explain how to compute Ly 2 using two diagrams.

4 3

5. Explain how to compute 3 X 4 using two diagrams.

475

6. Explain how to compute 2 X 3 using two diagrams.

36

7. What fraction multiplication is illustrated by the
following grid?

8. What fraction multiplication is illustrated by the
following grid?

9. How would you diagram and explain

1, 1y en
@6x3?  (b)3 X6

10. How would you diagram and explain

1, 1y o
@4x37  (b)5 X4

% 11.

% 12.

13.

14.

Explain why, in computing 5% X 22, one can

simplify the computation by changing a2 and 8 to 1
and 4, respectively.

Explain why, in computing % X g, one can simplify

the computation by changing the 10 and 5 to 2 and 1,
respectively.

Consider the following diagram.
1
27
1
Iz
1,41
25 X 15

(a) Find 2% X l% from the diagram.

(b) Make a similar diagram for 3% X 2% and give the
answer.

(c) Repeat part (b) for 4% X 3%.
(d) Find a shortcut for computing a% X b%, in which
a = b + 1 for counting numbers a and b.
(e) Use your shortcut to compute 18% X 19%.
Consider the following diagram.
1
23
1
23
2% X 2%

(Continued on the next page)
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15.

16.

@ 17.

@ 18.

19.

20.

21.

22,

(a) Find 2% X 2% from the diagram.
(b) Make a similar diagram for 3% X 3% and give the
result.

(c) Repeat part (b) for 4% X 4%.

(d) Find a shortcut for computing a% X a% for a

counting number a.
(e) Use your shortcut to compute 29% X 29%.

(f) Show algebraically why the shortcut works.

Show how to work out 3% X 4% with an area diagram.

Show how to work out 2l X 3l

6 3 with an area diagram.

Explain how to use the following diagram to deter-

mine ll x 2 and give the result.

(11 [T

Explain how to use the following diagram to deter-

mine 2% X % and give the result.

(a) What multiplication is the same as %of 87?7

(b) What division is the same as % of 87

(a) What multiplication is the same as %of 207

(b) What division is the same as % of 20?
Compute the following without a calculator and
simplify.*

2.3 1.2 5 .1
Compute the following without a calculator and
simplify.*
4

<a>%X§

Lyt
(b) = X 4¢

1.2

“For more practice, go to www.cengage.com/math/sonnabend

% 23. A student has not yet learned the rule for dividing
fractions.
(a) Explain how to compute 2 + %using a
measurement picture.

(b) Explain how to compute 2 + % with a common
denominator.
% 24. (a) Explain how to compute 3 + %using a
measurement picture.
(b) Explain how to compute 3 + 1 with a common

. 2
denominator.

% 25. Explain how to compute % - %using a part-of-a-
whole diagram.

% 26. Explain how to compute % + %using a part-of-a-
whole diagram.

@ 27. Explain how to compute % -+ 2 using a part-of-a-
whole diagram.

% 28. Explain how to compute % =+ 3 using a part-of-a-
whole diagram.

% 29. Explain how to compute 1% + %using a part-of-a-
whole diagram.

% 30. Explain how to compute 2% + %using a part-of-a-
whole diagram.

[T T T]

(a) Where do you see % of something in the diagram?

(b) Where do you see % of something in the diagram?

(c) How can you see % of % in the diagram?

(d) How can you see 1 + % in the diagram?

gg2l | [ [ ] ]

(a) Where do you see % of something in the diagram?

(b) Where do you see % of something in the diagram?

(c) How can you see % of % in the diagram?

(d) How can you see 1 + % in the diagram?


www.cengage.com/math/sonnabend

33.

34.

35.

36.

37.

38.

41.

42,

43.

“For more practice, go to www.cengage.com/math/sonnabend

Use the definition of division to rewrite 10.2_n
21 3 m
as a multiplication equation, and find the answer by

inspection.

Use the definition of division to solve% +7=4.
Compute the following without a calculator and
simplify.*

@33 83 ©i:3

Compute the following without a calculator and
simplify.*
(a)s.10 (b)10.43 (c)y 3
Solve mentally.
(a)zx 10 (b)4.5 y
Solve mentally.
(a)4t 8 (b)9.3 r
. If you have a fraction calculator, compute % X é and
simplify it.
. If you have a fraction calculator, compute % - %,

simplify it, and convert it to a mixed numeral.

A sixth grader wants to see why the invert-and-
multiply rule works. Use the division model of

fractions and the Fundamental Law to show that

57 41sthesameas2><3.

Use the division model of fractions and the Funda-

mental Law to show that % - %is the same as
9,3
10" 2

It is preferable to use numbers to show students

how the invert-and-multiply rule works. However,

a proof requires using variables. Follow the steps
a . c _ad

of Example 4 and show that b d - be

44.

45.

46.

47.

48.

49.
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(a) What is a shortcut for dividing fractions with
. 3.1 _.10.2
2 s Zor— <+ 29
equal denominators such as g 733 T3
a.b_
(b) A general rule would be vl

(c) This rule can be used to derive the invert-and-
c

multiply rule. First, rewrite each fraction in% = 7

with a common denominator. Then apply the rule
from part (b). Finally, write the result as a fraction.

If you were teaching fifth graders multiplication of
fractions, tell in what order you would present the
following four examples. Explain why.

13 1
(21)2><4 (b)3><15
3 33
(c)8><16 (d)4><6
If you were teaching sixth graders division of

fractions, tell in what order you would present
the following three examples. Explain why.

@s+y M2 ©6+7

A recipe calls fori cup of flour per person. If you are

cooking for 6 people, how much flour should you

use?

(a) Solve the problem with a drawing.

(b) Solve the problem with an arithmetic computation.

(c) What operation and category does part (a)
illustrate?

Last year a farm produced 1,360 oranges. This year

it produced 2% times as many oranges.

(a) How many oranges did they produce?
(b) What operation and category does part (a)
illustrate?

A wall is 82% inches high. It is covered with 5%-inch

square tiles.

(a) How many tiles are in a vertical row from the
floor to the ceiling? (Give an exact answer.)

(b) What operation and category does part (a)
illustrate?


www.cengage.com/math/sonnabend
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50.

51.

52.

53.

54.

55S.

56.

Norma and Irving want to split a delicious 10%-inch

submarine sandwich equally. What division category
does this illustrate?

Four identical cartons are stacked one on top of the

other. The stack is 10 feet high.

(a) If the room is 18 feet high, how many more iden-
tical cartons can be stacked on top of the pile?

(b) What operations and categories are illustrated
here (area, array, compare, equal, missing part,
partition, take away)?

A baker takes % hour to decorate a cake.

(a) How many cakes can she decorate in H hours?
(b) What operation and category does part (a) illus-
trate (area, array, equal, partition)?

Four-fifths of a class brought food for a charity
drive. Of those who brought food, one-fourth
brought canned soup. Make a drawing, and tell what
fraction of the whole class brought canned soup.

Rainey puts 19 gallons of gas into the empty tank of
her Marauder SUV. Now the tank is 3 full. How

much gas does the tank hold? 8

Which of the following could be solved by comput-

1 é N l‘)
ing ; + 57
(a) You divide % of a pizza in % What fraction of the

pizza is in each half?
(b) You have % Ib of fish. How many %—lb servings of

fish do you have?
(c) You have % day to work on a project. The whole

project will take % of a day. What fraction of the

project can you complete?

A recipe calls for % cup of flour. You have only % cup

of flour. What fraction of the recipe can you make?

57.

58.

@ 59.

@ 60.

61.

62.

Carol Burbage spent % of her money at the movies.

Then she spent % of what was left at the store. Now

she has $4 left. How much did she start with?
(Hint: Draw a part-of-a-whole picture.)

Bill ate % of the cookies in the cookie jar. Maria ate %

of what was left. Then Sidney ate 2 cookies. Now 4
are left. How many were in the jar to start with?
(Hint: Draw a part-of-a-whole picture.)

Write a word problem that can be solved by comput-
ing the following.

2.4
@3%3
5.1
®5+3

Write a word problem that can be solved by comput-
ing the following.
3

1

A fifth grader asks, “What is the difference between
dividing 10 in % and dividing 10 by %‘.’” How would
you respond?

Consider the following problem. “A piece of paper is
11 inches long. How many %—inch strips can you cut

from it?” A fifth grader is not sure what operation to
use to solve this problem. Make up a simpler
problem that he might be able to solve.

63. (a) Tell how to find what fraction of the figure is

shaded.

(b) Describe a second way of finding the answer.
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Extension Exercises 68. Assume that b, ¢, and d are not 0. The statement

64. Fill in the blanks, following the rule in the
completed examples.

A 9—6 by 4—14
12—28 8 — 28
15— __ 10— __
18— __ 5—>___
_—20 =170
N—__ N—__

ﬂ 65. Crazy King Loopy just died. Loopy’s will instructs

his attorney, Ward E. Claus, to divide up his prize
collection of 17 hogs as follows: g of the hogs go
% go to his son Harpo,

and % go to young Loopy II. Ward has no idea how

to his eldest daughter Wacky,

he is going to carry out the will.

Fortunately, the court sage, Wiggy, tells Ward to
borrow another hog, and then he will be able to carry
out the will. Ward tries it, and it works! Ward returns
the extra hog when he is done.

(a) How many hogs does each child receive?

(b) Why does Wiggy’s approach seem to work?

(c) In the end, were the conditions of the will ful-
filled, or did everyone receive more hog than he
or she was supposed to?

66. Units of measurement can be treated like fractions.
For example, if a man travels 10 miles per hour for
6 hours, how far does he travel?

10 miles X 6 hours = 10 X 6 miles X hours
hour hour

= 60 miles

Carry the units along throughout each of the follow-
ing exercises.
(a) Swiss cheese costs 4 dollars per pound. How

much would 3% pounds cost?

(b) An ad claims that a car travels 495 miles on a full
tank of gas. If the car gets 30 miles to the gallon,
how many gallons does the gas tank hold?

@ 67. For 46 + 6, make up a word problem for which the
answer is )
(a) 7. (b) 8. (c) 4. (d) 75.

ﬁ 70.

a.c_a ~c is
b d b-+d
(a) always true.
(b) sometimes true.

(c) never true.

ﬁ 69. Sometimes the difference of two fractions equals

their product. For example,
3_3_3y3

2 2_2.2

770077%0 M 37575355

(a) What is the relationship between the two frac-
tions in each example?

(b) Make up two more examples that work.

(c) Show algebraically that the product and differ-
ence of two fractions of this type will always be
equal. (Hint: It takes only two variables to write
all the numerators and denominators.)

+ 4+
[\®]
o |— e |
W
T

.‘»—A

+
(O8]
~
Il

N
)

(a) Fill in the blanks.

(b) If the pattern continues, what will the next
equation be? Is the equation true?

(c) Write the general formula suggested by parts (a)
and (b):

+ =

(d) Writing a general formula based upon the
examples in parts (a) and (b) requires

reasoning.

(e) Prove that your formula in part (c) is correct.
(Hint: Find the common denominator on the left
side of the equation, and add the two fractions.)

Video Clip

71. Go to www.learner.org and watch “Teaching Math:
A Video Library K-4” video #36. Fourth graders
divide up a set of cookies. Discuss the lesson. Name
three specific strengths of the lesson and one way the
lesson might be improved.


www.learner.org
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6.4 Rational Numbers: Properties,
Estimation, and Error Patterns

NCTM Standards

* develop and use strategies to estimate computations involving fractions and
decimals in situations relevant to students' experience (3-5)

® use the associative and commutative properties of addition and multiplication and
the distributive property of multiplication over addition to simplify computations
with integers, fractions, and decimals (6-8)

® develop and use strategies to estimate the results of rational-number computations
and judge the reasonableness of the results (6-8)

The properties of whole-number and integer operations discussed in Chapters 3 and 5
hold for rational-number operations. However, the rational-number system possesses
some additional properties. The diagram (Figure 6-9) shows the relationship between
whole numbers, integers, and rational numbers.

Rational

Integer

Integer Properties Retained?

Figure 6-9 Do rational-number operations retain the same commutative, associative, identity, inverse,
closure, and distributive properties as integer operations?

LE 1 Opener

Using examples, decide if you think rational-number

(a) addition is commutative.

(b) multiplication is associative.

(c) multiplication is distributive over addition.

(d) Are your conclusions in parts (a)—(c) based on induction or deduction?

The preceding exercise concerns some possible properties of rational numbers. The
rational-number operations do retain all the properties of integer operations!

Some Properties of Rational-Number Operations

* Addition, subtraction, and multiplication of rational numbers are closed.
e Addition and multiplication of rational numbers are commutative.
e Addition and multiplication of rational numbers are associative.

» The unique additive identity for rationals is 0, and the unique multiplicative identity
for rationals is 1.
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¢ All rational numbers have a unique additive inverse that is rational. For any rational
a . . . a a a a a
number -, there is a unique rational number ——-such that—-+ ——>== —= + == 0.
b 4 b b b b b
* Multiplication is distributive over addition, and multiplication is distributive over

subtraction in the rational number system.

The following exercises make use of these properties.
LE 2 Concept

What is the additive inverse of %?

The properties also justify some procedures used in algebra.

LE 3 Concept

If x is rational, what property guarantees that <x + é) +2=x+ (; + 2>?

LE 4 Skill

You can use the distributive property of multiplication over addition to compute

8 X 5%. Show how this is done. (Hint: 5% =5+ ;)
What about rational-number subtraction and division? Are they commutative or
associative?

- ’
g 5

H

LE 5 Reasoning

Explain how you know, after studying whole numbers and integers, that rational-
number subtraction and division are neither commutative nor associative.

Multiplicative Inverses

Add any rational number to its additive inverse, and the result is the additive identity (0).

Try to apply the same idea to a multiplicative inverse in the next lesson exercise. Multiply a

rational number by its multiplicative inverse, and the result is 1 (the multiplicative identity).
Do all rational numbers have multiplicative inverses that are rational numbers?

LE 6 Skill

What is the multiplicative inverse of each of the following?

@ 4 3

X 5| LE 7 Reasoning

(a) Do you think all rational numbers have multiplicative inverses that are rational
numbers? Try some examples.
(b) Only one rational number does not have a multiplicative inverse. What is it?
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LE 6 and LE 7 should convince you that every nonzero rational number has a
unique rational multiplicative inverse.

Multiplicative Inverses for Nonzero Rational Numbers

Every rational number except O has a unique multiplicative inverse that is rational.

. . a . . . b
That is, for each nonzero rational number b there is a unique rational number a

ay,b_bya_
suchthatbxa—axb 1.

The Rounding Strategy

In the rare instance that you should make an error in arithmetic with elementary frac-
tions, estimation might help you detect your error. For example, if you computed that

3% + 2% = % (the error pattern in LE 14), estimating would tell you that the answer
could not be right.

The rounding strategy is often the best for estimating in addition, subtraction, and
multiplication problems involving elementary fractions. Round the numbers to create a
problem that you can compute mentally. In most cases, fractions are rounded to the

nearest integer. In addition or subtraction, round fractions between 0 and 1 to O, %, orl,
which are called benchmarks.
Use rounding to estimate in the following exercises.

LE 8 Skill

Celia plans to bake 4% pans of lasagna. Each pan requires 2% cups of tomato sauce.

(a) How can you use rounding to estimate the amount of tomato sauce needed?
(b) Is your estimate too high or too low?
(¢) Round both numbers down, and give a range estimate.

LE 9 Skill

Estimate 15—2 + %by rounding each fraction to O

1

s orl.

The Compatible-Numbers Strategy

Are you a flexible person? If so, you'll like using the compatible-numbers strategy with
elementary fractions. Rounding to the nearest whole number is not always the best
approach in fraction multiplication or division.

Rounding may not work in multiplication when at least one factor is close to or less

than =. This factor can be rounded to the closest fraction that has 1 in the numerator and

2
a counting number in the denominator, such as % %, or % Then change the other factor
to a compatible number.
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Example 1 A new electric eyeglass defogger regularly sells for $820, but Nutty

Mike’s is offering it for < off the regular price. How can you estimate the amount of the

discount? >
Solution
We need to estimate % of $820. We cannot round % to the nearest whole number, 0.
Doing so would make the estimate O for % of any dollar amount! Instead, round % to %
or % which is easier to use than %, and round $820 to a compatible number.
2 1 _
3 X $820 5 X $800 = $400
So % of $820 is about $400. Or
2 1 _
5 X $820 = 3 X $900 = $300
So % of $820 is about $300. m

LE 10 Skill

Nutty Mike’s is offering 3 off the price of a $604 electric bookmark. How can you
estimate the discount?

Common Error Patterns

C

Classroom
Connection

g

l'Q
4

\

\

Your future students will amaze you with their own ingenious procedures for fraction
arithmetic (which often do not work). Repetition of incorrect procedures results in error
patterns in students’ work.

In LE 11-LE 14, (a) complete the last two examples, repeating the error pattern in the
completed examples; (b) describe the error pattern in the first example; and (c) state how

one of the errors might be detected using estimation.

LE 11 Reasoning

LE 12 Reasoning
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9 % LE 13 Reasoning

Q- @ LE 14 Reasoning

|
S|
%)
9]
= A=
+
&~ =)
Bl= V=

@ LE 15 Summary

Tell what you learned about properties of rational-number operations in this section.
Give an example of each property. How do these properties compare to those of
whole numbers and integers?

. Answers to Selected Lesson Exercises

-3

4
3. Associative property of addition
a.8x5l—gx(5+L)=(sxs5)+(sxl]=
2 2 2
40 + 4 =44
5. The counterexamples for whole-number and integer
subtraction and division would also be counterexam-
ples for rational numbers. If a rule does not apply
to all whole numbers, then it cannot apply to all

rational numbers, because every whole number is
also a rational number.

6. (a) ——

1
() 13

7. (b) 0

1o n3 0 =
8.(2:1)42><24 5 X 3 =15 cups

(b) Too high

(©) 4% X 2% ~ 4 X 2 = §; between 8 and 15 cups

5 .7 1 1
9.55 T 5=

\S)

10. (possible answer) % of $604 =~ % X $600 = $300

4.3
11. (a) 9
(b) The student is adding the denominators.
4. 3 1,3_4,
(©) 9 is less than T How can 5 + 1°79
14 116 0 52
12. (a ) or 1 67 27

(b) The student is inverting the first fraction and
multiplying it by the second.
2

1.52 g.3-= 16,
(c)82.23 9+3= 3Howcantheanswerbe51
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13.(a) 4; 4
(b) The student always divides the smaller number
into the larger.
(c) Fractions with denominators that are larger than

3.5

4712

(b) The student is adding only the fractional parts of
the mixed numbers.

14. (a)

their numerators cannot be greater than 1. © 3% n 2% ~ 3 + 3 = 6. How can the answer be %?
. 6.4 Homework Exercises
Basic Exercises 9. A fifth grader says that > - 81 is 2 of 8, which is
. : 4 24
1. (a) What rational-number operations are 31 3 3 3
commutative? 6 plus 1 which is 3 Then 6 + i 6§. Is this
(b) What rational-number operations are associative?
right? If not, what would you tell the student?
2. 24 0=0+ 2_2 3 6 .
3 3 3 10. A fifth grader says that 7 - 2 = ¢. To prove it, she
5 5 5
-35+0=0+ —35=—-33
8 8 8 draws |><|><|><| | |><|><|><| |, which she
These examples illustrate that is the

for

3. According to the associative property of multiplication

for a rational number x,% 4 -x)=

4. For any rational number x, what property guarantees that

§x+(2x+7)=<§x+2x>+7?

5. What is the additive inverse of
1 3
—2-29 29
(a) 22. (b) 1

6. Use the distributive property of multiplication over
addition for a rational number » to simplify

_4 .2 -
311-1—3n

7. On a car trip, the Durst family averages 50 miles per
hour for 6% hours. How can you mentally compute

the total distance traveled with the distributive
property?

8. A job pays $40 per hour for 3% hours. Mentally com-

pute the exact total pay. Show how you did it.

says show % Is this right? If not, what would you

tell the student?
11. Draw a Venn diagram that includes the following
sets: rational numbers, whole numbers, and

integers.

12. True or false? Every rational number is an integer.

@ 13. Explain how you would know, after studying whole

numbers and integers, that rational-number subtrac-
tion is not commutative.

14. Give a counterexample showing that rational-number
division is not associative.

15. What is the multiplicative inverse of
1 3
—229 29
(a) =2 X (b) 1

16. Any nonzero number multiplied by its multiplicative
inverse equals

17. (a) What property do rational numbers have that
whole numbers and integers do not have?
(b) What property do all nonzero rational numbers
have that whole numbers and integers do not
have?
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18.

19.

20.

21.

One reason that we need rational numbers is to

provide answers to whole-number and integer

division problems.

(a) Are the rational numbers closed under division?
(That is, if x and y are rational numbers, is x ~ y
a rational number?)

(b) Would the set of rational numbers, excluding 0,
be closed under division?

A recipe calls for 1% cups of sugar to make 1 1b of

belly busters. How can you estimate how much sugar

is needed to make 8% Ib of belly busters?

The Westwood Dribblers have a trip of 83% miles

to their away basketball game. So far, they have trav-
eled 3811% miles. How can you estimate the distance
they have left to travel?

7 9 .
2673600 X 3260 is about

(a) 7000

(b) 100

(c) 60

(d) 900

(Show how you obtained your estimate.)

22. A, B, C, D, E, and F are counting numbers. You

23.

24,

B _ B
c C
down. Is your estimate too high or too low, or is it
impossible to tell?

estimate A D% by rounding A=~ up and D%

Suppose you nail together two boards that are % in.
thick and 1iin. thick.

(a) Estimate the total thickness by rounding each
1

’ E?

(b) Some students estimate this answer as 8 in. or
24 in. Why do they make these errors and what
don’t they understand about fractions?

measurement to either O, =, or 1.

. m, 1,7 .
Estimate B + 6 + 3 by rounding each number to

either O, %, orl.

25.

26.

27.

28.

29.

30.

31.

32.

Tell whether each fraction is close to 0, close to l,

close to but less than %, close to but greater than %,
or close to é.
4

2 18 5 2 9
(a) 9 (b) 23 (© 11 (d) 35 (e) 17

Tell whether each fraction is close to 0, close to l,

1

close to but less than > close to but greater than %,

or close to é

4

8 4 73 AT 19
@35 ®z5 @ @i ©f
Suppose the fifth grade has 126 students, and 41 of

them bring lunch to school. Write a simple fraction
that approximates the fraction of students who bring
lunch.

In a school survey, 34 out of 164 students say they
would like to wear school uniforms every day.
Write a fraction in simplest form that represents
the fraction of students who want to wear school
uniforms.

In a national survey, % of all fifth graders say vanilla
is their favorite flavor of ice cream. In a class of 23
fifth graders, show how to estimate how many would
pick vanilla as their favorite.

2
5
How can you estimate the sale price?

A $327 stereo is selling for < off during a sale.

1
4

that is 384% in. wide. How can you estimate how

You want to lay 17 in. wide panels across a wall

many panels you will need?

31 . 1.
286% : 64 is about
(a) 280 (b) 1800
(c) 30 (d) 50

(Show how you obtained your estimate.)
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34.
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872]7—6 =+ %is approximately
(a) ;
1,000,000
(b) 40
(c) 320
(d) 2200
(Show how you obtained your estimate.)

g.d

O O

Place the numbers 2, 3, 7, and 9 in the four boxes to
make

(a) the largest possible quotient.

(b) the smallest possible quotient.

In Exercises 35-40, (a) complete the last two exam-
ples, repeating the error pattern in the completed exam-
ples, and (b) describe the error pattern in the first
example.

7% 35.
\

”
2 B3

73 37.

36.

1,3_2+3_5 2.,1_
Y4 s 17s 3Te
1,9 _
5707
1B_ 6_ 1 15_ I
36 6 64 4 25 2
21 _ 17 _
2 27

1l 1 2
43 =75 33 85
52 52 12 23
55 5 %

9 _ 4
154725

3 4 1

143 2% 845
_ ol el _<1

8 63 33

2

3
4+3_4_, 5+2_
2+3 2 5+3
y+3

% £ 40.
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3+4_5_ 6+5_
2 1 3
1

7+8_
4

Extension Exercises

41.

42,

7% 43.

% 44.

T3 45.

73 46.

Does 1 = 4? Does 10 = 15? Find the incorrect step
in each of the following.

-2 _2,2_ -
(a)1—1+1 1+1 4.S01=4.

_20_10+10_10 _
(b) 10 = > > > + 10 = 15.
So 10 = 15.

People mentally multiply whole numbers by 25 by
changing a problem such as 25 X 44 into 100 X 2—4
or 100 X 11.
(a) Show why 25 X 44 = 100 X ‘2—4.

(b) How can you use this same approach to compute
25 X 84?

Show that multiplication of rational numbers
uw d Y. .
v x> and 7 18 associative.

Show that multiplication of rational numbers

X y. .
W and 7 Is commutative.

Tell whether each of the following is true or false. If
the equation is true, prove it. If it is false, give a
counterexample. Assume x and y are nonzero rational
numbers.

2 bx+y_
x+y (b) y -4

@) 2 N 2

a) — —_—=
x Yy

A common error pattern in addition of fractions is to

add the numerators and the denominators, as in

1,2_ Q. In fact, if A, B, C, and D are counting

2 35
A+0
(B + Dy

A, C
numbers, then B + D

(<or>)
(Hint: Rewrite the right side as a sum of two
fractions.)

Tell why.
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Chapter 6 Summary

The set of integers is expanded to form the set of rational
numbers so that nonzero integer division problems with
nonzero divisors will have answers. In elementary
school, children study the nonnegative subset of rational
numbers that I have called elementary fractions.

Elementary fractions are quite versatile. An elemen-
tary fraction can represent a part of a whole, a division
problem, a point on a number line, or a part of a set.

Arithmetic rules for fractions use these models.
Fraction pictures help students understand the results of
fraction arithmetic. The common categories of the four
whole-number operations fit many word problems in-
volving rational numbers. Estimation enables students to
use their facility with whole numbers to develop their in-
tuition about elementary fraction arithmetic.

Study Guide

Rational numbers include all the numbers most
children study in elementary school. Whole numbers,
elementary fractions, and integers are all rational num-
bers. Whole numbers, integers, and rational numbers all
possess the commutative and associative properties for
addition and multiplication and the distributive proper-
ties for multiplication over addition and for multiplica-
tion over subtraction. The integers and rational numbers
have unique additive inverses as well, and nonzero ra-
tional numbers have unique multiplicative inverses. The
rational numbers are also dense.

Students now study estimation and mental computa-
tion with fractions in school. They learn how to recognize
problems that are easy to compute and how to use the
rounding and compatible-numbers strategies to estimate.

To review Chapter 6, see what you know about each of
the following ideas or terms that you have studied. You
can also use this list to generate your own questions
about the chapter.

6.1 Rational Numbers 258

Four meanings of an elementary fraction 260
Rational numbers 262

Equivalent fractions for rational numbers 263
Fundamental Law of Fractions 264
Simplifying elementary fractions 264
Compare and order Fractions 265

Density 266

6.2 Addition and Subtraction
of Rational Numbers 272

Adding and subtracting rational numbers with like
denominators 273

A model for adding elementary fractions with unlike
denominators 274

A model for subtracting elementary fractions with unlike
denominators 276

Adding and subtracting mixed numbers 277

Fraction calculators 279

6.3 Multiplication and Division
of Rational Numbers 283

Repeated addition and multiplication of rational
numbers 283

A model for multiplication of elementary
fractions 284

A model for division of rational numbers 286

The invert-and-multiply rule for division 287

6.4 Rational Numbers: Properties,
Estimation, and Error Patterns 296

Properties of rational-number operations 296
Multiplicative inverses 297

Rounding strategy 298

Compatible-numbers strategy 298

Common error patterns 299



Elementary Fractions in Grades 1-8

Review Exercises 305

The following chart shows at what grade levels selected elementary fraction topics typically appear in elementary- and middle-

school mathematics textbooks.

Topic

Typical Grade Level in Current Textbooks

Fraction concepts

Fraction addition and subtraction
Fraction multiplication and division
Fraction estimation

[ [ [ [
IoN IOy O Iy
<9 =Y

=
™
W
1

>

Review Exercises

@ 1. Describe four common meanings of % For each

meaning, give its name, make a drawing, and

describe how it works for %

2. Show why% = 1% using

(a) the part-of-a-whole model.
(b) a number line.
(c) division.

3. If represents %, make a drawing that
represents

@ OF

@ 4. Explain why % is undefined.

5. Give an example of a number that is rational but not
an integer.

% 6. Write a paragraph that defines whole numbers, inte-
gers, and rational numbers and tells how the three sets
of numbers are related.

7. Find the GCF of 135 and 162, and use it to simplify
135
162

3 a2
8. (a) Compare 1 and 3

and state the result.

(b) Compare % and%
terms of the least common denominator, and state
the result.

with a fraction-bar drawing,

by writing both fractions in

@ 9. Eight math professors share five medium pizzas
equally. At the next table, six science professors
share four medium pizzas equally. Which depart-
ment has slightly larger shares of pizza? Tell why.

10. Suppose % > 2 and a = c for counting numbers a, b,

and c.
(a) What can you conclude about b and d?
(b) Does part (a) involve induction or deduction?

11. (a) Name two fractions between % and g
(b) What property of rational numbers does part (a)

illustrate?

% 12. A fourth grader thinks % + % = % Draw a fraction
bar for each fraction, and explain why % cannot be

the sum.
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13.

14.

15.

@ 16.

@ 17.

18.

@ 19.

% 20.

21.

Chapter 6 Rational Numbers as Fractions

(a) Draw a fraction bar for each fraction in % + %
(b) Draw a fraction bar for the sum of % + %, and

tell why a common denominator is needed.
(¢) Draw a fraction bar for each fraction with the
least common denominator.

(d) Show the steps to compute % + % and draw a

picture that shows the sum.

(a) Draw a fraction bar for each fraction in % — %

(b) Explain why a common denominator is needed.
(c) Draw a fraction bar for each fraction with

the least common denominator.

(d) Show the steps to compute % — é and draw a

picture that shows the difference.

Compute and simplify the following without a
calculator.

3.2 5 542 Ll 51
(a)§+§ (b) 325 243 (c) 32 24

A fifth grader who does not know the multiplication

rule for fractions wants to compute % X % Explain

how to compute % X %using two diagrams.

Explain why, in computing i X %, one can simplify
the computation by changing the 8 and 4 to 2 and 1,
respectively.

A sixth grader thinks 2%

diagram to show why this is incorrect, and then
obtain the correct answer.

1_ L
X 31 = 68. Use an area

(a) Explain how to compute 4 + % with a measure-
ment picture.

(b) Explain how to compute 4 % with a common
denominator.

Explain how to compute % =+ 4 with a part-of-the-
whole diagram.

A sixth grader wants to see why the invert-and-multiply

rule works. Use the division model of fractions and

the Fundamental Law to show that 2 + 7.2 X 2

5 9 57T

22,

23.

24,

% 25.

26.

27.

@ 28.

29.
30.

31.

(a) You have 5 ounces of peanuts. Exactly how many

3 .

7 -ounce servings can you make?

(b) What operation and category does this problem
illustrate (area, array, equal, partition)?

Suppose you give % of your earnings to charity and

pay % of your earnings in taxes.

(a) What fraction of your earnings is left for other
expenses?

(b) What operations and classifications does part (a)
illustrate (combine, compare, missing part, take
away)?

Patty bought l% pounds of lowfat Swiss cheese

for 5 lunches during the work week.

(a) How much cheese will she have for each day?
(Give an exact answer.)

(b) What operation and category does this problem
illustrate (area, array, equal, partition)?

Write a realistic word problem for 4 + %

Compute and simplify the following without a
calculator.

3433 =2
(a)5><312 (b)8 = 3

2. (_4
@-3+(-3)

Give an example illustrating the associative property
of multiplication for rational numbers.

Explain how you would know, after studying whole
numbers and integers, that rational number division
for nonzero numbers is not associative.

Show the steps you would use to compute the exact

answer to 24 X 2% mentally.
Name a property that the nonzero rational numbers
have that the integers do not have.

472 1776 approximately

(a) 2,500

(b) 100 ©)9

1
d 10,000
(Show how you obtained your estimate.)
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32. (a) Complete the last problem, repeating the error 2,1_
@ pattern from the completed examples. 5 4
1 n 2_ 4 " 6 10 _ ]3 (b) Write a description of the error pattern.

4 3 7 7 7 7 (c) Explain how the error pattern in the first example
could be detected with estimation. (Hint: Why
should the answer be less than 17?)

2,6 _18_;4_2

1_ _ 15 _
+9_14 14 14 14

3
5

(Continued in the next column)

Alternate Assessment—Rubrics

Questions that require students to do more thinking and writing are an essential part of
assessment, but they are much harder to score than multiple-choice or short-answer
items. Rubrics give structured guidelines for uniform scoring of performance tasks.
Showing the standards for the rubrics to students helps them understand what distin-
guishes a good response from a poor one. Although rubrics must be adapted to the type
of question and the expectations of the teacher, the following example will give you
some idea of how rubrics work.

Suppose your class had to answer the following question. Three friends order 4
small pizzas. Describe how you would divide up the pizzas equally among the 3 people.
What part of a pizza does each person receive? Score each of the answers below using
the following rubrics (1-4 points).

4 - Excellent The solution is complete and correct or has one very trivial error.
3 - Good The solution is mostly correct. It shows most of the steps and has few errors.

2 - Partially Proficient The solution is partially correct, but it has a number of errors or
incomplete work, and the final answer may be incorrect.

1 - Not Proficient The solution has errors throughout, or a significant part of the solution
is missing.
Student # 1: 1 would take 4 pizzas. Cut them into 3 slices each. That makes 12 slices.

Each person gets 4 slices. They get 1 pizza plus an extra slice.
Student # 2: 1 would give each person one pizza. Then cut the remaining pizza into

3 equal parts and give one to each person. So each person gets 1 + % = 1% pizzas.
3

Student # 3: Each person gets % of a pizza, because 3 + 4 = T
Student # 4: 1 would cut each pizza into 6 pieces and then pass out slices to everyone.
Or you can do one of the following assessment activities: add to your portfolio, add

to your journal, write another unit test, do another self-assessment, or give a presentation.
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Decimals: Place Value,
Estimation, and Mental
Computation

Decimal Arithmetic and
Error Patterns

Ratio and Proportion
Percents

Percents: Mental Computa-
tion, Estimation, and Change

Rational, Irrational,
and Real Numbers

AII rational numbers can be written as fractions or as decimals. Each
notation has its advantages.

The ancient Egyptians developed fraction notation more than 3,500 years
ago for measuring and accounting, but fraction notation is often awkward
for comparing the sizes of two numbers or for doing computations. Decimal
notation is one of the great labor-saving inventions of mathematics. Simon
Stevin (1548-1620), a Flemish engineer, was the first to discuss decimal
notation and decimal arithmetic in some detail.

Decimal notation uses an extension of our whole-number place-value
system to represent numbers. As a result, decimal arithmetic algorithms use
whole-number/integer algorithms, with additional rules for shifting and
placing decimal points.

Decimals are also significant in mathematics because, as the Pythagoreans
discovered more than 2,000 years ago, rational numbers alone are insufficient
for measuring all lengths. The first irrational (that is, “not rational”) decimal
numbers that the Pythagoreans found were certain square roots.

Although the set of rational numbers is dense, it does not represent every
point on the standard number line. The fact that decimal numbers include
both rational and irrational numbers makes it possible to label every point on
a number line and to measure any length. The union of the set of rational and
irrational numbers is called the set of real numbers.

7.1 Decimals: Place Value, Estimation,

and Mental Computation

NCTM Standards

e understand the place-value structure of the base-ten number system and be able
to represent and compare whole numbers and decimals (3-5)
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® develop and use strategies to estimate computations involving fractions and
decimals in situations relevant to students' experience (3-5)

* develop an understanding of large numbers and recognize and appropriately use

exponential, scientific, and calculator notation (6-8)

Focal Point
Grade 4

Developing an understanding of decimals, including the connections between fractions

and decimals.

309

Sally’s Car Clinic
Parts and Labor $362.25 GNP Is $3.4 Billion

Whether it is a Gross National Product (GNP) of $3.4 billion, an atom of diameter
0.00000004 cm, or car repairs costing $362.25, people usually report statistics in deci-
mal notation. In most everyday applications, decimal notation is easier to use than frac-
tions, and decimal computations are easier than fractional computations. Furthermore,
calculators and computers generally give output in decimal form, and the metric system

employs decimal notation.

Place Value

Do T hawe to dra

You think youre :
you 3 picture’

bigaer than T am)

% c LE 1 Opener

Classroom A fourth grader says that 0.1 is the same as 0.01 because adding the zero doesn’t

Connection

change the value. Is this right? If not, what would you tell the student?

Students in fourth grade learn about decimal place value for tenths and hundredths
by connecting it to decimal-square pictures and number lines (® Figure 7—1 on the next

page). Decimal-square pictures make it clear why 0.1 > 0.01.
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o

Connection
Decimal Place Value " Tell the value of the
| blue digit for each

1.8,'64 2.17,932
What are some ways to .
represent decimals?

3.2,905  4.5924

Here are different ways to represent 1.48.

Number line: |

|
LU N RN N R — T
010203040506070809 1 1. 3 1.4 1.5

-l
3 §
0

| T T T T T T T
1.40 1.41 1.42 1.43 1.44 1.45 1.46 1.47 1.48 1.49 1.50

3

Grids:
e ——
1 one 4 tenths 8 hundredths
Place-value tens ~ ones | tenths hundredths
chart: - 4 3

Expanded form: 1 + 0.4 + 0.08
Standard form: 1.48
Word form: One and forty-eight hundredths

Write the word form and the expanded form
for 5.0. Then, tell the value of the red digit.

Word form: five and two hundredths
Expanded form: 5 + 0.02

I write the word
and for the
decimal point. |

—d

The red digit is in the hundredths place, so its value is
2 hundredths, 0.02.

From Scott Foresman Addison Wesley Math Grades, Grade 4, © 2008 by Pearson Education, Inc. Used by permission. All rights reserved.

® Figure 7-1 Decimal place value in grade 4

Decimal place value is an extension of whole-number place value, and it has a sym-
metry as shown in the following diagram. Each place value for whole numbers (extend-
ing to the left) corresponds to a place value for decimal places (extending to the right).
For example, tens correspond to tenths, and hundreds correspond to hundredths.
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3 4 2 6 5 1 7
B — B —
t h t o t h t
h u e n e u h
) n n e n n 0
u d S S t d u
S r h r S
a e S e a
n d d n
d S t d
S h t
S h

S

The decimal point is read “and.” The number 3426.517 is read “three thousand, four
hundred, twenty-six and five hundred seventeen thousandths.”

LE 2 Concept

(a) In our numeration system, each place you move to the left multiplies place value
by .

(b) Each place you move to the right divides place valueby ___ which is the
same as multiplying by

Compare and Order Decimals

To compare decimal numbers, you can use decimal-square pictures, a number line, or
place-value columns. As with whole numbers and fractions, if a decimal number u is
located to the right of a decimal number v on this number line, u > v.

% LE 3 Connection
(a) Why do some students think that 0.32 > 0.4?
Explain why 0.4 > 0.32
(b) with two decimal-square pictures (Figure 7—1 and Activity Card 3).
(¢) with a number line from O to 1.
(d) by putting the numbers in place-value columns of ones, tenths, and hundredths.

The preceding exercise contains examples of terminating decimals. Terminating
decimals can be written with a finite number of digits to the right of the decimal point.
The numbers 8.0, 0.6, and 0.317 are terminating decimals, but 0.3444 . . . is not (Fig-
ure 7-2). The “.. ” in 0.3444 . . . indicates that the 4 repeats infinitely. The number can
also be written 0.34, in which a line is placed over the repeating block of digits.

p 5
L= 0.60.3170.3444..

Figure 7-2

Nonterminating decimals are discussed later in the chapter.
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Types of Rounding

In preceding chapters, almost all rounding was done to the nearest appropriate number.
Actually, there are three kinds of rounding: rounding up, rounding down, and rounding
to “the nearest.”

Exam ple 1T An office-supply store sells pens for $0.1225 each. Round this price

(a) down to the preceding hundredth.
(b) up to the next hundredth.
(¢) to the nearest hundredth.

Solution

The hundredths place contains a 2. This means that $0.1225 is between $0.12 and $0.13
and closer to $0.12.

(a) $0.12 (b) $0.13 (c) $0.12

$0.1200  $0.1225 $0.1300 |

Calculators and computers may round down, or truncate, all long decimal numbers. To
truncate means to discard digits to the right of a particular decimal place. Note that discard-
ing the 25 in $0.1225 (truncating) is the same as rounding down to the preceding hundredth.

LE 4 Skill
A kilometer is 0.621371 mile. Round this distance
(a) down to the preceding thousandth.

(b) up to the next thousandth.
(¢) to the nearest thousandth.

The Rounding and Front-End Strategies

C

Classroom
Connection

Decimal estimation, not surprisingly, is very similar to fraction estimation. The rounding
strategy is usually best for estimating in decimal addition, subtraction, and most multi-
plication problems. Decimals are usually rounded to the nearest whole number to create
a problem that can be computed mentally. The front-end strategy can also be used for
addition, subtraction, and some multiplication problems.

LE 5 Skill

You ask four fifth graders to solve the following problem: Estimate the price of 8.6 m
of material that costs $7.79 per meter. Here are the students’ answers. What does each
student understand about decimal estimation?

(a) Changeitto9 X 8 = $72.

(b) On my calculator, 8.6 X 7.79 = 66.994. My estimate is $67.
(¢) Changeitto8 X 7 = $56.

(d) Round 8.6 down to 8 and 7.79 up to 8. Then 8 X 8 = $64.
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The Compatible-Numbers Strategy

The compatible-numbers strategy works for estimating in decimal division just as it does
for whole-number and fraction division. Rounding to the nearest whole number is not
always the best approach.

LE 6 Skill

Suppose that 6.8 1b of crabmeat costs $58.20. How could you estimate the cost per
pound?

Exponents

Exponents are often used in expressing large and small positive numbers in a briefer for-
mat. Decimal place values can be expressed using powers of 10.

Counting-number exponents were used for place value in Chapter 3. Zero and
negative-integer exponents are useful in decimal place value. Zero and negative-integer
exponents are defined so that certain properties of positive exponents extend to all inte-
ger exponents.

D LE 7 Reasoning
Biscusion Suppose that an eighth grader knows how to compute 10¢, when c is a counting
number.

(a) How could you suggest what 10°, 10!, and 102 should equal by extending a
pattern? (Hint: Start with 103 = 1000.)
(b) Describe the pattern.

LE 7 suggests an appropriate definition of zero and negative-integer exponents.

Zero and Negative-Integer Exponents
For all a > 0 and integers n:
al‘l

=1
|
a =
a

The integer powers of 10 have a pattern in decimal place value, as follows.

. 108 102 10! 100 1001 1072...

These definitions are consistent with exponent properties with which you are familiar.



314 Chapter 7 Decimals, Percents, and Real Numbers

D

Discussion

LE 8 Concept

What is the rule for adding exponents and how can you use it to find the value of 10°?
Complete the following.

(@) (10%-(10%) =(10-10-10)- ()= 10"

(b) What is the shortcut for multiplying 10% - 10*?

(c) Suppose an eighth grader asks what 10° is. Using the same rule (shortcut),
10°-10° =

(d) If 10° - 10° = 107, then 10° must equal

How nice that letting 10° = 1 and 10~! = 0.1 makes the pattern in LE 7 and the rule

m+n

in LE 8 both work! The general addition rule for exponents states that a”a" = a™"", in

which a is a nonzero rational number and m and n are integers. The subtraction rule for
exponents is reviewed in the homework exercises.

Mentally Multiplying or Dividing by Powers of 10

-
I'S
v

Discussion

\

The shortcut for multiplying by a counting-number power of 10 is suggested by the pattern
in the following lesson exercise.

LE 9 Reasoning
(a) Look at the following examples and describe a shortcut for multiplying by 10".

9.52 X 10 or  9.52x 10! =952
9.52 X 100 or  9.52 X 10% =952
9.52 X 1000 or 9.52 x 10° = 9,520

(b) Explain how you used inductive reasoning to answer part (a).

LE 9 suggests the following shortcut.

Multiplying a Decimal Number by a Power of 10

Multiplying a decimal number by 10" (n = 1, 2, 3, . . .) is the same as moving the
decimal point n places to the right.

LE 10 Skill
Explain how to compute 4.6 X 10° mentally.

Exam ple 2 1In 1987, Van Gogh’s painting Irises sold for $53.9 million. Write
$53.9 million in decimal notation.

Solution

The amount 53.9 million means “53.9 times 1 million,” or 53.9 X 10°. So $53.9 million =
$53,900,000, which would buy a lot of real flowers. Figure 7-3 shows how 53.9 million is
related to 53 million and 54 million.
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53,900,000
53,000,000 ' 54,000,000
$ | | | | | | | | | $
53 53.9 54 million
Figure 7-3 |
LE 11 Skill

The cost of motor vehicle accidents in 2002 was $150.5 billion.

(a) Write this number in decimal notation (without the word “billion”).
(b) If there were about 185 million drivers, what was the average cost per driver?

Now consider dividing a decimal number by a counting-number power of 10. What
is a shortcut for dividing by a power of 10 such as 100 or 1000?

X 7| LE 12 Reasoning
(a) Look at the following examples and describe a shortcut for dividing a decimal
number by 10".

952+ 10 or 9.52 + 10! = 0.952
9.52 + 100 or 9.52 + 10% = 0.0952
9.52 + 1000 or 9.52 + 10° = 0.00952

(b) The generalization in part (a) is formed with reasoning.

LE 12 suggests the following shortcut.

Dividing a Decimal Number by a Power of 10

Dividing a decimal number by 10" (n = 1, 2, 3, .. .) is the same as moving the
decimal point n places to the left.

LE 13 Skill

A store buys 1,000 chocolate almond bars for $75. How much did it pay for each
chocolate almond bar?

% (a) Explain how to compute the exact answer mentally.
(b) What operation and category does part (a) illustrate (area, array, equal, partition)?

The shortcut for multiplying or dividing by a power of 10 can be extended to expo-
nents that are negative integers.

% LE 14 Reasoning
Look at the following examples and describe a shortcut you can use to multiply by
negative-integer powers of 10.

3.47 X 10> =347

347 X 10" =347

347 X 10° =347

3.47 X 107" =0.347

3.47 X 1072 = 0.0347
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The shortcut for multiplying a decimal number by an integer power of 10 is as follows.

Multiplying a Decimal Number by an Integer Power of 10

To multiply @ X 10, in which c is an integer, the decimal point in a is moved ¢
places to the right if ¢ = 0 or |c| places to the left if ¢ < 0.

LE 15 Skill
Write 5.67 X 10~ using decimal notation.

Scientific Notation

Archimedes (287-212 B.c.) was one of the first to use very large numbers. He suppos-
edly computed the number of grains of sand needed to fill the entire universe (10%%). But
why did he do this?

According to my wife, he was at the beach with some of his friends, who taunted
him. “If you’re so smart Archi, how many grains of sand would fill the universe?” Sub-
mitting to peer pressure, Archimedes proceeded to find out.

It is easier to write large numbers such as 10% in shorthand notation. How do calcu-
lators deal with such large numbers? Try the following and find out.

LE 16 Opener

(a) Compute 400,000 X 360,000 by hand.

(b) Compute 400,000 X 360,000 on your calculator. Did you obtain something
like ? If you got an error message or “E,” your calculator cannot deal
with very small or very large numbers. Try this computation on a classmate’s
calculator that does show the correct answer.

The answer to LE 16(b) is in scientific notation. It means 1.44 X 10'!. Some calcu-
lators and all computers use scientific notation to abbreviate very large positive numbers
and positive numbers that are close to 0. A computer might write 1.44 X 10'' as
. Scientific notation shows a number as an integer power of 10 multiplied by
a number between 1 and 10 (including 1 but not 10).

Definition: Scientific Notation

Any positive decimal number can be written in scientific notation, n X 107, in
which 1 = n < 10 and p is an integer.

Scientific notation is a useful shorthand for numbers that have many digits. Sci-
entists, calculators, and computers each employ slightly different forms of scientific
notation.

People using scientific notation also need to know how to convert numbers in stan-
dard form to scientific notation.

Example 3 write the 2008 world population, 6,700,000,000, in

(a) scientific notation. (b) billions.
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Solution

(a) First, move the decimal point to obtain a number between 1 and 10.

6.700000000

How many places was the decimal point shifted? Nine. The 9 gives the magnitude
of the exponent of 10. Should the exponent be 9 or —9 (6.7 X 10° or 6.7 X 107%)?
Use estimation to decide. Which would equal 6,700,000,000?

6,700,000,000 = 6.7 X 10°

(b) Because 1 billion = 10°, then 6.7 X 10° is 6.7 billion. [ |

LE 17 Skill

notation.

A snail moves at a rate of about 0.00036 mile per hour. Write this rate in scientific

% LE 18 Summary

Tell what you learned about decimal place value and rounding in this section.
How are they related to whole number place value and rounding?

. Answers to Selected Lesson Exercises

1. Talk about the difference in the place value of the
1 in each numeral.

1
2.(a) 10 (b) 10; 10
3. (a) With whole numbers such as 32 and 4, the
number with more digits is larger.
(b) To show 0.4, shade 4 of the 10 columns. To show
0.32, shade 32 of the 100 squares. The area
shaded for 0.4 is larger, so 0.4 > 0.32.

0.4 0.32

(c) 0.32

<

1
0 010203040506070.809 1

& 1 1 1 1 1 1
hd

(Continued in the next column)

Locate 0.4 and 0.32 on a number line. Because
0.4 is to the right of 0.32, 0.4 > 0.32.

(d ones tenths hundredths
0 . 4
0 . 3 2

Start at the place on the left. Both numbers have
the same number of ones, but 0.4 has more tenths
than 0.32, so 0.4 > 0.32.

4. (a) 0.621 (b) 0.622 (c) 0.621

5. (a) The student knows how to estimate by rounding.
(b) The student does not understand that estimation
is done separately from an exact computation.
(c) The student knows front-end estimation.
(d) Rounding one factor up and the other down may
yield a more accurate estimate.

6. (possible answer)
$58.20 + 6.8 = $56 + 7 = $8/Ib
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7. (a) 10° = 1,000, 10> = 100, 10" = 10, 10° = 1,
1071 =0.1,10"2=0.01
(b) When the exponent decreases by 1, the result is
divided by 10.

8. (a) The final answer is 107.
(b) Add the exponents.
(c) 10°
@)1

9. (a) Answer follows the exercise.
(b) A generalization based on a pattern in some
examples

10. Move the decimal point in 4.6 three places to the
right. The answer is 4,600.

. 7.1 Homework Exercises

11. (a) $150.5 - 10° = $150,500,000,000  (b) $814

12. (a) Answer follows the exercise.
(b) Inductive

13. (a) Dividing by 1,000 requires moving the decimal
point in $75 three places to the left to obtain
$0.075.

(b) Partition sets/measures

14. Answer follows the exercise.

15. 0.00000567

16. (a) 144,000,000,000

17.3.6 X 10~* mph

Basic Exercises

1. Write each of the following as a decimal number.
(a) Forty-one and sixteen hundredths
(b) Seven and five thousandths

2. Write each of the following terminating decimals as
a fraction in simplest form.
(a) 0.27
(b) 3.036
(c) 8.0004

@ 3. You ask a fourth grader to add 4.21 + 18. The stu-
dent asks, “Where is the decimal point in the 18?”
How would you respond?

4. A fourth grader says that when you put a zero on the
right of a whole number such as 23, it becomes ten
times larger. She says the same thing will happen
when you put a zero on the right of a decimal
number such as 0.23. How would you respond?

5. A sign in a store mistakenly says that apples are
selling for .89¢/1b.
(a) What should the sign say?
(b) If the store manager insists that the sign is
correct, would you want to buy the apples at
that price?

6. How many cents is $0.043?

@ 7. (a) Why do some students think that 0.11 > 0.2?

Explain why 0.11 < 0.2

(b) with a decimal-square picture (Activity Card 3).

(c) with a number line from O to 1.

(d) by putting the numbers in place-value columns
of ones, tenths, and hundredths.

@ 8. (a) Why do some students think that —2.3 > —2.1?

Explain why —2.3 < —2.1

(b) with a number line.

(c) by putting the numbers in place-value columns
of ones and tenths.

@ 9. Explain how to use two decimal-square pictures to

show that 0.40 = 0.4.

10. You want to give a group of fourth graders three
decimal numbers between 0 and 1 to place in
increasing order. Tell which three numbers you
would choose and why.

11. Round $0.86
(a) up to the next tenth.
(b) down to the preceding tenth.
(c) to the nearest tenth.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
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Round 0.3678

(a) up to the next hundredth.

(b) down to the preceding hundredth.
(c) to the nearest hundredth.

Suppose labels are sold in packs of 100.

(a) If you need 640 labels, how many labels would
you have to buy?

(b) Does this application require rounding up, down,
or to “the nearest”?

In everyday life, not all rounding of decimals is done
to the nearest whole number. For example, if you
mail a 1.1-0z letter, the post office charges you the
2-oz rate. Name another situation in which all
fractional amounts are rounded up.

Mount Everest has an altitude of 8847.6 m, and

Mount Api has an altitude of 7132.1 m. How much

higher is Mount Everest than Mount Api?

(a) Estimate the answer using rounding.

(b) Estimate the answer using the front-end
strategy.

A job pays $8.35 per hour. How can you estimate
how much the job pays for a 32-hour work week?
(a) Estimate the answer using rounding.

(b) Estimate the answer using the front-end strategy.

A 46-0z can of apple juice costs $1.29. How can you
estimate the cost per ounce?

You can plan to divide a wall that is 22.7 ft long
into 6 equal sections. Estimate the length of each
section.

The answer to 3.74 X 42.8125 has the digits
16011875. How can you use estimation to determine
where the decimal point goes?

Determine by estimating which of the following
answers could not be correct.

(a) 374 X 1.1 = 41.14

(b)43.74 - 2.2 = 19.88181818

Show how to find the value of 10° by extending a
pattern in positive exponents.

Show how to find the value of 1073 by extending a
pattern in positive exponents.

23.

24.

25.

26.

27.

28.

29.

Consider the following pattern.

53 =125
52= 25
5'= 5

(a) Each result equals the previous result divided by

(b) Continuing this pattern,
0=_ 5tl=__  5?2=___

(a) How can you write 10™" (n is a positive integer)
with a positive exponent?

(b) How can you write X" (X and n are positive
integers) with a positive exponent? (See the
preceding exercise.)

Do you recall the shortcut for dividing numbers with

6
the same base, such as 2—4?

@2 =22:22:2-2_
24 2:2-2-2

92

2 ?

6
(b) What is the shortcut for dividing %‘?

Use the shortcut from part (b) in parts (c), (d), and
(e). It works with all integer exponents. Assume that
X is a positive number.

10" _
T
57
(d) 5 ——
X6
(e) vo—
() Simplify 45 - 473,
5
D442 =2

(c) Simplify the answer to part (b).

Write the following in standard form.*
(a) 3.62 X 107
(b) 0.056 X 10°

Explain how to compute 4.8 X 10* mentally.*
The 2007 U.S. federal budget included about

$481.4 billion for the Department of Defense. Write
this number without the word “billion.”

*“For more practice, go to www.cengage.com/math/sonnabend
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30.

31.

32,

33

34.

@ 35.

@ 36.

37.

38.
39.

Write each of the following population figures in
millions (using the word “million”).

(a) United States: 305,240,000

(b) Paris: 2,172,000

(c) World: 6,700,000,000

Each day, the earth picks up approximately

1.2 X 107 kg of dust from outer space. Does it seem
like most of it falls in your house or apartment?

(a) Write this number in standard form.

(b) Name this number.*

Some scientists believe that the earth is about
5 X 10 years old.

(a) Write this number in standard form.

(b) Name this number.*

. Write the following in standard form.*

(a) 4,268 = 10°
(b)3.62 + 10

Write the following in standard from.*
(a) 537 + 10*
(b) 0.0167 + 10?

Rosa bought 100 board feet of walnut board at $3.29
per board foot. What was the total cost? Explain how
to compute the exact answer mentally.

A store buys 1000 “Honk if you love quiet” bumper
stickers for $43. How much did they pay for each
bumper sticker? Explain how to compute the exact
answer mentally.

A television signal travels 1 mile in 5.4 X 107 sec-
ond. Write this time interval in standard decimal form.

Which is greater, 3.2 X 10 %or 3.2 X 1073?

A computer display shows 3.4 E 12| Write this
number in scientific notation.

. Compute 5'° on your calculator and write the answer

in scientific notation.

. The mass of an oxygen atom is

0.000 000 000 000 000 000 000 013 g.
(a) Write this number in scientific notation.*

(Continued in the next column)

“For more practice, go to www.cengage.com/math/sonnabend

42,

44.

45.

46.

47.

(b) What advantage does scientific notation have
over standard decimal form in this case?

(c) Write this number as it would appear on a
calculator display.

It would take
3,000,000,000,000,000,000,000,000,000 candles to
give off as much light as the sun. Write this number
in scientific notation.*

. The average person in the United States discards

6 pounds of trash each day. The population of the
United States is about 305 million people. How
much trash does the U.S. population discard in a
year? Write your answer in scientific notation.

The U.S. government has a large debt. The interest
on the debt in 2009 was about $272 billion.

(a) Write this number in standard form.

(b) Write this number in scientific notation.

Why is 48 X 10° not correct scientific notation?

Change 386 X 107 to correct scientific notation.

The following chart gives the distance in meters
of each planet from the sun.

Distance from Sun
Planet (meters)
Mercury 5.8 X 100
Venus 1.1 x 10"
Earth 1.5 x 10"
Mars 2.3 % 10!
Jupiter 7.8 X 10"
Saturn 1.4 x 10'2
Neptune 2.9 X 10"
Uranus 4.5 X 102
Pluto 5.9 X 102

(a) Which planet is about 10 times as far from the
sun as the earth?

(b) Pluto is about
sun as the earth is.

(c) Mercury is about
the sun as the earth is.

times as far from the

times as far from

. The distance from Earth to Saturn is about 800 mil-

lion miles. About how long would it take to reach
Saturn traveling 35,000 mph?


www.cengage.com/math/sonnabend
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Extension Exercises

55. In some computer languages, you can truncate a
decimal numeral. The TRUNC command takes the
integer part of a real number and discards the
decimal part. TRUNC(6.8) = 6, and
TRUNC(—236.715) = —236. Truncate the

C 49. Large numbers are difficult to grasp. How long is a
& million seconds? Is it a week? A month? A year?

5 years?

(a) Guess.

(b) Figure out the answer.

&2 50. How long is a billion seconds? Is it a week? A

= ) . N following.
2;121:16 Q year? 5 years? () 46.81792
. b) —278.987
(b) Figure out the answer. EC)) 4.325

(d) When does truncating produce a different result

51. You can use the clustering strategy to estimate total from rounding?

costs. For example, in estimating the total cost of

grocery items at $1.29, $0.45, $2.45, and $1.09, you

can group items that add up to about $1.00 or $2.00.

The first two items cost about $2; if you add $2 for

the third plus $1 for the fourth, the total is about $5.

Mentally estimate the total of each of the following

groups of prices.

(a) $1.59, $0.30, $3.10, $1.15, $0.72, $2.00, $1.59,
$0.89, $2.29

(b) $3.71, $2.62, $0.51, $0.30, $26.95, $9.98, $4.25

56. (a) In base five, what would be the place value of the
first two digits to the right of the decimal point?
(b) Write 24.21y. in expanded notation.

Technology Exercise

CJ 57. If you have a calculator such as the TI-73 with a
place-value feature, enter 123.45 and find out how the
calculator shows the place value of different digits.

. (a) Without using a calculator, tell which of the Game Time

following are less than 42 and which are greater.

L 58. The following game requires two people and a calcu-

(1)42 =27 lator. Play a game of “100 POINT” with a partner.
(2)42 + 0.1 The rules of 100 POINT are as follows.

(3)42 + 1.01 1. Player 1 keys any number into the calculator.
(4)42 +0.999 2. Then each player in turn multiplies the number on

(b) Check your answers with a calculator.
(c) If 42 + a is greater than 42, then a is

the calculator by another number, trying to obtain
100 or “100 point something” (e.g., 100.54). The
first player to succeed wins the round.

@ 53. A job pays $9.25 an hour. Explain how to compute
the exact pay for 20 hours mentally.

Video Clip

59. Go to www.learner.org and watch “Teaching Math:
A Video Library K-4” video #35. Second and third

54.

(Hint: Think of 9.25 as 91)

You order 8 books costing $7.99 each. Show how to
compute the exact total cost mentally (excluding
sales tax).

graders study the relationship between fractions and
decimals with fraction strips. Discuss the lesson.
Name three specific strengths of the lesson and one
way the lesson might be improved.


www.learner.org
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7.2 Decimal Arithmetic and Error Patterns

NCTM Standards

¢ use visual models, benchmarks, and equivalent forms to add and subtract
commonly used fractions and decimals (3-5)

¢ understand the meanings and effects of operations with fractions, decimals, and
integers (6-8)

¢ develop and analyze algorithms for computing with fractions, decimals, and
integers, and develop fluency in their use (6-8)

Focal Points

Grade 5
Developing an understanding of and a fluency with addition and subtraction of
fractions and decimals.

Grade 6
Developing an understanding of and a fluency with multiplication and division of
fractions and decimals.

HERMAN

3-25 © 1991 Jim Unger

“Where do you want the decimal point?”
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Where does the decimal point go in the answer? For someone who understands whole-
number arithmetic, decimal points are the major issue in decimal arithmetic. Decimal
arithmetic is closely related to both whole-number and fraction arithmetic. Rewriting
decimal numbers as fractions helps clarify how decimal points are placed.

Adding and Subtracting Decimals

C

Classroom
Connection

You buy two packages of cheese weighing 0.36 1b and 0.41 1b, and you want to compute
the total weight. Or you find a CD for $16.42 at one store and for $16.98 at another
store, and you want to know the difference in price. These situations call for addition
and subtraction of decimal numbers.

LE 1 Opener

Suppose a fourth grader has not yet learned the rule for adding decimals, and you ask
her to compute 0.3 + 0.4. Tell all the ways she might figure it out. (Assume she has
used decimal squares and already studied addition of fractions.)

After studying decimal addition in money problems, students learn to model simple
decimal addition with decimal squares or base-ten blocks.

LE 2 Connection

(a) Show how to compute 0.3 + 0.4 in a single decimal square (Activity Card 3) by
shading in two different colors.

(b) How is this problem similar to 3 + 47?

(¢) How is this problem different than 3 + 4?

The decimal point in the sum is lined up with the decimal points in the addends.
Note that lining up the decimal points corresponds to getting a common denominator in
addition of fractions. For example, 3 tenths + 4 tenths = 7 tenths.

Adding Terminating Decimal Numbers Vertically

Line up the decimal points, add the numbers (ignoring the decimal points), and
insert the decimal point in the sum directly below those in the addends.

Like addition, simple decimal subtraction can be modeled with decimal squares or
base-ten blocks.

LE 3 Connection
This decimal-square picture (Activity Card 3) shows 0.3.

0.3

Use this decimal square to show the result of 0.3 — 0.1, using a take-away approach.
Write the result as an equation.
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The preceding exercise shows the following connection between decimals and
whole-number subtraction.

3 tenths 0.3
—1tenth — —0.1
2 tenths 0.2

The procedure for decimal subtraction is just like the procedure for decimal addi-
tion. Lining up the decimal corresponds to finding a common denominator in subtrac-
tion of fractions.

Subtracting Terminating Decimal Numbers Vertically

Line up the decimal points, subtract the numbers (ignoring the decimal points),
and insert the decimal point in the difference directly below those in the other
two numbers.

The classifications of whole-number operations also apply to many decimal word
problems. Consider one of the problems from the beginning of this section.

LE 4 Connection

What subtraction category is illustrated in the following problem? “A CD costs
$16.42 at one store and $16.98 at another. What is the difference in price?” (compare,
missing part, take away)

Multiplying Decimals

C

Classroom
Connection

v

What is the cost of 0.6 Ib of cole slaw that sells for $0.89 per pound? About how much
do 5 bananas weigh if 1 banana weighs 0.3 1b? These applications call for multiplication
of decimals.

LE 5 Opener
Suppose a fourth grader has not yet learned the rule for multiplying decimals and you

ask him to compute 3 X 0.12. Tell all the ways he might figure it out. (Assume he has
used decimal squares and has already studied multiplication of fractions.)

Simple decimal multiplication can be modeled with decimal squares or converted
into fraction multiplication. Try shading a decimal square to compute 0.6 X 0.4 in the
next exercise.

LE 6 Connection

A fifth grader knows fraction multiplication but does not know the rule for decimal
multiplication.

(a) Explain how to compute 0.6 X 0.4 using two decimal-square pictures. First, dot
0.4 of a decimal square. Then, in a new picture, darken 0.6 (6 tenths) of each
column of the 0.4.

(b) Work out the same problem by changing 0.6 and 0.4 to fractions.

(c) Write out the same problem multiplying “6 tenths” by “4 tenths.”




LE 5 and LE 6 indicate how decimal multiplication is just like whole-number
multiplication except for having to place the decimal point in the answer. Some
elementary-school textbooks now use estimation to place the decimal point in a prod-
uct. Try it.

LE 7 Skill

7.2 Decimal Arithmetic and Error Patterns

Consider the following problem. “The total cost of 12 shirts that are $7.95 each is

(a) $95.40

The results of LE 5-LE 7 suggest the rule for placing the decimal point in the
product.

LE 8 Reasoning
(a) Complete the following chart.

(b) $954

(c) $9.54

(d) $0.954”
How could you use estimation to select the correct choice?

Numbers No. of Decimal Places
Factor 1 Factor 2 Product Factor 1 Factor 2 Product
3 0.12 0.36 0 2 2
0.6 0.4 0.24
12 7.95 95.40

(b) Use the results to write a rule for determining the number of decimal places in the

product.

LE 8 suggests the familiar rule for multiplying terminating decimal numbers.

Multiplying Terminating Decimal Numbers

Multiply the two numbers, ignoring the decimal points. The number of decimal
places in the product is the sum of the numbers of decimal places in the two factors.

We do not line up the decimal points in multiplication as we do in addition and sub-
traction. This corresponds to the fact that multiplication of fractions does not require a
common denominator.

Dividing Decimals

Decimal squares can be used to compute 0.8 =+ 4.

Suppose 4 laps around a track is a distance of 0.8 mile, and you want to know how long
each lap is. Students begin decimal division by studying examples like this one that have
whole-number divisors and terminating decimals as dividends and quotients.
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LE 9 Connection

In computing 0.8 + 4 with a decimal square (Activity Card 3), first show 8 tenths.

Show how to use this picture to compute 0.8 + 4 by partitioning, and write the result
as an equation.

In LE 9, each of the 8 columns represents 1 tenth, so the 2-column result represents
2 tenths. This exercise illustrates how 0.8 + 4 is computed by dividing 8 by 4 and then
placing the decimal point in the quotient above the decimal point in the dividend.

2 tenths

02
48tenths 408

This suggests the following procedure.

Dividing a Decimal Number by a Whole Number

Divide, ignoring the decimal point, and place the decimal point in the quotient
directly over the decimal point in the dividend.

Now that you have studied problems involving whole-number divisors, what about
problems with decimal divisors? These problems are converted to problems with whole-
number divisors by moving the decimal points in the divisor and the dividend the same
number of places to the right. But why does this method work?

0.4/0.08 becomes 4[0.8
(Unfamiliar, new) (Hey, we just

studied these!)

What allows us to move the decimal points in the dividend and the divisor the same
number of places? It had better not affect the answer to the division problem. If it does,
you can’t go around teaching students to do it!

LE 10 Reasoning

(a) Show how to use a decimal square picture to compute 0.9 + 0.3 using equal
measures (of 0.3).
(b) 09 +03= 9+3=
90 + 30 = 900 + 300 =
(c) Based on part (b), what happens to the quotient when you multiply the dividend
and divisor by the same power of 10?
. 2-9_9 100 _ 900 _ .
d 9= 3_§_§Xﬁ‘ﬁ_900 =300
Use this method to show why 0.9 + 0.3 =9 + 3.

(e) For any two decimal numbers a and b where b # 0, show why a ~ b =

(ac) + (bc), in which ¢ # 0. (Hint: Use the same approach as in part (d).)
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LE 10 verifies the following conclusion.

Equivalent Division

If a, b, and ¢ are decimal numbers, with b # O and ¢ # 0, thena ~ b = (a*¢) +~ (b-¢).

This means that we can multiply both numbers in a division problem by the same
nonzero number without affecting the quotient. The equivalent-division property is
merely a different form of the Fundamental Law of Fractions! The expression a ~ b =
(a+c) = (b-c)is the same as% = % This conclusion can also be justified using mul-
tiplication by 1 in the form % For nonzero b and c,

a+b=%=%-ﬁ=%=aC+bC
LE 11 Concept

A sixth grader wants to know why we can move the decimal point to change 0.4/0.08

to 4@.

(a) By what do you multiply both the divisor and dividend when you change 0.4/0.08
to 4,@?

(b) Write 0.08 + 0.4 as a fraction, and show how it is converted to 0.8 + 4.

(¢) Compute 0.08 + 0.4.

As LE 11 indicates, the equivalent-division property (i.e., the Fundamental Law of
Fractions) can be used to convert any decimal divisor problem to a whole-number divi-
sor problem by moving the decimal points in the divisor and the dividend the same num-
ber of places to the right.

LE 12 Skill
6122.873 + 0.321892 is about
(a) 6,000 (b) 2,000 (c) 18,000 (d) 20

Show how you obtained your estimate. (Hint: Change the divisor to a simple fraction
or decimal.)

Decimal division is also used to change fractions to decimals.

LE 13 Connection

(a) 13—1 means - .
(b) Use paper and pencil to complete the division in part (a), and tell why the decimal

representation of 11 is called a repeating decimal.

Decimal division is also useful in certain applications. Can you correctly classify
the following division application?

LE 14 Connection

“A National Motors Finite SST travels 460.8 miles on 16.2 gallons of gas. How many
miles does the Finite SST get per gallon?” What division category does this illustrate
(area, array, equal, partition)?
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Common Error Patterns

Students regularly make certain errors in decimal arithmetic. The following exercises
will help you recognize some common error patterns.

c In LE 15-LE 17 (a) complete the last two examples, repeating the error pattern of the
Classroom  cOmpleted examples; (b) write a description of the error pattern; and (c) if possible, ex-
Connection  p]ain how estimation could be used to detect errors.

Q- @ LE 15 Reasoning

H

0.8 0.7 0.6 0.9 0.5
+ 09 + 0.6 + 03 + 0.2 + 0.8
0.17 0.13 0.9

-®- @ LE 16 Reasoning

0.6 0.3 0.7 0.8 0.6
X 0.9 X 0.2 X 0.3 X 0.7 X 04
54 0.6 2.1

Q- @ LE 17 Reasoning
17 3.5
0.3[3.21 51525  8[5.672 4[36.16

Spreadsheets

Many elementary-school classrooms now make use of spreadsheets. A spreadsheet
arranges data, labels, and formulas in a table with rows and columns. Spreadsheets were
originally designed for accountants. Today, all sorts of people use spreadsheets at home
or at work for recordkeeping. When you use a spreadsheet for computations, you have to
figure out the algebraic formulas. Then the computer does all the arithmetic. ® Figure 7—4
shows part of a discussion about spreadsheets in a sixth-grade textbook.

Each location in the spreadsheet is called a cell. In the spreadsheet in Figure 74,
“Group” is in cell Al. The cell that is highlighted by the computer is called the active
cell. You can move from one cell to another using the four arrow keys.

LE 18 Skill
Refer to ® Figure 7—4 on page 329.

(a) What does the number in cell B2 represent?

(b) What is formula for the amount in cell E3? E3 =

(¢) To compute the mean (average) score in cell F4, you would enter “=" followed by a
formula for F4. What is the formula?

(d) If you have a spreadsheet program, enter the data from the first table and arrange
the rows so the mean scores go from least to greatest.

@ LE 19 Summary

Tell what you learned about decimal arithmetic in this section. What are the similari-
ties and differences among the four operations?
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o

e Homework Exercises
For more exercises, see Extra Skills ond Word Problem
m () Use the spreadsheet below for Exercises 6-15.
For Exercises ! See Example Four groups of students made videos. They received scores for
3 | 1 originality, effort, and quality.
14-16 2

Effort Quality Total

" Group Originality Mean Score

2 Red 90 85 80 L m
} | Orange 90 90 60 o m

Yellow 95 100 75 ] ]
5 | Green 65 80 80 =

Identify the cell(s) for each category.
6. Effort 7. Mean Score 8. Green 9. Total

Find the value for the given cell.

10. C4 1. C5 12. B4 13. B2

Write a formula to find each quantity.

14. the total in cell E4 15. the mean score in cell F4

From Prentice Hall Math Course 1 & 2, Student Edition © 2008 by Pearson Education, Inc. Used by permission.

All rights reserved.

® Figure 7-4  Spreadsheets in grade 6

. Answers to Selected Lesson Exercises

2. (a) 5. Here are three ways.
To show 3 X 0.12, shade 0.12 of a decimal square
3 times. A total of 36 squares are shaded. So

3 X 0.12 = 0.36.
03+04=07
(b) You add 3 units and 4 units to obtain 7 units.
(c) The units are different (tenths rather than ones).
3.
3,12 _ 36
17100 100
12 hundredths
X 3 ones
36 hundredths

03-01=0.2

4. Compare groups/measures
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6. (a) 0.6 X 0.4 means 0.6 (6 tenths) of 0.4. Dot 0.4 of
a decimal square.

0.4

Now darken 6 tenths of the 0.4.

0.6 0of 0.4

0.24 of the decimal square is darkened.

S00.6 X 0.4 = 0.24.
6 4 _ 24
6X04=2X—=22 =,
(6) 0.6 X 0.4 = & X 1 = < = 0.24

(c) 6 tenths X 4 tenths = 24 hundredths

7.12-7.95 = 12 -8 = 96. The answer is (a).

8. (a) | No. of Decimal Places
Factor 1 Factor 2 Product
0 2 2
1 1 2
0 2 2
9.
0.8+4=02

10. (a)

09+03=3

(b)3;3;3;3 (c) It does not change.
09_09_10 _9

(d)0'9+0'3zﬁ_@><ﬁ:§:9+3
(hey=9C_a_ .
@ @-c)+((b-o == b
11. (a) 10

N _ 008 _008. 10 _0.8 _ N
(b) 0.08 = 0.4——().4 04 X 0= 4 0.8 +~4
() 0.2

12. (¢) because 6,000 + % = 18,000

13. (a) 3; 11
(b) 0.272727 . .. ; the digits 2 and 7 repeat over
and over.

14. Partition a measure

15.(a) 0.11; 0.13
(b) The sum from the tenths column is all placed to
the right of the decimal point in the answer.
(¢) 0.8 >0.17. How can 0.8 + 0.9 = 0.17?

16. (a) 5.6; 2.4
(b) The product is given the same number of decimal
places as each of the factors.
() 0.6 X09=0.6 X1=0.6.
How can 0.6 X 0.9 = 54?7

17. (a) 0.79; 9.4
(b) Zeroes are omitted from the quotient.

(©) 03 X 17 = %of 17 # 321

18. (a) The red group’s originality score.
(b)B3 + C3 + D3
(c) (E4)/3
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Basic Exercises

1.

@5.
@6.

A student does not know the rule for adding deci-
mals. Show how to compute 0.2 + 0.3 in a single
decimal square by shading in two different colors
and state the result in an equation.

. Show how to compute 0.18 + 0.24 in a single deci-

mal square by shading in two different colors. State
the result in an equation.

. Consider the following addition problem.

1
0.36
+ 0.27
0.63

(a) When you add 6 + 7 and separate the 13 into
3 and 10, this 10 represents 10
(b) The 1 that is regrouped represents 1

(c) Are the amounts in parts (a) and (b) equal?

. (a) How is decimal addition like whole-number

addition?
(b) How is decimal addition different from whole-
number addition?

A fourth grader computes 0.4 + 0.8 = 0.12. What
would you tell the student?

A fourth grader computes 0.25 + 0.06 and obtains
a sum of 0.211, which he reads as ‘2 tenths and

11 hundredths.” Explain the logic in what the
student is doing. Explain what the student does
not understand.

. Draw a decimal-square picture (Activity Card 3)

that shows the result of 0.23 — 0.08. State the result
in an equation.

. Draw a decimal-square picture that shows the result

of 0.4 — 0.3, using a take-away approach. State the
result in an equation.

. What operation and category are illustrated in the

following problem? “Joe bought a bag of gourmet
plant food for $9.89. How much change did he
receive back from a $100 bill?”

10. Make up a realistic decimal problem illustrating the

missing measure category of subtraction.

11. If you were teaching fourth graders addition of

decimals, tell in what order you would present the
following three examples. Explain why.
(a)4.8 + 2.7 (b)5.1 +2.6 (¢)325+ 1.9

12. If you were teaching fourth graders subtraction of

decimals, tell in what order you would present the
following three examples. Explain why.
(a)9.43 —2.11 (b)3.24 - 187 (c)52—38

13. (a) Show how to compute 2 X (.18 with a decimal-

square picture (Activity Card 3).

(b) Work out the same problem using fractions.

(c) Work out the same problem using whole numbers
and words for decimal place value.

14. (a) Show how to compute 3 X 0.07 with a decimal-

square picture.

(b) Work out the same problem using fractions.

(c) Work out the same problem using whole numbers
and words for decimal place value.

15. A fifth grader knows fraction multiplication but does

not know the rule for decimal multiplication.

% (a) Explain how to compute 0.5 X 0.6 using two

decimal-square pictures (Activity Card 3).

(b) Work out the same problem using fractions.

(c) Work out the same problem using whole numbers
and words for place value.

@ 16. (a) Explain how to compute 0.3 X 0.2 using two

decimal-square pictures.

(b) Work out the same problem using fractions.

(c) Work out the same problem using whole numbers
and words for place value.

17. As a result of studying whole numbers, many

students expect that multiplying two numbers

usually results in an answer that is larger than

either factor.

(a) Is 1.2 X 0.4 less than 1.2?

(b) Use two decimal squares to show 1.2 X 0.4.
State the result in an equation.
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18.

19.

20.

@ 21.

% 22,

23.

24.

% 25.

@ 26.

27.

28.

What decimal multiplication problem does the
following decimal-square picture illustrate?

Show how to compute 3 X 1.4 with decimal-square
pictures.

Show how to compute 1.5 X 1.8 with decimal-
square pictures.

The product of 34.56 X 6.2 has the digits 214272.

(a) Explain how to place the decimal point with
estimation.

(b) Explain how to place the decimal point by
counting decimal places.

The product of 512.3 X 0.821 has the digits 4205983.

(a) Explain how to place the decimal point with
estimation.

(b) Explain how to place the decimal point by
counting decimal places.

A runner burns about 0.12 calorie per minute per

kilogram of body mass.

(a) How many calories does a 60-kg runner burn
in a 10-minute run?

(b) What category does this illustrate (area, array,
counting principle, equal)?

Make up a realistic decimal problem illustrating the
area category of multiplication.

A fifth grader says 50 X 4.44 is the same as
0.50 X 444, which is 222. Is this right? If so, tell why.
If not, what would you tell the student?

A fifth grader says 0.2 X 0.3 = 0.6.

(a) Why do you think the student did the problem
this way?

(b) What would you tell the student?

Show how to work out 0.6 =+ 3 with a decimal square
picture (Activity Card 3). State the result in an equation.

Show how to work out 1.2 + 0.4 with decimal
square pictures. State the result in an equation.
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29.

30.

31.

32.

33.

34.

% 35.

36.

@ 37.

% 38.

39.

40.

Show how to work out 0.2 + 0.04 with a decimal
square picture. (Hint: Use equal measures.) State the
result in an equation.

Show how to work out 0.8 + 0.2 with a decimal
square picture. State the result in an equation.

A sixth grader wants to know why we can move the
decimal point to change 6.4 + 0.32 to 640 + 32.
Write 0.32 m as a fraction, and show how the
process works.

What do you multiply both numbers by when you
change 72 + 3.6 to 720 + 367

Which of the following are equal?

(a) 8 +0.23 (b) 800 + 0.0023
(c) 80 ~2.3 (d) 0.8 + 0.023
(e) 80 + 0.023

If you were asked to compute 5,000 + 12, you
could solve a simpler equivalent problem such as
2,500 + 6 using the equivalent-division property.
Change each problem to a simpler one.

(a) 6,000 = 24 (b) 8 + 2

3

A sixth grader divides 16 by 3 and gets 5.1.

(a) How did the student obtain this answer?

(b) What concept doesn’t the student understand?

(a) % means - .
(b) Complete the division, and explain why the decimal

representation of % is called a repeating decimal.

The quotient of 44.237 + 3.1 has the digits 1427.
Explain how to place the decimal point with
estimation.

The quotient of 8.2 + 0.4 has the digits 205. Explain
how to place the decimal point with estimation.

227.35682 + 0.2379654 is about
(a) 55 (b) 900 (c) 225 (d) 10
Show how you obtained your estimate.

82.35682 + (0.1179654 is about
(a) 80 (b) 0.012 (c) 750 @9
Show how you obtained your estimate.



41. If you were teaching fifth graders multiplication of
decimals, tell in what order you would present the
following three examples. Explain why.

(a)3.8 X2 (b) 0.43 X 26 (c) 0.3 X 0.25

42. If you were teaching sixth graders division of
decimals, tell in what order you would present the
following three examples. Explain why.

(a)3.6 +9 (b)3.2 +10 ()64 +04

43. What operation and category are illustrated in the
following problem? “A baker needs 2 kg of flour to
make a loaf of bread. How many loaves can he bake
from 5 kg of flour?” (area, array, equal, partition)

44. What operations and categories are illustrated in the
following problem? “At the beginning of a 4-day car
trip, an odometer read 58,427.7. At the end of the
trip, it read 59,271.5. What was the average number
of miles driven per day?” (area, array, compare,
equal, missing part, partition, take away)

45. What operations and categories are illustrated in the
following problem? “Molly bought 4 tires for $37.28
each, an air pump for $11.43, and 2 windshield
wipers for $3.10 each. How much did these items
cost altogether if there was no tax?” (area, array,
combine, counting principle, equal)

@ 46. At a Chinese restaurant, Szechuan chicken costs
$7.50, Hunan shrimp costs $9.25, and moo shi pork
costs $6.95. Write two multistep mathematics prob-
lems that could be answered using this information.

47. Compute the following without a calculator.*
(a)4—0.03 (b)0.2X03X0.5 (c)0.5+0.02

48. Compute the following without a calculator.*
(a)0.07 —0.2 (b)0.4X03X0.6 (c)0.084=+0.3

&2 49. A store sells wild salmon for $10.99 a pound.

g (a) How much would 2.5 pounds cost?

(b) How much would 0.82 pound cost?

(c) Although most adults recognize that part (a)
requires multiplication, many adults use division
or subtraction to incorrectly solve part (b).
What makes part (b) more difficult to see as
multiplication?

“For more practice, go to www.cengage.com/math/sonnabend

7.2 Decimal Arithmetic and Error Patterns 333

% 50. Use two of the following numbers in a realistic word
problem for which the third number is the answer:
0.3,1.5,5.

51. Suppose that 0 < x < 1 <.
(a) How does xy compare to y?

(b) How does % compare to y?

(c) How does x? compare to x?

52. Suppose —1 <x<Oandy > 1.
(a) How does xy compare to x?

(b) How does % compare to x?

(c) How does x>

compare to x?

In Exercises 53-55, (a) complete the last two examples,
repeating the error pattern in the completed examples,
and (b) write a description of the error pattern.

@ 53. 42 8.1 63 42
- 371 =371 —529 =317
39.71 4.41
@ 54. 6.2 3.5
426 829  7[36  5[93
% 55. 162 14.1 12.3 8.2
- 37 —-25 —67 —48
13.5 12.4

@ 56. Describe two errors students might make in comput-
ing 0.7 X 0.8.

. The following table shows the 2006 annual popula-
tion of three industrialized countries and annual
energy consumption in tons of oil equivalent.

Energy Consumption  Population
United Kingdom 2.3 X 10® tons 61 million
United States 2.3 X 10° tons 302 million
France 2.6 X 108 tons 63 million

Compute the annual energy consumption per person
in each country.

. In 2007, a new submarine cost about $2.6 billion,
and the Head Start program cost about $7,500 per
child for a year. How many children could be served
by Head Start for the cost of the submarine?
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59. (a) Fill in the parentheses.
I X2+025=( )
2X3+025=( )
(b) What is the next equation if the pattern continues?
(c) Is your equation in part (b) true?

. (a) Fill in the blanks.

0.1089 X9 =
0.10989 X 9 =
0.109989 X 9 =

(b) What is the next equation if the pattern continues?
(c) Is your equation in part (b) true?

£ § 61. An SUV gets about 6 mpg less than a family car.

Suppose you drive 10,000 miles per year and pay

$3.50 per gallon of gas.

(a) How many more gallons of gas will the SUV use
each year than the family car?

(b) How much higher is the annual gas bill for the
SUYV than for the family car?

. A 22-year-old woman owns a 2-year-old car.
Consider the following facts. She drives it about
8,000 miles per year. Maintenance on the car costs
$0.10 per mile. Gas costs an average of $3.50 per
gallon. The car averages 26 miles per gallon.
Insurance costs $580 per year.

(a) About how much does maintenance cost for a year?

(b) About how much does gas cost for a year?

(c) Excluding car loan payments, about how much
does it cost to operate the car for a year?

63. How would you mentally compute 11.2 + 0.5?

64. How would you mentally compute 40.1 + 0.25?

Extension Exercises

65. Consider the following problem. “In charging a
customer, a cashier interchanges dollars and cents in
the price of an item and gives the customer an extra
$11.88 in change for a $20 bill. What is the correct
price of the item?”

(a) Devise a plan and solve the problem.
(b) Find all possible solutions.

. Consider the following problem. “The sum of 2 two-
digit decimal numerals is 0.42. Their product is 0.0297.
What are the numbers?” Devise a plan and solve the
problem.

67. (a) Write % as a decimal.

(b) Write % in base three.

(c) Write % in base six.

(d) Name another base in which % is a terminating
decimal, and write it as a decimal in that base.

68. Compute 3.12,c + 2.33c-

Technology Exercises

69. A checkbook can be recorded in a spreadsheet. Enter
the following on a computer spreadsheet if you have
one. Otherwise, you can do the exercise without a

computer.
A B |c b |E E

1 | Checkbook
2 | Check# | Date | For Withd. | Deposit | Balance
3 | Starting $3426.10
4 | 123 3-12 | Rent $950
5 3-14 $875.40
6 | 124 3-16 | Electric | $85.11
7 | 125 3-17 | Shoes $62.25

(a) What does the number in cell D4 represent?

(b) What is a formula to determine the amount in F4?

(c) Complete column F. Use a spreadsheet program
if you have it.

70. A B C D E
Retail | Discount Sale
1 | Item Price | Rate Discount | Price
2 | DVD player $79 0.15
3 | Television $325 | 0.1
4 | Microwave oven | $67 0.05

(a) What does the number in cell C2 represent?

(b) What are the formulas to determine the numbers
in cells D2 and E2?

(c) Compute the values of cells D2 and E2 with a
spreadsheet or a calculator.

(d) If you have a spreadsheet program, enter the data
from the table and find all the missing values.
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71. The following chart gives the energy consumption
of some common electric appliances.

Kilowatt-Hours

Appliance Usage (kwh) Used
Microwave 1 hour 1.5
Oven 1 hour 2.5
TV (color) 1 hour 0.3
Frost-free refrigerator 1 month 200
Dishwasher 1 cycle 0.6
Fan 1 hour 0.2
Room air conditioner 1 hour 1.5
Vacuum cleaner 15 minutes 0.2
Clock 1 month 1.8
Iron 1 hour 0.8
Light bulb (100 W) 1 hour 0.1
Baseboard heater 1 hour 2
Clothes washer 1 cycle 3.1
Clothes dryer 1 cycle 4
Water heater 1 month 350

(Continued in the next column)
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Using a rate of $0.12 per kilowatt-hour, find the cost
of the following.
(a) Watching color TV for 2 hours
(b) Doing one load of laundry in the washer
and dryer
(c) Running a refrigerator for 1 month
(d) Running a water heater for 1 month
(e) Running a room air conditioner for 8 hours

72. Refer to the chart in Exercise 71, and consider the

following. A couple owns an oven, a refrigerator,
two clocks, two room air conditioners, a vacuum
cleaner, a color TV, a water heater, an iron, and
eight 100-watt bulbs. Assume that they run each air
conditioner for 100 hours one month.

Estimate how much theywill use each other
appliance in a month, and then estimate their total
electric bill for the month at a rate of $0.15 per
kilowatt-hour.

7.3 Ratio and Proportion

NCTM Standards

Focal Point
Grade 6

* represent and use ratios and proportions to represent quantitative relationships (6-8)

e develop, analyze, and explain methods for solving problems involving proportions,
such as scaling and finding equivalent ratios (6-8)

Connecting ratio and rate to multiplication and division.

Ratios and proportions are useful for representing relationships between two measures
or counts. Common applications include ratios of men to women, students to teachers,
miles to hours, and pounds to cubic feet. Ratios and proportions offer a new kind of
challenge for children who have previously studied individual counts or measures. Isn’t
it harder to understand 40 miles per hour than 40 miles?

Ratios

LE 1 Opener

(a) How many male and female students are in your class today?
(b) What is the ratio of male students to female students?
(c¢) What is the ratio of female students to all students in your class?
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A ratio compares two numbers using division. In some ratios, you can compare a
part to a part or a part to a whole. How did you write the ratios in LE 1? There are three
common ways of writing a ratio: with the word “to,” with a colon, or as a fraction.

Definition: Ratio
A ratio is a comparison of two numbers a and b by division, with b # 0. It can

be written a to b, a : b, or %.

See if you can connect ratios and fractions in the following exercise.

LE 2 Connection

Use a rectangle to represent a submarine sandwich.

(a) Divide the sandwich into two sections A and B so that the ratio of A to B is 1:3.
(b) What fraction of the whole sandwich is section A?

(¢) Section B is times as long as section A.

(d) Section A is times as long as section B.

When might someone want to compare two ratios? In selecting a college, you may
have been interested in comparing the number of students and the number of professors
or the number of men and the number of women.

LE 3 Concept

Tom Cruise College has 775 students and 25 professors. Compare the number of
students to the number of professors in two ways.

(a) There are more students than professors.

(b) There are times as many students as professors.

(¢) Suppose Brain Strain College has 800 students and 50 professors. Use part (a) or
part (b) and compare the two colleges.

Both colleges have 750 more students than professors, but Brain Strain has signifi-
cantly fewer students per professor. The number of students per professor (called the
“student-professor ratio”) gives the more useful figure.

At Brain Strain College, the student-professor ratio is 16 to 1. At Tom Cruise Col-
lege, it is 31 to 1. These ratios could also be written using colons (16:1 and 31:1) or as

fractions (16 and 31). The ratios tell us that Tom Cruise College has about twice as

1 1
many students per teacher as Brain Strain College. A ratio such as 16 students is more
1 professor
difficult to understand than a count such as 16 students or a measure such as 4 feet be-
cause a ratio is a relationship between two counts or measures.

LE 3(a) and (b) ask for additive and multiplicative comparisons of students and
professors. The difference in two quantities is an additive comparison. A ratio is a
multiplicative comparison because it tells how many times one quantity the other
quantity is. In grades 6-8, many students begin to grasp the difference between additive
and multiplicative comparisons. They need to see a variety of situations and decide

whether or not it is appropriate to use ratios.
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In many cases, the most useful comparison between two sets or two measures is
how many times larger one set or measure is than the other. That is what a ratio of two
sets shows.

To have a correspondence between ratios and fractions, the second number in a ratio
is not allowed to be O, as in the ratio of men to women on the New York Yankees,
25 to 0, because % is undefined. One can compare the same two groups in accordance
with the definition by looking at the ratio of women to men on the New York Yankees

0
<O to 25, or 25).

Because ratios can be represented as fractions, you can find equivalent ratios, write
a ratio in simplest form, or write a ratio as a decimal.

LE 4 Skill
Jody Winer bicycles 33 miles in 6 hours.

(a) What is the ratio of miles to hours, and what does this measure? (Write it in
simplest form.)

(b) Write the ratio as a decimal and include the correct units.

(c) Bill bicycles 42 miles in 8 hours. How does his average speed compare to Jody’s?

The ratios in LE 4 are also rates. A rate is a ratio that compares two quantities with
different units, such as 33 miles/6 hours. A ratio with no units (that is, in which units
cancel out), such as 8 inches/1 inch = 8:1, is not a rate.

In part (b), the ratio is simplified to 5.5 miles/hour, a unit rate. A rate in which the
denominator is 1 is a unit rate. In part (c), unit rates could be used to make a comparison.

LE 5 Skill
Use the unit rate for Jody’s bicycle from LE 4 to complete the following rate table.

Rate Table

Time (hours) 112|314

Distance Traveled (miles)

Proportions

Suppose you’re driving one of those cars with automatic cruise control. You set it at
50 mph and sit back and relax. ZZZZ. Wake up! You still have to steer the car.

The car travels 50 miles/hour. You will travel 100 miles in 2 hours, 150 miles in
3 hours, and so on. When you double the driving time, the miles traveled also double.
When you triple the driving time, the miles traveled also triple.

The ratios of miles to hours—for example, 100 to 2 and 150 to 3—are equal because

1700 = 12—0 The equation 1700 = % is a proportion. A proportion states that two ratios

are equal. In this application, one would say that the distance traveled “is proportional to”
the driving time.



338 Chapter 7 Decimals, Percents, and Real Numbers

LE 6 Concept

Two different classes are asked whether they would prefer a field trip to an amuse-
ment park or a sewage treatment plant. In class A, 10 out of 15 students prefer the
amusement park. In class B, 20 out of 30 students prefer the amusement park.

(a) Write a ratio for the results for each class.
Consider two ways to show that the pair of ratios in part (a) are equal.

(b) Write each ratio with the same denominator.
(c) Write the ratios in part (a) as fractions. Multiply the numerator of one fraction
times the denominator of the other and compare the two products.

Two ratios can form a proportion if they are equivalent. You can determine this by
writing both ratios in simplest form, by finding a common multiplier (or scale factor)
between the ratios (Fundamental Law of Fractions), or by comparing cross products.
Part (c) is an example of how comparing cross products works. By using cross prod-

10 _ 20

ucts, —

15 %because 10 X 30 = 15 X 20. The following exercise shows why this works.

X 5| LE 7 Reasoning

a_c

Suppose b d

(a) Use the Fundamental Law of Fractions to write % and 2 in terms of the common

denominator bd. Fill in the resulting numerators in the following equation.

bd ~ bd
cad _ be _
(b) Now if bd ~ bd' then .
LE 7 shows that% = g is equivalent to ad = bc. Therefore, by comparing cross
products ad and bc, one can tell if % = 2

Cross Product Property

a_c

If a, b, ¢, and d are integers and b # 0 and d # 0, then b d

if and only if ad = bc.

Cross products are both efficient and widely applicable. Students are taught to use
cross products to solve proportions. However, some students have difficulty using cross
products because the method does not make sense to them. Some schools also teach stu-
dents to use mental math (finding a multiplier) or unit rates to solve proportions. Try
these different methods in the following exercise.

c LE 8 Connection

Glassroom The weight of a pile of bricks is proportional to its volume. Suppose that 10 ft* of
IEEHOn 1 bricks weigh 30 1b. How much would 40 ft® of bricks weigh?

(a) What are three ways a student might solve this problem?
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See which of the following you used in part (a).

(b) How do the two volumes of bricks compare? Use this multiplier (scale factor) to
find the weight of 40 ft’ of bricks.

(¢) Write a proportion. Tell how you set up the proportion. Then solve it by using
cross products.

(d) How much would 1 ft* of bricks weigh? (This is the unit rate.) Use the unit rate to
determine how much 40 ft* of bricks weigh.

The method of part (b) is referred to as “mental math” in some middle-school texts.
The process involves a multiplier (or scale factor) with the two given numbers that
have the same units (10 ft* and 40 ft*). You find what you multiply by to go from one
volume to the other (4 in Figure 7-5). Then the weight is also multiplied by 4. Compute
4-301b = 120 1b.

AR
ot
\ll 40 ﬂ \?
Figure 7-5

In part (c), note that there are four correct ways to write the proportion! They all
30 - x 10 4040 _ x4 1030 py
10 4030 x’10 30 40 x-
equal cross products of all four proportions are 1,200 = 10x. So x = 120 Ib. If you write
the x in the numerator, the proportion can also be solved by multiplying both sides by
the same number (40 for the first proportion and 30 for the third proportion) instead of
using cross products.

In part (d), the unit-rate method uses the two given numbers that form a complete
rate measurement (30 1b/10 ft*). Rewrite that ratio with a denominator of 1, and you

have a unit rate (3 Ib/ft%). Then 40 ft> weighs 40 - 3 = 120 Ib.

have the same cross products. They are

LE 9 Skill

You want to cook a new dish called “seaweed surprise” for 7 people. The recipe for
4 people calls for 18 ounces of seaweed.

(a) Estimate how much seaweed you will need.

(b) Find the exact answer by using a proportion. Tell how you set up the proportion.
(Make sure that your units match up.)

(¢) Find the unit rate per person, and solve the problem with it.

(d) Use the multiplier (scaling) method. Find a multiplier (or scale factor) to go from
one set of people to the other and solve the problem.

(e) Estimate how many friends would accept a subsequent dinner invitation.

In some cases, there isn’t a simple proportional relationship among the quantities
you are given and the quantity you are looking for.

LE 10 Skill

Margaret Mead College has a male-female ratio of 3 to 2. If there are 1,100 students,
how many men and women are there? (Hint: First find the ratio of men to all students.)
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£ An Investigation: Capture-Recapture

G

{5

LE 11 Reasoning

People in your town are worried that the fish in the town’s lake are dying out. You are
hired to estimate how many fish are in the lake. Simulate how this is done using beans
(or whatever else your instructor chooses) to represent the fish.

(a) You are given a bag of white beans. Each white bean represents a fish. It is not
practical to capture every fish in order to count them. Instead, take a small
handful of fish (white beans) out of the bag and count them.

(b) Suppose you tagged the fish (white beans) that you removed. Represent each
tagged fish with a black bean. Put the tagged fish (black beans) into the bag
instead of the white beans you removed.

(¢) Mix up the beans in the bag. Now remove a handful of beans, and count how
many white and black beans you obtained. Figure out a way to estimate the total
number of beans in the bag.

LE 12 Summary

Tell what you learned about solving proportions in this section. What are the
different methods that you can use?

. Answers to Selected Lesson Exercises

2.(a) A B

by ©3 @3

ad _ be _
7. (a)ﬁ— b (b) ad = bc

8. )40 ~10=4and301b-4 = 1201b
(c) Answer follows the exercise.
(d)30 + 10 =3 1b/ft> and 40-3 = 120 Ib

3. (a) 750 (b) 31 (c) Use part (b).

4. (a) 33 to 6; speed
(b) 5.5 mph

(c) 42 to 8 = 5.25 mph; less than Jody’s

9. (b)4x = 7-18,s0x = 31.5 ounces
(©) % = 4.5 oz/person. Then 4.5 -7 = 31.5 oz.
(d) The multiplier (scale factor) is % = 1.75.

5. | Time (hours)

1

2

3 4 Then 18- 1.75 = 31.5 oz.

Distance Traveled (miles)

5.5

11

165 | 22

6. (a) 10' 15;20:30

2 20 _ 2
® ) 15330 3
(c) = and 20,

30°

10. The student body is 3 parts men and 2 parts women,
so the total has 5 parts. You could write a proportion
for men students to total students such as

3 _ = S5x and x = 660 men. The

5 1 100
number of women is 1,100 — 660 = 440 women.

10 - 30 and 20 - 15 both equal 300
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Basic Exercises

1. A third-grade class has 12 boys and 17 girls.*
(a) What is the ratio of girls to boys?
(b) What is the ratio of boys to all students in the
class?

2. A fruit basket has 5 apples and 3 oranges.*
(a) What is the ratio of oranges to fruit in the basket?
(b) What is the ratio of oranges to apples?

3. A sixth grader says that if the ratio of boys to girls in
his class is 4 to 5, then 3 of the class is boys. How
would you respond?

4. An all-female collegee has 600 students.
(a) What is the ratio of men to women?
(b) Why is the ratio of women to men undefined?

5. Use a rectangle to represent a submarine sandwich.
(a) Divide the sandwich into two sections A and B so
that the ratio of A to Bis 2:3.
(b) What fraction of the whole sandwich is
section A?
(c) Section B is
(d) Section A is

times as long as section A.
times as long as section B.

6. Use a rectangle to represent a submarine sandwich.
(a) Divide the sandwich into two sections A and B
so that the ratio of A to Bis 2: 1.
(b) What fraction of the whole sandwich is section A?
(c) Section B is times as long as section A.
(d) Section A is times as long as section B.

7. One-fifth of a college class is men. What is the ratio
of men to women in the class?

8. One-third of the vehicles in a business are cars, and
the rest are trucks. What is the ratio of cars to trucks?

9. A mother and daughter are ages 40 and 20,
respectively.
(a) Make an additive comparison of their ages.
(b) Make a multiplicative comparison of their ages.

*“For more practice, go to www.cengage.com/math/sonnabend

10. In a survey, 24 out of 30 fifth graders said they liked
music class. The rest said that they did not.

(a) Make an additive comparison of the number of
students who liked music class and the number
that did not.

(b) Make a multiplicative comparison of the number
of students who liked music class and the number
that did not.

= 11. The following table lists the numbers of students and

teachers in five major public school systems, in the
2004-05 school year (National Center for Education
Statistics).

Student—
School Number of | Number of | Teacher
District Students Teachers Ratio
San Francisco 57,144 3,172
San Antonio 56,639 3,517
Atlanta 51,377 3,716
Minneapolis 40,510 2,658
Cincinnati 38,283 2,638

(a) Complete the last column of the chart, showing
the ratio of students to teachers.

(b) Which city has the lowest student—teacher ratio?

(c) Which city has the highest student—teacher ratio?

(d) Would you rather go to a school with a higher or
lower student—teacher ratio?

12. The pitch of a roof is the ratio of its rise (height) to
its span (width).

Rise

Span

A roof has a rise of 8 ft and a span of 30 ft.

(a) What is its pitch?

(b) Write the pitch as a fraction in simplest form.
(c) What does the pitch tell you about the roof?
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13. Is 7:4 the same as 6:3?
14. Is 4:3 the same as 8:6?

15. Two sets have a ratio of 10 to 3. Determine whether
the ratio of the two sets will change if the number of
members in each set is
(a) doubled. (b) increased by 10.

16. Molly is 50, and her grandson Robert is 5. As they get
older, the ratio of Molly’s age to Robert’s age will
(a) increase (b) decrease
(c) stay the same (d) do none of these

. At a picnic, one table seating 10 people has 3 platters
of food. A second table seats 14 people and has
4 platters of food. Which table is allotting more food
per person?

18. The math department uses 3 tablespoons of coffee
with 5 cups of water to make coffee. The science
department uses 5 tablespoons of coffee with
9 cups of water. Which coffee is slightly stronger?
Explain why.

. In 2008, New York had a population of 19.4 million
and an area of 47,214 square miles. California had a
population of 37.4 million and a land area of
155,959 square miles.

(a) Find the population density for each state.

(b) Which state has a higher population density?

(c) Find information on the web about how your
own state compares to New York and California
in population density. If you live in New York or
California, find out how your state’s population
density ranks nationally.

Town A Town B
Population 346,812 182,312
Number of restaurants 641 311

(a) If you had only this information, which town
would appear to be a better place to open a
restaurant?

(b) What other information should you obtain before
deciding?

&3 21. Perry is offered two jobs. One pays $500 for a

40-hour week. The second job pays $450 for a
36-hour week.

(Continued in the next column)

(a) Find the unit rate for each job.
(b) Which job has a better pay rate?
(c) Complete the rate table below.

Number of Hours 1 10 20 30 | 40

Job 1 Pays ($)

Job 2 Pays ($)

. Maria’s car travels 650 miles on 20 gallons, and
Ralph’s car travels 426 miles on 12 gallons.

(a) Find the unit rate for each car.

(b) Which car gets better gas mileage?

(c) Complete the following rate table.

Gas Used (gallons) 11510

Maria’s Distance Driven (miles)

Ralph’s Distance Driven (miles)

. A 32-fl-oz carton of orange juice at Fresh Mart

what each one means.

. A 75-gram serving of ice milk has 120 calories.
Write two different unit rates, and tell what each
one means.

. (a) An 18-ounce jar of peanut butter costs $2.79.
What is the cost per ounce (called the
unit price)?

(b) A 28-ounce jar of peanut butter costs $3.79.
What is the cost per ounce?

(c) Which jar is a better buy (which has the lower
unit price)?

. A 12-0z box of corn flakes costs $2.99, and an
18-0z box costs $3.99. Which is a better buy?

27. You can use colored counters to show equivalent
ratios.

(a) A student shows the ratio three red to four
yellow counters. If you add two more sets of
counters just like this, what new ratio do you
obtain?

(b) Write the proportion formed by these two
equivalent ratios.

costs $2.29. Write two different unit rates, and tell




28.

29.

30.

31.

32,

33.

34.

35.

*“For more practice, go to www.cengage.com/math/sonnabend

You can use colored counters to show equivalent

ratios.

(a) A student shows the ratio five red to two yellow
counters. If you add three more sets of counters
just like this, what new ratio do you obtain?

(b) Write the proportion formed by these two equiva-
lent ratios.

Consider the following problem. “A store gives you
4 comic books for every 5 you trade in. How many
will the store give you for 357 What are different
ways a student might solve this problem?

Consider the following problem. “Most sunscreen
lotions list the sun protection factor (SPF). Suppose
an SPF of 10 will protect you from burning for

50 minutes. Assuming that the length of time is
proportional to the SPF, for how long will an SPF
of 15 protect you?” What are different ways a
student might solve this problem?

A student solves Exercise 29 as follows. Because
5 — 4 = 1, they will give you 35 — 1 = 34 comic
books. What would you tell the student?

A student solves Exercise 30 as follows. The
50 _

15 10
What would you tell the student?

proportion is > I solve that for x and get 337

3

Solve for R in each proportion just by looking at the
relationship between each pair of fractions.

@I=F% ma=d ©f=%

Which of the following proportions can be solved
easily without computing cross products?

(Hint: Look for a simple relationship within or
between the fractions.)

3_ l 4_3
@3 b5 ==
1
@ =1 @2 ==2
Estimate the answer, and then solve for Q in each
proportion.*
Q_71 o_4 7_5

36.

37.

38.

39.

40.

41.
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Solve for N in each proportion.*

10 12

@s=3 OF=2 ©f-

Z[=

Suppose % = % Write three other proportions that

have the same two cross products.

Suppose % = % Write three other proportions that

have the same two cross products.

Proportions with one unknown can be solved
without using cross products by people who find
cross products confusing. If the variable is in the
numerator of one side, multiply both sides by the
denominator of that fraction. If the variable is in
the denominator, invert the fractions on each side
and then use multiplication. Solve the following
proportions with these methods.

@i=2 o3=2 ©3=3

A seventh-grade class is asked to solve the

proportion

4_5

no g

(a) See if you can find three different ways to
solve it.

(b) If you didn’t already, solve it with cross products.

(c) If you didn’t already, solve it by multiplying
both sides of the equation by the common
denominator.

(d) If you didn’t already, invert the fractions on both
sides and then solve it by multiplying both sides
by 4.

(e) Solve the proportion 7=

5 .
37 three different ways.

A couple drinks 3 quarts of orange juice and

2 quarts of skim milk each week. At this rate, how

much orange juice and skim milk do they drink in

4 days?*

(a) Estimate the answer.

(b) Write a proportion. Tell how you set up the pro-
portion. Then solve it by using cross products.

(c) Find a unit rate for each drink in quarts/day, and
use them to find the answer. (Make a unit rate
table if you wish.)

(d) How could you find the answer by finding a
multiplier (scale factor)?*
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42. If 15 pounds of fertilizer take care of 2,000 ft2 of
lawn, how much fertilizer is needed for a rectangular

T 46. A third-grade teacher wants to plan a party for her
e school. She surveys her own class to find out their

lawn that is 80 ft by 100 ft?* preference among chocolate cookies, ice cream

(a) Write a proportion. Tell how you set up the sandwiches, and peanuts. Out of her 28 students,
proportion. Then solve it by using cross products. 12 prefer the cookies, 10 prefer the ice cream, and

(b) How could you find the answer by finding a 6 prefer the peanuts. On the basis of this, how many
multiplier (scale factor)? of each dessert should she order for the 312 students

(c) Find a unit rate in ft?/1b and use it to find the at the school7*

answer. (Make a unit rate table if you wish.)
47. The following recipe for potato salad makes

£§ 43. Maija paid $9 for% Ib of crabs. What is the price 6 servings.
per pound?* o . 2l Ib potatoes 1 cup shredded carrots
(a) How can you solve it with a ratio or a 2
proportion? % cup chopped onions i cup parsley
(b) How can you solve it with a part-of-a-whole
diagram? How much of each ingredient would you need to

make 15 servings?*
44. 1f a British pound is worth $1.97, how many pounds
can I buy for $10?*
(a) Estimate the answer.

. A 20-ft-long pipe of uniform width and density is
cut into two pieces. One piece is 12 ft long and

(b) Solve the problem by using a proportion. weighs 140 pounds. How much does the other
(Make sure that the units in the proportion piece weigh?*
match up.)

. Consider the following problem. “Three years ago,
Francisco and Melissa invested $3,000 and $5,500,
45. The ice cream cone in the photo is 6 feet 9 inches respectively, in a business. Today the business is
tall. About how tall is the woman?* worth $10,000. What is Francisco’s share of the
business worth?” Devise a plan and solve the
problem. Tell how you solved it.

(c) Solve the problem without writing a proportion.

. Suppose that a representative survey of adults in a
large city shows that 663 support a sales tax increase
and 837 are against it. If the adult population of the
city is 4,200,000, predict how many adults support
the sales tax increase. Tell how you solved it.

. In a large city, 2 million cars are used to commute to
work. The average number of people per car is 1.2.
If the average number of people per car were in-
creased to 1.5, how many cars would be used?

(a) Tell why you cannot use a proportion.
(Hint: Should the answer be more or less than
2 million?)

(b) Solve the problem.

52. A school has 1,200 students and a student—teacher
ratio of 30 to 1. How many additional teachers
must be hired to reduce the student—teacher ratio
to24to 1?

Photo courtesy of Thomas Sonnabend.

“For more practice, go to www.cengage.com/math/sonnabend
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Extension Exercises

‘ 53. Ranger Rosenberg catches and tags 10 fish in Lake
Leisure. Then she tosses them back in the lake and
lets all the fish mingle. Then the ranger catches

20 fish and finds that 6 of them are tagged. So she
guesses that about 6/20 of the fish in the lake are
tagged. Estimate the number of fish in Lake Leisure.
Tell how you solved the problem.

54. The ranger in the preceding problem goes to Lake
Boggy. She catches and tags 20 fish. Then she
releases them back into the lake. Now she catches
50 fish and finds that 4 of them are tagged. Estimate
the number of fish in Lake Boggy. Tell how you
solved the problem.

. A 28.3-0z jar of Lipton iced tea mix costs $4.69.

It contains about 0.6 oz of tea and 27.7 oz of sugar.
How much would it cost you to mix your own tea
and sugar in the same way, using Lipton tea (8 oz
for $5.30) and sugar (5 Ib for $4.99)?

. In one year, a fast-food restaurant pays about
$190 million for 45 million gallons of cola syrup.
(A gallon is 128 fluid 0z.) A soda is one part syrup
and five parts carbonated water. The carbonated
water costs about $0.005 per ounce. About how
much do the contents of a 21-0z “medium” cola
cost the restaurant?

n 57.

9] 58.

59.

60.

61.
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A car averages about 24 miles per gallon, a bus
averages about 6 miles per gallon, and an electric
train averages about 2 miles per gallon. Under
what conditions would each vehicle be the most
fuel-efficient?

It takes 15 minutes to cut a log into 3 pieces. How
long would it take to cut a similar log into 4 pieces?
(The answer is not 20 minutes.)

A National Motors Variable gets M miles from
G gallons. What is the distance it can travel on
H gallons?

A college has a male-female ratio of M to F. What
fraction of all the students are female?

A function has exactly one output for each input
or set of inputs. Suppose salmon costs $5/1b. Then
1 pound of salmon costs $5, 2 pounds costs $10,
and so on. Describe a function that goes with

this rate.

Projects

62.
63.

Draw a floor plan of your home that is to scale.

Go to your local supermarket and determine whether
larger sizes of products always have lower unit
prices. Write a summary of your findings.

i 1.4 Percents

NCTM Standards

percents (3-5)

® recognize and generate equivalent forms of commonly used fractions, decimals, and

* develop meaning for percents greater than 100 and less than 1 (6-8)

* recognize and apply mathematics in contexts outside of mathematics (pre-K-12)

Do you think it is fair that a salesperson who sells twice as much should earn twice the
commission, or that someone who owes three times as much money should pay three
times as much interest? In situations such as these, many people consider it fair to
charge the same rate on amounts of all different sizes. Percents were devised for just

such situations!
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First, it would be helpful to know what the word “percent” means. “Cent” in “percent”

means /00, just as it does in the words “century” and ‘“centipede.” “Percent” means

per 100. For example, “50 percent” means 50 per 100, or S0 or % Figure 7-6 illustrates a

percent as a part of a whole. 100

50% (50 per 100) Definition: Percent

Figure 7-6 n% =

100 where % denotes percent.

A percent is a ratio that compares a number to 100.

Percents, Fractions, and Decimals

The concepts of percents, fractions, and decimals are interrelated. The definition of a

percent (%), n% = 18—(), is used to convert it to a fraction or decimal. Consider the
following examples.
-4 _ 08 _ 8 _
4% = 100 0.04 0.8% 100 ~ 1000 0.008

o’

=

LE 1 Reasoning

(a) On the basis of the preceding examples, a shortcut for changing a percent to a
decimal involves dropping the percent sign and moving the decimal point
places to the to compensate.

(b) Use the fact that n% = n + 100 to explain your shortcut in part (a).

The process is reversed in changing decimals or elementary fractions to percents.
The decimals 0.37 and 0.06 can be converted to percents as follows.

m Exam p|€ 1  Give the percent equivalents of 0.37 and 0.06.

Solution
Write each number as a fraction with a denominator of 100. Then change it to a percent.
- 37 _ _ 6 _
0.37 = 100 37% and 0.06 100 6% ]

Use the results of the preceding example to find a shortcut for converting decimals to
percents. Then convert a fraction to a percent.

LE 2 Skill

(a) The results of Example 1 suggest that a shortcut for changing a decimal to a
percent involves moving the decimal point places to the

(b) Change % to a decimal, and then use the method of part (a) to change it to a

percent.
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To change a fraction to a percent, you can divide the numerator by the denominator

to obtain a decimal. Then, change the decimal to a percent. Some fractions such as %
35

can easily be changed to an equivalent fraction in hundredths <100> and then changed

to a percent (35%).

Why would someone use a percent rather than a fraction or a decimal? A percent
gives a fixed rate per hundred. This is especially suitable for financial applications such
as tax rates, sales commissions, and interest rates. Percents are also used to describe
statistical data in sports, education, and science, because percents make it simple to
compare rates in sets of different sizes.

Percents, fractions, decimals, and ratios are all used in comparisons.

LE 3 Connection

A school survey of 80 students finds that 48 play soccer and 32 do not. On the basis
of this survey, complete the following.

(a) out of students play soccer.

(b) % of the students play soccer.

(¢) The fraction of students who do not play soccer is
(d) The ratio of students who play soccer to those who do not is

to

Basic Percent Problems

How much is 28% tax on $24,000? Which test score is better, 14 out of 20 right or 18
out of 25 right? A shirt is on sale for $13, which is 80% of its regular price. What is the
regular price? These are examples of the three types of basic problems. How would you
solve them?

LE 4 Opener

(a) Amit owes 28% tax on $24,000. How much is that?

(b) Lyle scored 14 out of 20 right and Jody scored 18 out of 25 right. Use percents to
determine which test score is better.

(¢) A shirt is on sale for $13, which is 80% of its regular price. You wonder what the
regular price is. What is it?

Basic percent problems involve A is B% of C. Three different types of problems
occur depending upon which one of A, B, and C is the unknown. Most children study
two approaches for solving basic percent problems: the percent proportion and the per-
cent equation. The percent proportion states

part _ n_
whole 100

percent as fraction

Exam ple 2 Solve the problems in LE 4 with the percent proportion.

Solution
(a) $24,000 is the whole, and the tax is a part of it.
part _ 28
24,000 100

Then find the cross products. 100(part) = 24,000(28) so part = 6,720. The tax is $6,720.
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You can use a number line to help you set up the proportion. Write the percents above
the number line and the corresponding numbers below each percent.

0% 28% 100%

0 X $24,000

(b) Each test score gives the part and the whole.

0% n% 100% 0% X% 100%
0 14 20 0 18 25

14 _n 418_ x
20~ 100 *"“25 ~ 100

1,400 = 20n and 1,800 = 25x
n=70and x =72

The scores are 70% and 72%, so the second score is higher.
(¢) The sale price is the part, and the regular price is the whole.

0% 80% 100%
0 13 x
13 _ 80
whole 100
This can be simplified to }1]31 § Then find the cross products. So 65 = 4(whole),
and whole = 16.25. The regular price is $16.25. u
LE 5 Skill
Solve the following problems with the percent proportion. Use a number line diagram
if you want.

(a) 18 out of 75 is what percent?
(b) What is 80% of 12?
(¢) 46 1s 40% of what number?

You can derive the percent equation from the percent proportion.

¥¥| LE6 Reasoning

by P (for percent) in the percent proportion, and solve the equation for

Replace 10 0
art.

The result of LE 6 is the percent equation, which states:

part = P - whole where P is the percent

:' m Exam p|€ 3 Solve the problems in LE 4 with the percent equation.

Solution

(a) part = 28% - 24,000. Then part = 6,720. The tax is $6,720.
Most people do this by multiplying the percent times the whole without writing an

equation.
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(b) 14=P-20 oré—g = P.Then P = 0.7 = 70% right.
18=P-25 or% = P.Then P = 0.72 = 72% right.

The second score is higher. Most people do this by dividing the part by the whole
without writing an equation.

_ . 13 _
(¢) 13 = 80% - whole. Then 0% whole.
Then whole = 16.25. The regular price is $16.25. |

LE 7 Skill

Solve the following problems with the percent equation (or multiplication or division).

(a) 18 out of 75 is what percent?
(b) 46 is 40% of what number?
(¢) What is 80% of 12?

Students typically solve type 1 problems (such as LE 7(c)) with multiplication (the
percent equation). Next, they learn to solve type 2 and 3 problems (such as LE 7(a) and
(b)) with the percent proportion. In a later grade, they may learn to solve all three types
of problems with the percent proportion and/or the percent equation.

Simple and Compound Interest

Do you have money in the bank? What kind of interest do you earn? Simple interest
pays interest only on the original money (the principal) you deposited. With compound
interest, you also earn interest on your interest. Most banks pay compound interest on
savings, usually more than once a year—either semiannually (twice a year), quarterly
(four times a year), monthly, or daily (360 or 365 times a year).

LE 8 Reasoning

Suppose you invest $2,000 in the bank, and it earns an annual rate of 3% simple
interest.

(a) How much interest would you earn in one year?

(b) How much interest would you earn in three years?

(¢) How much interest would you earn in half a year?

(d) The original amount ($2,000) is called the principal, p. The interest rate (3%) is
r. The time in years is 7. Write a formula for /, the amount of interest earned in
terms of p, r, and .

I:

Did you obtain the following formula?

Formula for Simple Interest

I = prt, where [ is the interest, p is the principal, r is the annual rate of interest, and
t is the time in years.
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Use this formula in the next exercise.

LE 9 Skill

I had $1,000 in the bank earning 4% simple interest for 2 years. The 2 years are over.

How much money do I have in that account now?

In LE 9, would it be better to receive interest that is compounded annually?

LE 10 Skill

You deposit $1,000 earning 4% interest compounded annually.

(a) Find the interest and account balance after 1 year.

(b) In the second year, you receive 4% interest on the account balance from the first
year. How much money will you have in the account after 2 years?

(¢) How much more money do you have after 2 years than in LE 9?

You can study compound interest further in the Extension Exercises.

% LE 11 Summary

Tell what you learned about solving basic percent problems in this section.

. Answers to Selected Lesson Exercises

1. (a) 2; left
(b) To divide 100, move the decimal point 2 places
to the left.

2. (a) 2;right  (b) % =0.125 = 12.5%
3. ()48 0utof 80  (b)60  (c) % ) 3102
4.(2)$6720  (b)18outof25  (c)$16.25

18_ x4
5. (2) 7 = Tyoi ¥ = 241 24%

x _ 80, _

(b) 2 IOO’X 9.6
46 _ 40

©) = 1000~ 115

6. Answer follows the exercise.

7.(a) 18 + 75 = 0.24 = 24%
(b) 46 = 0.40x and x = 115
() 0.80-12 =96

8. (a) $60
(b) $180
(c) $30

9. $1,000 + $80 = $1,080
10. (a) $1,000 + $40 interest = $1,040

(b) $1,081.60
(c) $1.60
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Basic Exercises

B.C. by johnny hart
HEY DAD, WHAT " l
DOES |T MEAN [n’ MEANS HE FAILED MATH ,
WHEN A GUY T
SAYS," IM WITH

You 110%"

1. What is wrong with saying “110%” in the cartoon?

2. What does the word “percent” mean?

3. (a) 150% means per 100.
(b) Shade decimal squares (Activity Card 3) to
represent 150%.

(c) 150% means per 20.
(d) 150% means per 2.
4. (a) 14% means per 100.

(b) Shade a decimal square (Activity Card 3) to
represent 14%.

(c) 14% means

(d) 14% means

per 50.
per 10.

5. Write each percent as a decimal.

(a) 34% (b) 180% (c) 0.06%
6. Write each percent as a decimal.
(a) 17% (b) 0.01% (c) 200%

7. Students have more difficulty with percents greater
than 100%. A percent that is greater than 100%
represents a number greater than

8. Students have more difficulty with percents less than
1%. A percent that is less than 1% represents a num-
ber less than

*“For more practice, go to www.cengage.com/math/sonnabend

S

9. Write each decimal as a percent.*

© 1995 Creators Syndicate Inc.

(a) 0.23 (b) 0.00041 (c) 24
10. Write each decimal as a percent.*

(a) 0.79 (b)5.24 (c) 0.00083
11.

A
(a) Shade 20 of the squares.

(b) What percent of the rectangular area does each
little square contain?

(c) Show how to use part (b) to change % to a percent.

12.

(a) Shade % of the squares.

(b) What percent of the rectangular area does each
little square contain? 3

(c) Show how to use part (b) to change 3 to a percent.

8
13. Write each fraction as a percent.*
1 3 3
(@) ¢ OF © 13
14. Write each fraction as a percent.*
3 1 2
(a) 2 (b)3 > (c) 5
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15. A survey of 200 adults finds that 68 read a book this €3 22. Solve the following problems with the percent

16.

% 17.

18.

“For more practice, go to www.cengage.com/math/sonnabend

month and 132 did not. Complete the following.

(a) —__ out of __ adults didn’t read a book.

(b) % of the adults didn’t read a book.

(c) The fraction of adults who did read a book is _.

(d) The ratio of adults who read to those who did not
is___to___.

(e) Adults who did not read books outnumber those
who did read a book by ____.

A survey of 40 cities finds that 14 met air pollution

standards and 26 did not. Complete the following.

(a) ___ out of __ cities met the standard.

(b) % of the cities met the standard.

(c) The fraction of cities that did not meet the
standard is ___.

(d) The ratio of cities that met the standard to those
thatdid notis ___to ___.

(e) Cities that did not meet the standard outnumber
cities thatdid by .

A survey of 500 adults finds that 495 watched
television in the past week and 5 did not. Write

four different statements that summarize the results
with a difference, fraction, decimal, percent, or ratio.

A drink mix has 3 parts orange juice for every

2 parts of carbonated water.

(a) What fraction of the mix is carbonated water?
(b) What percent of the mix is orange juice?

. Solve the following problems with the percent

proportion. Use a number line diagram if you want.*
(a) What is 30% of 140?

(b) 25 is 40% of what number?

(c) 27 out of 40 is what percent?

. Solve the following problems with the percent

equation (or multiplication or division).*
(a) 63 is 90% of what number?

(b) What is 40% of 85?

(c) 21 out of 350 is what percent?

A salesperson earns a 12% commission. If she sells

a $2,400 computer, what is her commission?*

(a) Estimate the answer.

(b) Solve the problem using multiplication.

(c) Solve the problem with a proportion.

(d) If she sells 3 times as many computers, her
commission will be times as much.

. The sales tax on a $9.59 item is 7 %%.*

(a) Estimate the tax.
(b) Exactly how much is the tax?

Each year in the United States, we produce about
110 million tons of air pollution from carbon
monoxide. Motor vehicles produce about 82 million
tons of this pollutant. What percent of the carbon
monoxide do motor vehicles produce?

(a) Solve the problem using division.

(b) Solve the problem with a proportion.

. As coach, you must choose Ken or Don to shoot a

free throw for a technical foul. This season, Ken has
made 54 out of 80 free throws. Don has made 43 out
of 61 free throws. Who will you choose? Give
evidence to support your answer.

Consider the following problem. “A salesperson

earns a commission of 8% of total sales. This week

she earned $798.40. What were her total sales for

the week?”

(a) Write an equation (that is not a proportion) and
solve it.

(b) Write a proportion and solve it.

proportion.™
(a) 92 is 80% of what number? 28. The Duty family wants to buy a house that requires
(b) What is 35% of 80? monthly payments and monthly real estate taxes

(c) 45 out of 120 is what percent?

. Solve the following problems with the percent

equation (or multiplication or division).*
(a) 120 is 60% of what number?

(b) 36 out of 80 is what percent?

(c) What is 70% of 20?

29.

totaling $950. Their bank will not finance them unless
these payments are no more than 28% of their gross
monthly income. What is the minimum gross monthly
income that the Dutys need?

The drawing represents 40% of a figure. Draw 100%
of the figure.
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30. The drawing represents 75% of a figure. Draw 100%
of the figure.

&2 31. As of 2008, the United States and Canada have

& different kinds of health-care systems. In Canada,
all citizens are insured; in the United States, about
50 million people (16%) are uninsured. Canada uses
a single insurer in each of its ten provinces; the
United States has about 1,500 different health
insurers. The Organization for Economic
Cooperation and Development collects data on
health care.

Total
Population  Total Cost Administrative
(2005) (2005) Costs (2005)
U.sS. 296 million ~ $1895 billion $420 billion
Canada 32 million $96 billion $10.6 billion

(a) Compute the per-capita (per-person) costs in the
United States and Canada.

(b) What percent of the total cost represents adminis-
trative costs in each country?

(c) If the United States reduced its administrative
costs from 22% to 11%, how much would be

saved?
Infant Mortality Persons per Life
Deaths per 1,000 Physician  Expectancy
Births (2006) (2004) (2004)
U.S. 6.4 340 77.8 years
Canada 4.6 450 80.2 years

(d) What do the data suggest about the comparative
performance of the two health-care systems?

. Grapefruit Cocktail costs $3.89 for 64 oz. It contains
30% grapeftruit juice and about 1.3 oz of sugar, plus
water. How much would it cost you to make 64 oz of
grapefruit cocktail yourself, using canned grapefruit
juice ($2.49 for 46 oz), sugar ($6.98 for 5 1b), and
water?

. Consider the following problem. “A business man-
ager must pay $35,000 per year in fixed expenses,
and she pays 40% of her total sales to her workers.

(Continued in the next column)
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How much money must she make to earn a $40,000
profit after paying her expenses and her workers?”
Devise a plan and solve the problem.

. You are offered two real estate sales jobs. One
pays 9% commission. The other job pays $50 per
week and 6% commission. If sales tend to average
about $2,000 per week, which job would pay you
more?

. You buy a $5,000 savings certificate that pays 6%
simple annual interest. How much interest will you
earn in 6 months?

. Your new credit card has an annual finance charge

of 15% simple annual interest.

(a) Suppose you borrow $500 for a year. How much
interest will you owe?

(b) Suppose you cannot afford to pay back the $500
for an additional 9 months. How much additional
interest will you owe?

. A credit card company charges 12% simple annual

interest on debts.

(a) What percent interest does the company charge
per month?

(b) What percent interest does the company charge
per day?

(¢) If you don’t pay $660 for one month, what is the
finance charge?

. Suppose you receive a credit card bill for $340. The
minimum required payment is $40. You decide to
pay the minimum and wait until next month to pay
the balance. The annual simple interest rate on the
balance is 18%. How much will your monthly
finance charge be?

. You deposit $8,000 earning 6% interest compounded

annually.

(a) Find the interest and account balance after one
year.

(b) In the second year, you receive 6% interest on
the account balance from the first year. How
much money will you have in the account after
two years?

. You deposit $2,500 earning 5% interest compounded
annually.
(a) Find the interest and account balance after one year.

(Continued on the next page)
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(b) In the second year, you receive 5% interest on the
account balance from the first year. How much
money will you have in the account after two years?

. 41. You deposit $6,000 earning 4% interest compounded
semiannually.
l (a) What percent interest does the bank pay every
6 months?
(b) Find the interest and account balance after
6 months.
(c) In the second 6 months, you receive interest on
the account balance from the first 6 months.
How much money will you have in the account
after a year?

. 42. You deposit $9,000 earning 4% interest compounded
semiannually.
' (a) Find the interest and account balance after

6 months.

(b) In the second 6 months, you receive another 2%

interest on the account balance from the first

6 months. How much money will you have in

the account after a year?

Extension Exercises

43. Taxes are commonly classified as progressive,
intermediate, or regressive. A progressive tax
requires people with higher income to pay a higher
percent of their income as tax. An intermediate tax
requires people at every income level to pay the
same percent income tax, and a regressive tax
requires people with lower incomes to pay a higher
percent of their income as tax. Classify each of the
following tax structures as progressive, intermediate,
or regressive.

(a)
Total Yearly Percent
Income Tax
$30,000 8%
$25,000 10%
$20,000 12%
(b)
Total Yearly
Income Tax
$30,000 $2000
$25,000 $2000
$20,000 $2000

(Continued in the next column)

44.

(c) Maryland has a sales tax rate of 6%. The
average person with $45,000 in yearly income
buys about $6,000 worth of sales-taxed items,
and the average person with $15,000 in yearly
income buys about $3,000 worth of sales-taxed
items. Classify this sales tax as progressive,
intermediate, or regressive.

Fill in tax amounts so that the tax is regressive and
those with higher incomes pay more money in tax.

Total Yearly Income Tax Amount

$30,000
$25,000
$20,000

. You deposit $1,000 for two years. A bank pays 4%

interest compounded annually.

(a) After one year, you have
amount.

(b) By what single number could you multiply the
principal to find the amount in the account after
one year?

(c) To find the amount after two years, you could
multiply the principal by 1.04 to what power?

(d) Suppose you left the money and interest in the
bank for 8 years. What is a quick way to compute
the account balance after 8 years with a scientific
or graphing calculator?

% of the original

. You deposit $4,000 in an account. A bank pays 6%

interest compounded annually. Use the method of
the preceding exercise to find the account balance
after

(a) 2 years.

(b) 5 years.

. The world population in 2008 was about 6.7 billion.

It is expected to grow about 1.1% annually in the
near future.
(a) Forecast the world population in 2009.
(b) Forecast the world population in 2020.
(Hint: Use an exponent.)
(c) Forecast the world population in 2050.

. Three percent annual inflation is the same mathemat-

ically as 3% interest compounded annually. If a car
cost $25,000 in 2008, what is an equivalent price in
2012, assuming an annual inflation rate of 3%?
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7.5 Percents: Mental Computation,
Estimation, and Change

NCTM Standards

* recognize and apply mathematics in contexts outside of mathematics (pre-K-12)

Could you quickly compute the value of a 50% discount? How about 10% tax on a $200
item? These same techniques could be used to estimate a 52% discount or a 9% tax on

$211. First, consider mental computation.

Computing 1%, 10%, 25%, or 50% of a Number

Some can be done mentally. You should be able to compute 1%, 10%, 25%, and 50% of
many whole numbers mentally, using shortcuts. See if you can describe these shortcuts in

LEI.

LE 1 Opener
(a) Write 50%, 25%, 10%, and 1% as fractions in simplest form.

(d) Computing 10% of a number is the same as dividing the number by
(e) Finding 10% of a number is the same as dividing by
could move the decimal point in the number
(f) Finding 1% of a number is the same as dividing by
could move the decimal point in the number

place(s) to the

place(s) to the

As LE 1 suggests, you can use the following procedures.

(b) Computing 50% of a number is the same as dividing the number by ____.
(¢) Computing 25% of a number is the same as dividing the number by ____.

, which means you

, which means you

Computing 50%, 25%, and 10% of a Number

* 50% of a number is half the number, so divide the number by 2.
1

e 25% of a number is 1

of the number, so divide the number by 4.

10
decimal point one place to the left.

100
decimal point two places to the left.

* 10% of a number is € of the number, so divide the number by 10, moving the

e 1% of a number is L of the number, so divide the number by 100, moving the
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Apply these shortcuts in LE 2 and LE 3.

LE 2 Skill
Mentally compute

(a) 50% of 286. (b) 25% of 4,000. (¢) 1% of 380.

LE 3 Skill

A $25 shirt is selling at a 10% discount. Mentally compute the discount and the sale
price.

Computing Other Percents with 1% or 10%

¢

Classroom
Connection

g

.
4

Now for some more amazing feats of mental computation! Certain other percents of a
number, such as 40% and 8%, can sometimes be computed mentally, using our under-
standing of 10%, and 1%, respectively.

Exam ple 1 How could one mentally compute
(a) 40% of 620? (b) 8% of 6007

Solution

(a) To find 40% of 620, compute 4 times 10% of 620.
10% of 620 = 62
40% of 620 = 4 - 62 = 248
(b) 1% of 600 = 6
8% of 600 = 8 -6 = 48 [ |

LE 4 Skill

How could you mentally compute the exact value of

(a) 70% of 300? (b) 6% of 900?

LE 5 Reasoning

A seventh grader computes 27% of 400 as follows. “First, 25% of 400 is 100. One
percent of 400 is 4. Multiply by 2 to obtain 8. The answer is 400 + 8 = 408.” Is that
right? If so, write a series of equations that shows why this method works. If not, tell
what the error is.

Estimating Percents with Fractions, 1%, or 10%

It is helpful to know some percents and their fractional equivalents.

LE 6 Skill

Complete the second row of the table.

. 1 1
Fractions 20 10

W[

| —
A—
(O8]

B[ —
IS
e

Percents




C

Classroom
Connection
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Simple fractions can be used to estimate percent problems.

LE 7 Skill
Two seventh graders are estimating 32% of 527. Maurice uses rounding and breaking

apart. He says 32% of 527 is about 30% of 500. Then 10% of 500 is % of 500 or 50.
Then 30% is 3 - 50 = 150. Candace uses compatible numbers. She says 32% is about
%. Then change 32% of 527 to % of 540, which is 180. Use each student’s method to
estimate a 22% commission for selling a $648 washing machine.

Percent of Change

|

Discussion

Suppose an experienced teacher who earns $43,870 and a fairly new teacher who earns
$28,800 both received their annual raises. How can the two raises be compared? One
way is to compare the percent increase (the change in the number of dollars per each
$100 earned) that each teacher received.

How is the percent change computed? The two-step method is as follows. First, sub-
tract to compute the amount of the increase or decrease. Second, compute what percent
of the original amount this increase or decrease is.

Exa mple 2 This year, Nancy Shaw’s salary increased from $28,800 to $32,256.
What percent increase is this?

Solution

Equation Method
First, compute the amount of the increase: $32,256 — $28,800 = $3,456. Then the
amount of change = P - original amount. In this case, 3,456 = P - 28,800. So

3,456 _ .
P= 28.800 or 0.12. Nancy received a 12% increase.
Proportion Method

First, compute the amount of the increase: $32,256 — $28,800 = $3,456. Then

amount of change In thi 3456 pn Th | duct
original amount =100 n this case, 28.800 _ 100° e equal cross products are
345,600 = 28,8001 and n = 12. Nancy received a 12% increase. [ |

The following exercise is similar to Example 2.

LE 8 Skill

Consider the following problem. “This year, Margaret Latimer’s salary increased from
$43,870 to $48,300. Find what percent increase this is, to the nearest tenth of a percent.”

(a) Solve it using the equation method.

(b) Solve it using the proportion method.

(¢) Margaret tells you that Nancy received a larger increase than she did. Tell how
Margaret would justify saying that.

(d) Then Nancy complains to you that Margaret received a larger increase than she
did. Tell how Nancy would justify saying that.

(e) Would you say Margaret and Nancy’s raises are comparable, or did one come out
better than the other?
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¢

Classroom
Connection

LE 9 Reasoning

From 2000 to 2008, the population of Salem increased from 10,000 to 12,000, and the
population of Pine Valley increased from 20,000 to 23,000. Rico says that Pine Valley
had a greater increase in population than Salem. Ananya says that Salem had a greater
increase than Pine Valley. If both students did correct mathematics, tell how they
reached their conclusions.

Some stores compute discount prices by decreasing the regular price by some per-

cent. Here are two methods for finding a discounted price.

LE 10 Skill
A coat at the Outerwear House costs $140, but today it’s 30% off! What is the sale
price?

(a) Find the amount of the discount, and subtract it from the regular price.
(b) What percent of the regular price is the discounted price? Take this percent of the
regular price, and give the discounted price.

LE 11 Summary

Tell what you learned about mentally computing percents in this section.

. Answers to Selected Lesson Exercises

11 1
1. (a) 2310

@) 10

2. (a) 143

1

100
(e) 10; 1; left

(b)2

(b) 1,000

(4
(f) 100; 2; left

(c)3.8

3. $2.50 discount; $22.50 sale price

4. (a) 10% of 300 = 30

70% of 300 = 7-30 = 210

(b) 1% of 900 = 9

6% of 900 = 69 = 54

5. Yes, 25% of 400 = 100 and 1% of 400 = 4.

27% of 400 = 100 + 2 -4 = 108

7. Maurice: 22% of $648 = 20% X $650
Then 10% of 650 = 65 and 2 - 65 = $130

Candace: 22% of $648 = % of $650 = $130

8. (a) $48,300 — $43,870 = $4,430
$4,430

343570 0.101 = 10.1%
(b) $48,300 — $43,870 = $4,430
$4,430
$43,870 100

n =10.1; a 10.1% increase
(c) Nancy’s raise is 12% and Margaret’s is 10.1%.

(d) Margaret’s raise is $4,430 and Nancy’s is $3,456.

6. Fracti 1 1 I 1 1
ractions — — = — =
20 10 &) 4 3 9. Rico: Pine Valley increased by 3,000, and Salem
Percents | 5% | 10% | 20% | 25% |331i% increased by 2,000.
3 Ananya: Salem increased 20%, and Pine Valley
increased 15%.

F . 1 2 3 1

ractions ) 3 1 1

10. (a) $140 — $42 = $98

Percents 50% 66% b | 75% | 100% (b) 70%; $98
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Basic Exercises

1. How can you mentally compute each of the
following?
(a) 50% of 222
(b) 1% of 24
(c) 10% of 470

2. A $420 television is selling at a 25% discount.
Mentally compute its sale price.

3. How could you mentally compute the exact value
of each of the following?
(a) 3% of 500
(b) 80% of 400
(c) 75% of 12 (Hint: Use a fraction.)

4. How could you mentally compute the exact value
of each of the following?
(a) 70% of 210
(b) 4% of 3,000

(c) 33%% of 240 (Hint: Use a fraction.)

5. In 2006, the voting-age population in the United
States was about 227 million, of which about
41% voted. Show how to estimate how many
people voted.

6. You buy a new computer for $835 plus a 6% sales
tax. Show how to estimate the tax.

7. You can use 1% of a number to find other percents
mentally. How would you mentally compute the
following?

(a) 8% of 400
(b) 7% tax on $900

8. You can use 1% of a number to find other percents
mentally. How would you mentally compute the
following?

(a) 2% of 340
(b) 4% tax on $70

9. Compute mentally, and fill in each blank.

(a) 50% of is 22.
(b) 25% of is 80.
(c) 20% of is 110.

10.

11.

12.

13.

14.

15.

16.

(a) 50% of is 4.

(b) 20% of is 10.

(c) 25% of is 20.

The rectangular region below represents 25%

of a pizza. Draw

(a) 50% of the pizza.
(b) 100% of the pizza.
(c) 75% of the pizza.

The rectangular region below represents 150%
of a pizza. Draw

(a) 50% of the pizza.
(b) 100% of the pizza.
(c) 60% of the pizza.

A fruit juice container shows the following list of
ingredients: grape juice, apple juice, and passion
fruit juice. Ingredients are listed in order from most
abundant to least abundant. At least what percent of
the drink is grape juice?

Estimate what percent of the square is shaded.

The Cereal Bowl seats 83,000. The stadium is
64% full for a clash between the Ballerinas and the
Fieldmice. Explain how to estimate the attendance
mentally

(a) with rounding.

(b) with compatible numbers.

If you take an extra summer job that pays $4,200,

you will have 35% taken out of your paycheck in

taxes. How can you estimate your take-home pay?
(Hint: First estimate the amount taken out of your
paycheck.)
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17. Use estimation to determine whether each of the
following calculator answers is reasonable. Explain
why or why not.

(a) 15% of 724 =
(b) 22% of 58,000 =

(c) 86% of 94 =

18. Use estimation to order the following expressions
from smallest to largest.

80% of 28
37% of 420

52% of 807
19% of 400

19. Zine answered 34 questions correctly out of 48.
Show how to estimate what percent of the questions
he answered correctly.

20. Four out of 17 students in a class like olive loaf.
How could you estimate what percent of the students
like olive loaf?

21. Bill $21.07
7% tax $ 1.48
Total $22.55

(a) How can you estimate 15% of the bill by using
the sales tax?

(b) Estimate a 15% tip on the bill without using the
sales tax. (Hint: First estimate 10% of the bill.)

(c) Your friend says the service was good, so you
should leave 20% of the bill. Estimate 20% of the
bill two ways.

22. Bill $42.87
5% tax $ 2.14
Total $44.92

(a) How can you estimate 15% of the bill by using
the sales tax?

(b) Estimate a 15% tip on the bill without using the
sales tax. (Hint: First estimate 10% of the bill.)

(c) Your friend says the service was good, so you
should leave 20% of the bill. Estimate 20% of the
bill two ways.

. My car was worth $16,600 when it was new. Now it
is worth only $7,000. By what percent has its value
depreciated (decreased)?

(a) Use the equation method.
(b) Use the proportion method.

“For more practice, go to www.cengage.com/math/sonnabend

24. In 2008, our annual car insurance for one car rose
from $509 to $631. What percent increase is that?*
(a) Use the equation method. (Round to the nearest
tenth of a percent.)
(b) Use the proportion method.
(c) Given that we had no accidents or traffic viola-
tions, was this a reasonable increase?

25. The boss gives you a raise in salary from $30,000
to $33,000.
(a) Make an additive comparison of the old and new
salaries.
(b) Make a multiplicative comparison of the old
and new salaries.

26. Sam invested $2,000 last year and ended up with
$3,000. Mike invested $4,000 and ended up with
$5,500.

(a) Tell two ways in which we can compare the
results of their investments.
@ (b) What is the best way to compare their invest-
ments? Tell why.

&2 27. (a) A baseball glove sells for $15.98. How much will
L it cost at 20% off?
(b) If the sales tax is 4%, what is the total price of
the glove?

L7 28. Driving 40 mph instead of 60 mph on the highway
= increases gas mileage by 20%. A car that gets 28 mpg
at 60 mph will get mpg at 40 mph.

29. (a) The price of a hotel room increases by 6%. The
new price is times the old price.
(b) The population of a town increases by 12%. The
new population is times the old population.

30. (a) The number of crimes in a town decreases by 4%.
The new number of crimes is times the old
number.

(b) The number of students in a school increases by
n%. The new number of students is times
the old number.

31. The price of a vacuum cleaner increased from $100

to $125.

(a) The new price is % higher than the old price.
(b) The old price is % lower than the new price.
(c) The new price is % of the old price.

(d) The old price is % of the new price.
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&2 32. The price of a house increased from $100,000 to

= 40. A copying machine can reduce an image to 50% or
= $140,000. =i

75% of its original size. By using these buttons two or

(a) The new price is % higher than the old price. three times, what other size reductions can be made?
(b) The old price is % lower than the new price.

(c) The new price is % of the old price. Extension Exercises

(d) The old price is % of the new price. L3 41. (a) The sign in the cartoon is making a prediction.

- What sort of prediction is it?
33. Tell which of the following statements are equivalent. at sort of prediction 11

(a) The price increased 20%. T
(b) The new price is 20% of the old one.

(c) The new price is 20% more than the old one.
(d) The old price is 20% less than the new one.
(e) The new price is 120% of the old one.

(f) The old price is 80% of the new one.

34. Nate has 50% more books than his sister Sara has.
Does Sara have 50% fewer books than Nate?

© The New Yorker Collection 1974 Joseph Farris from cartoonbank.com.

35. A seventh grader says if 30 is 70% of an unknown g %
number, you find it as follows. You need 30% more, o / / E
so find 30% of 30, which is 9. Then 30 + 9 = 39 is 'w')/ A ;

the unknown number.
(a) Check this answer.
@ (b) What doesn’t this student understand about the
problem?

9

(b) If a is 15% less than b, is b 15% greater than
(Hint: Try substituting numbers for a and b.)

S

2 42. A store marks down an item 30%, to a price
il of $225.60.
(a) Complete the chart.

36. Consider the following two problems. “The price of
a shirt was $25. It is marked down 20%. What is the
sale price?” “The wholesale price of a shirt is Original price | $0 | $100 | $200 | \
marked up 20% to its retail price of $25. What is the 30% off the price ‘ $0 ‘ ‘ ‘ ‘
wholesale price of the shirt?”

(a) Solve the two problems.
(b) Tell why the two problems have different answers.

(b) Plot your points on graph paper, using axes like
those shown.

37. A store owner makes a 25% profit (on the wholesale
price) by selling a dress for $80. How much is the
profit in dollars? 30% off
the price
. An airline ticket costs $218, including 8% tax. What
was the base fare?
. Write two multistep mathematical questions that can Original price
be answered using the following data. (c) Use your graph to estimate the original price if
Regular Sale the sale price is $225.60.
Price Price
Gazelle Joggers $78.50 $75.00 Cl 43. (a) Plac? the digits 4, 5, 6, 8, and 9 11.1 the blanks to
E obtain an answer as close as possible to 300.
Hippo Running Shoes $29.95 $19.95 __ 9of__ =300
Fatiguers Running Shoes $35.00 $31.99 (b) Use a calculator to see how close you came.
Bolt Running Shoes $50.00 $40.00 (c) Make a second guess and try to get closer to 300.

(d) Check your second guess on a calculator.
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=) 44. Use estimation to fill in each blank with a number Technology Exercises
= that will make the statement true. Check your guess

51. June Moore is using a spreadsheet to keep a record

:vi)tl;;{;alcfulator, and r.evli)set itas %e()e(;ied.d 700 of her investments. (Use a computer spreadsheet if
a o 0 is between an .
ou have one.
b)64% of ________is between 1,000 and 1,100. Y )
() 7% of _________isbetween 11 and 14. A B C D E

45. A car is marked up 30% from its wholesale price. 1] Fund 1-1-08 1-1-09 $ Change | % Change

During a sale, the retail price is reduced by 20%. 2 | Wings $8342.61 | $8680.10
What percent higher is the sale price than the
wholesale price?

3 | Rearguard | $12471.82 | $11871.17

(a) What does the number in cell C3 represent?

46. A $80 dress is mafk.ed down IQ% one week. The (b) What are the formulas for D3 and E3?

ne.xt we.ek, an gddltlonal 25% is taken off the sale (¢) If you have a computer, enter the formulas,
price. Find g smgle percent discount equal to these and give the results for each cell. If not, use a
two successive discounts. calculator.

. After two annual raises of 20%, Margaret receives 52. A department store is using a spreadsheet to keep
an annual salary of $69,840. What was her salary track of its discounted prices and the total price.
2 years ago? (Use a computer spreadsheet if you have one.)

. Your friend manages a music store. She orders a A B C D E F

compact stereo for $200. She wants to price it so she
can offer a 10% discount off the posted price and

make a profit of 40% of the price she paid. What will 2 | Shoes | $60 | 20%
the posted price of the stereo be?

1 | Item | Retail | Discount | Sale Price | 5% Tax | Total Price

3 | Pants | $48 10%

49. A car accelerates from a speed of N mph to M mph (a) What does the number in cell B3 represent?
(M > N). What percent increase is this? (b) What are the formulas for D2, E2, and F2?

(c) If you have a computer, enter the formulas, and
give the result for each cell. (Find out how to enter
formulas in your spreadsheet program.) If not, use
a calculator to find the values in the empty cells.

50. A student answers A out of B questions correctly on
a test. If all the questions count the same, write the
student’s test score as a percent.

i 7.6 Rational, Irrational, and Real Numbers

NCTM Standards

® use the associative and commutative properties of addition and multiplication and
the distributive property of multiplication over addition to simplify computations with
integers, fractions, and decimals (6-8)

* recognize and use connections among mathematical ideas (pre-K-12)

* work flexibly with fractions, decimals, and percents to solve problems (6-8)

What is the relationship between rational numbers and decimals? Can all rational num-
bers be written as decimals? Do all decimals represent rational numbers?
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Rational Numbers as Decimals

D

Discussion

The division model of fractions tells us that a rational number % equals p + g. Any rational

fraction can be changed to a decimal by dividing the numerator by the denominator.

LE 1 Opener

Change some rational fractions into decimals. Use long division rather than a calcula-
tor. What kind of decimals do you obtain?

Decimals come in three forms: terminating decimals, infinite repeating decimals,
and infinite decimals that have no infinite repeating block. Examples are 0.3 (terminat-
ing), 0.313131 .. . (infinite repeating), and 0.31643847162 . . . (infinite with no repeat-
ing block).

LE 2 Concept

Which of the three types of decimals represent a rational fraction?

As you may have surmised, all rational fractions can be represented by terminating

or (infinite) repeating decimals. Why is this the case? In converting a rational fraction g

to a decimal, we divide p by g. If at some point the division works out evenly, we have

a terminating decimal, as is the case for %

3 0.375

8  8[3.000

If each step in the division has a remainder, the remainders repeat at some point.

For example, dividing 2 by 7 { to convert % to a decimal |,

2 0285714285...

7~ 7]2.0%0%0°0'0°0%0°0%0 . . .
)

Remainders begin
to repeat

Why must the remainders begin to repeat? In this case, with 7 as the divisor, there are
only six possible nonzero remainders—1, 2, 3, 4, 5, and 6—so the remainders must start
to repeat after no more than six divisions.

A decimal such as 0.285714285714 ... is a repeating decimal, with an infinite
number of digits to the right of the decimal point and a repeating block of digits called
the repetend. A bar indicates that the block of digits beneath it repeats an infinite num-
ber of times.

0.285714 = 0.285714285714285714 . . .

All rational fractions can be written as terminating or repeating decimals. Is it also

true that all terminating or repeating decimals can be written as rational fractions? You

can use place value to write a terminating decimal such as 0.071 as the fraction 1(7)(1)0.
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Infinite (repeating) decimals can be converted to fractions using patterns.

Q- D LE 3 Reasoning
Discussion (a) Express é and % as decimals.
(b) On the basis of the pattern in part (a), write g in decimal form.
1 2 .

(c) Express 99 and 99 28 decimals. ;

(d) On the basis of the pattern in part (c), write 29 in decimal form.

(e) On the basis of the pattern in part (c), write % in decimal form. Use division to
check your guess. 278

(f) On the basis of the patterns you have seen, conjecture how to write =~ as a

p Y ) 999

decimal.

The number n of repeating places equals the number of 9s in the denominator
(which is 10" — 1). The numerator shows what digits are in the repetend. The general
formula is

——  aaas...a,
0.01(12613 ey, = W

in which a; . . . a, are the digits. Apply this formula in the following exercise.

LE 4 Skill

Write each of the following repeating decimals as a fraction.

(@) 0.8  (b) 037  (c) 0.02714

The preceding examples and exercises suggest that any repeating or terminating
decimal represents a rational number. Some other types of repeating decimals appear in
the homework exercises.

Compare and Order Rationals

Ordering rational numbers makes use of the methods of ordering decimals, fractions,
and integers. One method is to convert all the rational numbers to decimal form (with a
calculator if necessary). Sometimes, it is easier to compare two fractions by writing
them with a common denominator.

LE 5 Skill

Order each set of rational numbers from least to greatest.
2 23 o3

(a) 0.82,0.82, T 0.82,4
2 7 _p5 —

(b) =3, =75, 0.5, ~1
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Irrational Numbers

A standard number line includes the location of every rational number. For example, the
rational numbers % and % are shown in Figure 7-8. Are there points on the number line

that are not named by rational numbers?

Figure 7-8

Early mathematicians believed that each point on the number line could be named
by a rational number. Then, about 2,400 years ago, Pythagoras (or one of his followers)
wondered about the answer to a geometry problem like the following. What is the length
of the diagonal of a square with sides of length 1? Using the Pythagorean Theorem (see
Chapter 10),

12 + 12 = (d)?
1 X 1 2 = (d)?
V2=d

1

Where is this number V2 on a number line? It is between 1 and 2. A calculator
might show V2 as 1.414213562. Is this the exact value of V2? No, because
1.414213562 X 1.414213562 would end in a 4 (from the last digits 2 X 2). All ra-
tional numbers can be written as terminating or repeating decimals. What about V27
People have used computers to determine V2 to millions of decimal places. And still
it has no repeating block of digits!

V2 = 1.41421 35624 19339 16628 19759 88713 07959 ... and so on.

Because the Pythagoreans believed the world was organized around rational numbers,
they were quite disturbed about discovering numbers like \V/2. The Pythagoreans vowed
to kill anyone who revealed this discovery.

LE 6 Concept
What kind of decimal is \/2?

The decimal for the V2 is a nonrepeating decimal. A nonrepeating (infinite)
decimal has an infinite number of nonzero digits to the right of the decimal point, but it
does not have a repeating block of digits that repeats an infinite number of times. Two
more examples begin as follows.

3.141592653589793 ...
0.010010001 ...



366

Chapter 7 Decimals, Percents, and Real Numbers

Nonrepeating decimals are called irrational (not rational) numbers because they
cannot be written as rational fractions. How did the ancient Greeks know they had dis-
covered an irrational number? One of them wrote a deductive proof that \V/2 is irrational.
Aristotle describes the proof in one of his books.

To prove that \V/2 is irrational, we shall use the fact that the square of any counting
number greater than 1 has an even number of factors in its prime factorization. For ex-
ample,36 =6:6=2-3-2:3,and400 =20:-20=2-2+-5-2+2-5. (The same set of
prime factors will repeat twice.)

LE 7 Concept

Give another example of the square of a counting number, and show that it has an
even number of factors in its prime factorization.

Now to show that V/2 is irrational.
LE 8 Reasoning

We’ll assume that \/2 is a rational number % and show that this is impossible.

(a) Suppose V2 = % in which p and g are counting numbers. Square both sides, and

you obtain
(b) Solve your equation from part (a) for p°.
(¢) So2g* = p*. Imagine prime factoring 2¢° and p*. Because p? is the square of a

counting number, ithasan — number of prime factors.
(even, odd)
Because 24 is 2 times a perfect square, ithasan — number of
prime factors. (even, odd)
(d) Each step in the proof in parts (a)—(c) involves reasoning.

In LE 8(c), you found that two equal numbers, 2¢> and p?, appear to have different
numbers of prime factors. This is impossible, according to the Fundamental Theorem
p
q
deductive reasoning from that point on was valid. Thus, V/2 is irrational!

of Arithmetic. Therefore, our assumption that V2 = £ must be wrong, because all our

LE 9 Concept

(a) Name two more square roots that you think are irrational numbers.
(b) Name a square root that is a rational number.

Soon after the Greeks proved that V2 is irrational, they proved that the square roots
of3,5,6,7,8,10, 11, 12, 13, 14, 15, and 17 are also irrational.

The most famous irrational number of all is 7. For thousands of years, people have
calculated how the distance around a circle (the circumference) compared to the distance
across the circle through the center (the diameter).
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LE 10 Reasoning

To measure in this problem, you will need a string and a ruler. (A compass would also
be useful.)

(a) Draw three fairly large circles of different sizes, or find circular shapes in your
classroom. (You could also use circle ratios at: illuminations.nctm.org)

(b) Measure the circumference C and diameter d of each, and complete the following
chart.

(c) Is there a pattern in either of the last two columns?
(d) What generalization does part (c) suggest?

Did you find that % is always a little more than 3? The exact quotient is represented

by the symbol 7. By definition, 7 = % or C = md.

At first, people assumed that 7 would be a simple number such as 3 or 3.1. The

Rhind Papyrus (16507 B.cC.) shows that the Egyptians used a value of %16 or about 3.16
for 7r to solve problems involving circles.

Archimedes (240 B.c.) drew inscribed and circumscribed polygons around a circle
and computed their perimeters (Figure 7-7). He knew that the circumference of the circle

was between these two numbers. Archimedes showed that 77 was between 3% and 3%. In

the 5th century, the Chinese mathematician Tsu Ch’ung-Chih correctly computed 7 to six
decimal places using 335, In 1706, John Machin used the methods of calculus to
113

calculate 7 to 100 decimal places, and William Jones introduced the symbol for 7. Jones
used 7r to represent the circumference of a circle with a diameter of 1. Jones chose 7, the
Greek letter for p, because it was the first letter of the word “periphery.” It wasn’t until 1761
that Johann Lambert proved that 7 is irrational. In 2002, Yasumasa Kanada’s team of com-
puter scientists at the University of Tokyo used computers to find more than 1.24 trillion
digits of 7.

a = 3.14159 26535 89793 23846 26434 . ..

Will you ever use 7 to hundreds of decimal places? Probably not. One can calculate the
circumference of the earth to the nearest inch with only 10 decimal places of 7. This is
just the sort of approximation that a graphing calculator uses.

The only way to write the exact value of an irrational number such as V2 or is to
use the V' symbol or letter. You cannot write the exact value of V2 in decimal or ra-
tional fraction form.

LE 11 Skill

A wheel has a diameter of 30 in. Approximate its circumference.
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Real Numbers

To name every point on a standard number line, we need both rational and irrational
numbers. The union of the set of rational numbers and the set of the irrational numbers
is the real numbers. There is one-to-one correspondence between real numbers and the
points of the number line. Real numbers are all numbers that can be represented as deci-
mal numbers.

LE 12 Concept
Give two examples of real numbers.

The following chart compares the two types of real numbers, rational and irrational.

Real Numbers

Rational numbers Repeating or terminating decimals

Irrational numbers Infinite nonrepeating decimals

All of the numbers in this book can be organized into an overall set picture.

Real Numbers

Rational Irrational
numbers numbers
Integers

Whole numbers

You may be wondering if there are any other kinds of numbers besides real num-
bers. To find solutions to x> = a, in which a < 0, we need imaginary numbers such as
V —3, which are covered in some high-school and college mathematics courses.

Exam ple 1 Which of the following describe 2.6?

(a) A whole number
(b) An integer

(¢) A rational number
(d) An irrational number
(e) A real number

Solution
2.6 is not a whole number or integer because of the .6. But 2.6 is rational because it can
be written as E. Because 2.6 is rational, it cannot be irrational. Because 2.6 is rational,

10
it is also a real number. |
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LE 13 Concept

Complete the following chart by placing a | in the appropriate columns.

Whole Rational Irrational Real
Number Integer Number Number Number
2.6 N N
300%
V2
-1
1

Because every real number corresponds to a point on the number line, solutions to
inequalities for real numbers can be represented on a number line.

LE 14 Connection
(a) Write the inequality represented by the following number-line graph.

10

(b) Suppose Christine won’t be a teacher for at least 5 years. Graph n = 5 on a num-
ber line, in which n represents the number of years.

Multiple Representations of Real Numbers

Why do we need fractions, decimals, and percents to represent quantities? Each notation
has its advantages. We typically use i for a probability, 0.25 for money, and 25% for a

tax rate.

Sometimes it is easier to represent a number as a fraction than as a decimal, and
sometimes it isn’t.

-y

X % | LE 15 Reasoning

Name a rational number that is easier to represent with a fraction than with a decimal.

It is usually easier to compare the sizes of numbers in decimal form than in fraction
form. For example, to compare % and é—é, write them both as decimals. Because
3 11 3_11
= = —_— = = < -

3 0.375 and 29 0.3793 ..., then 3 < 120"

Some addition problems are easier to do with fractions; some are easier with decimals.

X % | LE 16 Reasoning

In parts (a) and (b), state whether you think the addition problem is easier to do with
fractions or with decimals.
3 7

2,3 ., 7
@ 5+ or 0285714+ 0428571  (b) y+ 55 or 0.25+0.07

(¢) Describe more generally when it is easier to do addition with fractions and when
it is easier to use decimals. (Assume you do not have a calculator.)
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In some problems, the preferred notation may depend on whether you want an exact
Or an approximate answer.

LE 17 Connection
Last year, your salary increased from $60,000 to $66,200.

(a) Give the percent increase to one decimal place.
(b) Give the exact percent increase using a fraction.
(c) Describe an advantage of each answer.

Why do we use special irrational number symbols (such as /2 and ) and decimal
representations for the same numbers?

LE 18 Connection

(a) Why is it easier to write V 273 than its decimal representation?
(b) A farmer wants to buy some fencing. You determine that the length of fence he
needs is V273 ft. How much fence would you tell the farmer to buy?

Rational Number Properties Retained!

What properties do real numbers have? In computations with irrational numbers, we find
that (7 + 27) + 37 = 7 + Q@ + 3m), V2 - V3 = V3 - V2, and the additive inverse
of V8is —V8. Examples such as these suggest how real-number operations retain all
the properties of rational numbers. The following list summarizes these properties.

Some Properties of Real-Number Operations

Addition, subtraction, and multiplication of real numbers are closed.
Addition and multiplication of real numbers are commutative.
Addition and multiplication of real numbers are associative.

The unique additive identity for real numbers is 0, and the unique multiplicative
identity for real numbers is 1.

All real numbers have a unique additive inverse that is real, and all nonzero real
numbers have a unique multiplicative inverse that is real.

Multiplication is distributive over addition, and multiplication is distributive over
subtraction for the set of real numbers.

The following exercises make use of these properties.
‘ LE 19 Concept

Give an example showing that real-number (decimal) addition is commutative.

‘ LE 20 Concept
3.6 + (—3.6) = —3.6 + 3.6 = 0 illustrates what property of real numbers?
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LE 21 Concept

(a) Factor 2x + V2x.
(b) What property is used to factor in part (a)?

What about properties that did not work for other sets of numbers in this course?

¥ 5| LE 22 Reasoning

The real numbers include all the other sets of numbers in Chapters 3, 5, and 6. If a
property such as the associative property for subtraction does not work for whole
numbers, explain why it could not work for real numbers.

Some of the properties of all the number systems you have studied are summarized
in the following chart.

Whole Rational | Irrational Real

Property Operation | Numbers | Integers | Numbers | Numbers | Numbers

+ N N N N V
COMMUTATIVE

X N v v N v

+ N N v N N
ASSOCIATIVE

X N N v N N

+ N J J J
IDENTITY

X N J J J

+ v / v
INVERSES :

X v v

LE 23 Concept

Tell why 0 cannot be the additive identity and 1 cannot be the multiplicative identity
for irrational numbers.

@ LE 24 Summary

(a) Tell what you learned about real numbers and decimals in this section.
(b) How are the properties of real number operations related to properties of
rational number operations?

. Answers to Selected Lesson Exercises

2,714
99,999

1. Terminating and infinite repeating 8

L@s My ©

2. Terminating and repeating

3. (@) 0.1 and 03 )07 5. (2) —0.82 < —% < % <082 <082
(c) 0.01, 0.02 (d)0.07 O S
(©) 0.13 (f) 0278 b)) ~I<-3<-73<-0
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6. Nonrepeating (infinite) decimal
7. (possible answer) 81 = 3 -3+ 3 -3 (4 factors)
pZ
8.(a)2="5 (b) p* = 2¢°
(c) even; odd (d) deductive
9. (a) V3 and V34 (b) V4
10. Answer follows the exercise.
11. 3077 = 94.2 in.
12. 3 and 8.765
13. 300% is whole, integer, rational, and real; V2is
irrational and real; —1 is integer, rational, and real;
—2% is rational and real.
14. () n < 10
(b) :
3
15. 7

. 7.6 Homework Exercises

16. (a) Fractions (b) Decimals
(c) Fractions are easier when there is a common
denominator that has factors other than 2 and 5.
Decimals are easier for fractions that can be
represented as terminating decimals.

17. (a) 10.3% (b) 10%%

(c) The fraction is more precise. The decimal is
usually easier to work with.

18. (a) The decimal representation is an infinite
nonrepeating decimal.
(b) 16.5 ft (a decimal approximation)

19.02+ 03 =03+ 0.2
20. Additive inverse property
21. (a) (2 + V2)x
(b) Distributive property of multiplication over

addition

22. All counterexamples for whole numbers are also
counterexamples for real numbers.

23. They are not part of the set of irrational numbers.

Basic Exercises

1.

*For more practice, go to www.cengage.com/math/sonnabend

Write the following fractions as decimals.*

@3  ®23

. Write the following fractions as decimals.*

@5 OF

. Write the following decimals as a fraction or a

mixed number.*
(a) 0.731 (b) —13.04

. Write the following decimals as a fraction or a

mixed number.*

(@) —0.013  (b)4.712

5. Write the following decimals as fractions.
@04  ()032  (c)0.267

6. Write the following decimals as fractions.
(a) 52.35 (b) 0.3917 (©)0.9

7. One can use the results from the lesson to convert
other types of repeating decimals to fractions.
For example,

2 389

43> ==
0432 = _9_9 _3%
' 100 100 900

Use this method to convert the following decimals
to fractions.

(@) 0.21  (b)0.341


www.cengage.com/math/sonnabend

8.

LR 9
'!‘ *

10.

11.

12.

Use the method of the preceding exercise to convert
the following decimals to fractions.
(a) 0.534 (b) 0.123

The standard method for converting a repeating

decimal to a fraction is as follows for 0.2.%
(a) Let N = 0.2 What does 10N equal?
(b) Complete the following and subtract.

10N =
- N= 02
(c) Solve the resulting equation from part (b) for N.

(d) Use this same method to convert 0.31 to a
fraction. (Hint: Use 100N.)

Use the method of the preceding exercise to convert
each repeating decimal to a fraction.™*

(@) 0.72  (b)0.83

Order each set of rational numbers from least to
greatest.

04, -1, -1 3
(@ 04, 1, —5, —55

2 07.2.057,057
(b) 3 0.7, 3,0.57,0.57

Order each set of rational numbers from least to
greatest.

_05 — 1453
(a) =05, —0.58, =3, 0, —%
5 3
(b) 73 g 04, 0.228

Make up a geometric problem with whole numbers
whose answer is V/5.

Make up an algebraic equation (other than x = V3)
with a solution of x = V3.

(a) Find the value of V5 on a calculator.
(b) Why can’t this number be the exact value of V52

. (a) Enter any positive number. Press the square-root

key repeatedly. What number do you reach
eventually?
(b) Repeat part (a), starting with a different number.
(c) Generalize your results.

“For more practice, go to www.cengage.com/math/sonnabend

7.6 Rational, Irrational, and Real Numbers 373

] 17. A wheel has a circumference of 76 in. What is its

diameter?

18. The origin of 7 was in computing the ratio of the
to the

19. Classity the following numbers as rational or

irrational.
@Vl (b % (©) 7
V16 () 50%

20. Classify the following numbers as rational or
irrational.

(@ -3 (b ﬁ © V7
) % () 4.7

21. Classify the following numbers as rational or
irrational.
(a) 0.34938661 . . .
(c) 0.565665666 . . .

(b) 0.26
(d) 0.56

22. Classify the following numbers as rational or
irrational.
(a) 0.3333333 ...
(b) 0.817
(c) 0.42638275643 . . .
(d)0.121121112.. ..

% 23. An eighth grader thinks that % and — 7 are rational,

2
but 0.2 and V' 49 are not rational. What would you
tell the student?

@ 24. An eighth grader thinks the decimal 0.232232223 . . .

is rational. What would you tell the student?

. Police can estimate the speed s (in miles per hour) of

a car by the length L (in feet) of its skid marks. On a

dry highway, s = V24L. On a wet highway,

s =~ V12L.

(a) Estimate the speed of a car that leaves 54-ft skid
marks on a wet highway.

(b) Estimate the speed of a car that leaves 54-ft skid
marks on a dry highway.

(c) Classify your answers to parts (a) and (b) as
rational or irrational.


www.cengage.com/math/sonnabend

374 Chapter 7 Decimals, Percents, and Real Numbers

CJ 26. A pendulum is constructed by tying a weight on a

27.

28.

29.

30.

31.

“For more practice, go to www.cengage.com/math/sonnabend

string. The time to make one complete swing back
and forth depends upon the length of the string.
Suppose the following procedure can be used to find
the time required for a complete swing.

Length Take square Divide
in cm root by 5

Time in
seconds

(a) How long would a 40-cm pendulum take to
complete one swing?

(b) A pendulum takes 4 seconds to complete a
swing. How long is the pendulum?

(c) A formula relating time 7 to length L is
T=__ .

(d) A formula relating length L to time 7 is
L=

Match each word in column A to a word in
column B.

A B
Terminating Rational
Repeating Irrational

Infinite nonrepeating

What set of numbers is used to represent every point
on a number line?

(a) How many whole numbers are there between
3 and —3 (not including 3 and —3)?

(b) How many integers are there between 3
and —3?

(c) How many real numbers are there between
3 and —3?

Give an example of a number on a standard number
line that is not a rational number.

A calculator display shows | 0.3333333 |. Name two
different exact values this might represent.

. Compute 2 + 3 on your calculator. Does it round to

the nearest or truncate?

33. Complete the chart.*

Whole Integer Rational Irrational Real

| |
/ |

v V

$1E
Ol A W W=

—0.317

34. Complete the chart.*

Whole Integer Rational Irrational Real

35. Draw a Venn diagram with these sets: real numbers,
rational numbers, whole numbers.

36. True or false? All rational numbers are real numbers.

37. Graph the following inequalities on a number line.
@x=1 b)yx> -3

38. The temperature 7 yesterday was between 54°F and
76°F. Graph this interval on a number line.

39. Name a real number that is not e